1 Distribution of the posterior of a
finite basis expansion with Gaus-
sian coefficients

Lemma 1. Let X7 = {X,:t € [0,T]} be an observation of
dXt = b(Xt)dt + O'(Xt)dVVt,

where b is equipped with the prior distribution defined by

k
b=> 0;0;,
j=1

where {¢1,...,0x} is a linearly independent basis, and
0 = (01,...,0k)" has multivariate normal distribution
N(u,Y) and o is a positive measurable function. Then the
posterior distribution of 0 is N (i, f]), where

=S+ H M m+ut), S=(EG+2H7!

and the vector m = (my, ..., my)" is defined by
T
1(Xt)
= dX;, 1=1,...,k
ml /0‘ O'(Xt)2 ty Y Y Y

and the symmetric k x k-matriz S is given by
/ X
Sll’—/ gbl Cbl t) l,llzl,...,k,

provided S + X7t is invertible. Moreover the marginal likeli-
hood s given by

/ P(XT | O)p(0)d6 = |£EH 72 s hea
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Proof. Almost surely we have by Girsanov’s theorem

T (X, 1 (T (X))
XT16) =ex /—th——/ ( t)dt :
p( | ) p( 0 O'(Xt)z t 9 0 O'(Xt)

(1)
with respect to the Wiener measure. So logp(X7T | b) =
0'm—16'S6. And the log of the distribution of 6 with respect
to the Lebesgue measure on R” is given by

log p(6) = — & log(2m) — 3 log[S] — 5(0 — )2 (0 — )
=C; — %92—19 + 605y,
with
C,=— glog(%r) - %log 1| — %,utE_lu.
So,

log[p(X™ | 0)p(0)] =C; + 0'm — %etse — %92—19 + 05
=Cy + 0" (m+X""p) — %ef(s + 3710
—C, +04(S + 57 ((S + YY) m + m))

- %et(s +x7H8.

By the Bayes formula, the posterior density of € is pro-
portional to p(X7T | #)p(#). It follows that 6 | X7 is normally
distributed with mean

fo=(S+X )  (m+ X ).
and covariance matrix

Y= (S4+ 277
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Moreover
/ p(XT | 6)p(0)do
:/601 0" i, = 30710 g
(27T)k/2|2|1/265# Cl
. / (2m) 2|81 e 30T 0= 3 S i g

:(27T)k/2|2|1/26%[Lt2_1ﬂ601

:|Zifl|71/2€7%ut2*1u6%ﬂt2*1ﬂ
using that the integrant is a probability distribution. O]
2 The marginal maximum

likelihood estimator

Suppose we have prior 8 ~ N(0,,), where ¥y = A\?%. Note
that

ST = NA(S 2 =08 + I = A2ES + T,
and
A =mi(S + 27 m = mi(S + A2n )
So
log [ p(X7 | )p(0)as

1
=log |\°ES + 1T | + Emt(S + A2t



Lemma 2. Let X7 = {X, :t € [0,T]} be an observation of
dXt B b(Xt)dt + O'(Xt)th,
where b is equipped with the prior distribution defined by

M\ ~ Inverse Gamma(A, B) = IG(A, B)
0| X ~N(p, \'%)

k
b1O=> 00,
j=1
where {¢1, ..., ¢} is a linearly independent basis. Then
Mo XTNIG(AJrk/Q B+ - (0 p)ieT l(e—u)).
Proof. Let where the vector m = (myq, ..., my)" is defined by

/¢l “dX,, 1=1,...,k

and the symmetric £ X k-matrix S is given by
/ X
Sy _/ ¢l @ K X)or(Xe) 4, t, LU =1,... k.

Almost surely we have by Girsanov’s theorem

e[| S [ (0 ).
(2)

with respect to the Wiener measure. So logp(X7T | b) =
0'm — 16°S0. And the logarithm of the distribution of ¢




given A with respect to the Lebesgue measure on R is given
by (proportionality w.r.t. A),

logp(0 | \) =Cy — klog A — %)\_2(9 — )" SN — ).

for some real constant '}, depending on #, but not on .

In the following, o means equal up to a multiplicative
constant depending on # and X7, but not on A\. By the
Bayes formula,

PN 60, X7) ocp(XT | A2,0)p(N? | 0)
and
p(A* ] 0) oxp(6 | X)p(X?)
PN 6, X7T) ocp(XT [ XN2,0)p(6 | A*)p(X?).

It follows that for some real constants C,C depending on 6
and X7, but not on )\, we have

log p(\* [ 0, X7)
1
=C+0'm — §9t5'6’
1
— klog A — 5)\’2(6 — )" SO — p)

— (A +1)1log(\?) — %

. B+ 30— p)'E7(0 — p)
=C — (A+k/2+1)log(\*) — 2 32
Which is the logarithm of the density of the inverse gamma
distribution with shape parameter A+ k/2 and scale param-

eter B+ 3(0 — p)'S7H(60 — p). O
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Lemma 3. We have

exp {%mT (S + (A2 H~! m}
Vdet (A2 (S + (A2D)- 1) %)

Proof. This follows from

p(XT |4, 2°) =

p(XT | j,A2) = / p(XT | .69, X )p(6 | j, N)dev.

[]

3 Number of dependent
Faber-Schauder functions with
higher or equal index

Note that for level j > 1, ¥, and v;; are only dependent
when k = [ (obviously, then they are equal).
Note that ; and 1)y are dependent, both of level 0.
When d > 1, then there are 2¢ Faber functions of level
J +d that are dependent with v;, j > 0. These are

¢j+d,(k—1)2d+17 ¢j+d,(k—1)2d+27 o 7¢j+d,k2d

Every Faber-Schauder function is obviously dependent
with itself.

Indexing with ¢ = 27 + k, when 1, has index (j, k) (ex-
cluding ¢ = 1), we see that, when j > 0, 1; is dependent
with 27'77, functions 4, i’ = 27 + k' > i of level j' > j
(including itself, when j" = j).

So if J is the higest level, ¥; is dependent with

<
<.

2d — 2J*j+1 1.

a
Il
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Faber-Schauder functions v, with index ¢ > 4. Hence sum-
ming over all levels 0, ..., J and indices within a level, the
number of combinations of functions (¢ 5, ¥ ), 0 < 7, 5" <
Jand i =27 + k < 2/ + k' = i’ which are dependent is

7=0 k=1
J
Sz
7=0
— (J+ 1)2J+1 . (2J+1 o 1)

= J27 41

The Faber-Schauder function ; is dependent with every
Faber-Schauder function (including itself) up to and includ-
ing level J, which counts for 27! Faber-Schauder functions
with a higher index or equal index, up to level J.

In total we have

J2J+1+1+2J+1 — (,]—|—1>2J+1—|—1

Faber-Schauder functions up to level J dependent with a
Faber-Schauder function with equal (itself) or higher index.
If we only consider dependent pairs (1;, ;) with i’ > i,
then we have
JooH 4

of such pairs (minus all 2/*! diagonal pairs (1, 1;)).

Hence, by symmetry, there are in total J2/F14+14J27F1+
14277 = (27 +1)271 +2 pairs (14, 1) that are dependent.

Lemma 4. The Girsanov covariantie matrix is sparse.

Proof. At most (2J + 1)277! 4 2 entries of the 2711 x 2741
matrix (227F2 entries) are nonzero. The fraction of nonzero
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elements is at most

(2J +1)27%1 +2
22J+2

= (2J + 1277 42727

which converges to zero.
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