
1 Basic filter

In Durbin and Koopmans (2012)

νt = yt − Ztat (DK2012 4.13)

Ft = ZtPtZ
′
t +Ht (DK2012 4.16)

at|t = at + PtZ
′
tF
−1
t νt (DK2012 4.17)

Pt|t = Pt − PtZ
′
tF
−1
t ZtPt (DK2012 4.18)

Kt = TtPtZ
′
tF
−1
t (DK2012 4.22)

at+1 = Ttat +Ktνt (DK2012 4.21)

Pt+1 = TtPt(Tt −KtZt)
′ +RtQtR

′
t (DK2012 4.23)

Our in place algorithm

νt = yt − ct − Ztat

ZP = ZtPt

Ft = ZPZ ′t +Ht

iFνt = F−1t νt

K̃t = F−1t ZP alternative K

at|t = at + K̃ ′tνt)

Pt|t = Pt − K̃ ′t(ZP )

at+1 = dt + Ttat|t

Pt+1 = TtPt|tTt +RtQtR
′
t

2 Diffuse filter

In Durbin and Koopmans (2012)

ν
(0)
t = yt − Zta

(0)
t (DK2012 p. 128)

F∞,t = ZtP∞,tZ
′
t (DK2012 5.7)

F?,t = ZtP?,tZ
′
t +Ht (DK2012 5.7)

M∞,t = P∞,tZ
′
t (DK2012 5.7)

M?,t = P?,tZ
′
t (DK2012 5.7)
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When F−1∞,t is regular

F
(1)
t = F−1∞,t (DK2012 5.10)

F
(2)
t = −F−1∞,tF?,tF

−1
∞,t (DK2012 5.10)

K
(0)
t = TtM∞,tF

(1)
t (DK2012 5.12)

K
(1)
t = TtM?,tF

(1)
t + TtM∞,tF

(2)
t (DK2012 5.12)

L
(0
t = Tt −K(0)

t Zt (DK2012 5.12)

L
(1
t = −K(1)

t Zt (DK2012 5.12)

a
(0)
t|t = a

(0)
t +M∞,tF

(1)
t ν

(0)
t

P∞,t|t = P∞,t − P∞,tZ
′
tF

(1)
t M ′∞,t

P?,t|t = P?,t − P?,tZ
′
tF

(1)
t ZtP∞,t − P∞,tZ

′
t(F

(1)ZtP?,t + F (2)ZtP∞)

a
(0)
t+1 = Tta

(0)
t +K

(0)
t ν

(0)
t (DK2012 5.13)

P∞,t+1 = TtP∞,tL
(0)′

t (DK2012 5.14)

P?,t+1 = TtP∞,tL
(1)′

t + TtP?,tL
(0)′

t +RtQtR
′
t (DK2012 5.14)

When F−1∞,t = 0

K
(0)
t = TtM?,tF

−1
?,t (DK2012 5.15)

L
(0
t = Tt −K(0)

t Zt (DK2012 5.12)

L
(1
t = −K(1)

t Zt (DK2012 5.12)

a
(0)
t|t = a

(0)
t +M?,tF

−1
?,t ν

(0)
t

P∞,t|t = P∞,t

P?,t|t = P?,t − P?,tZ
′
tF
−1
?,t ZtP?,t

a
(0)
t+1 = Tta

(0)
t +K

(0)
t ν

(0)
t (DK2012 p. 129)

P∞,t+1 = TtP∞,tT
′
t (DK2012 5.14)

P?,t+1 = TtP?,tL
(0)′

t +RtQtR
′
t (DK2012 5.17).

When F−1∞,t is singular but different from zero, one uses a univariate step.
The diffuse filter is used only for few iterations at the beginning of the

computation of the filter. For some of the arrays we use the same one that will
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be used for the rest of the computation. Our in place algorithm is

νt = yt − ct − Ztat

F∞,t = ZtP∞,tZ
′
t

F?,t = ZtP?,tZ
′
t +Ht

ZP∞ = ZtP∞,t

ZP? = ZtP?,t

When F−1∞,t is regular

K̃∞,t = F
(1)
t (ZP∞)

K̃?,t = F
(1)
t ((ZP?) + F?,tK∞,t)

at|t = at +K ′∞,tνt

P∞,t|t = P∞,t − K̃ ′∞,t(ZP∞)

P?,t|t = P?,t − (ZP?)′K̃∞,t − (ZP∞)′K̃?,t

at+1 = dt + Ttat|t

P∞,t+1 = TtP∞,tT
′
t

P?,t+1 = TtP?,t|tT
′
t +RtQtR

′
t

When F−1∞,t = 0

K
(0)
∞,t = TtM?,tF

−1
?,t (DK2012 5.15)

at|t = at +K−1∞,tν
(0)
t

P∞,t|t = P∞,t

P?,t|t = P?,t − P?,tZ
′
tF
−1
?,t ZtP?,t

a
(0)
t+1 = Tta

(0)
t +K

(0)
t ν

(0)
t (DK2012 p. 129)

P∞,t+1 = TtP∞,tT
′
t (DK2012 5.14)

P?,t+1 = TtP?,tL
(0)′

t +RtQtR
′
t (DK2012 5.17).
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3 Basic smoother

Lt = Tt −KtZt (DK2012 p. 87)

rt−1 = Z ′tF
−1
t νt + L′trt (DK2012 4.38)

ât = at + Ptrt−1 (DK2012 4.35)

Nt−1 = Z ′tF
−1
t Zt + L′tNtLt (DK2012 4.42)

Vt = Pt − PtNt−1Pt (DK2012 4.44)

ut = F−1t νt −K ′trt (DK2012 4.59)

ε̂t = Htut (DK2012 4.58)

Dt = F−1t +K ′tNtKt (DK2012 4.66)

Var(εt|Yn) = Ht −HtDtHt (DK2012 4.65)

η̂t = Q′tR
′
trt (DK2012 4.63)

Var(ηt|Yn) = Qt −QtR
′
tNtRtQt (DK2012 4.68)

In place basic smoother

Kt = TK̃ ′t

Lt = Tt −KtZt

rt−1 = Z ′t(iFν)t + L′trt

ât = at + Ptrt−1

Nt−1 = Z ′t(iFZ)t + L′tNtLt

Vt = Pt − PtNt−1Pt

ε̂t = Ht((iFν)t −K ′rt)
Dt = F−1t +K ′tNtKt

(V ε)t = Ht −HtDtHt

η̂t = QtR
′
trt

(V η)t = Qt −QtR
′
tNtRtQt
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4 Diffuse smoother

L
(0)
t = Tt −K(0)

t Zt (DK2012 5.12)

L
(1)
t = −K(1)

t Zt (DK2012 5.12)

r
(0)
t−1 = L

(0)′

t r
(0)
t (DK2012 5.21)

r
(1)
t−1 = Z ′tF

(1)ν
(0)
t + L

(0)′

t r
(1)
t + L

(1)′

t r
(0)
t (DK2012 5.21)

ât = a
(0)
t + P?,tr

(0)
t−1 + P∞,tr

(1)
t−1 (DK2012 5.23)

N
(0)
t−1 = L

(0)′

t N (0)L
(0)
t (DK2012 5.26)

N
(1)
t−1 = Z ′tF

(1)
t Zt + L

(0)′

t N (1)L
(0)
t + L

(1)′

t N (0)L
(0)
t (DK2012 5.29)

N
(2)
t−1 = Z ′tF

(2)
t Zt + L

(0)′

t N (2)L
(0)
t + L

(0)′

t N (1)L
(1)
t + L

(1)′

t N (1)L
(0)
t

L
(1)′

t N (0)L
(1)
t (DK2012 5.29)

Vt = P?,t − P?,tN
(0)
t−1P?,t − (P?,tN

(1)
t−1P∞,t)

′ − P∞,tN
(1)
t−1P?,t

− P∞,tN
(2)
t−1P∞,t (DK2012 5.28)

ε̂t = −HtK
(0)
t r

(0)
t (DK2012 p.135)

η̂t = QtR
′
tr

(0)
t (DK2012 p.135)

Var(εt|Yn) = Ht −HtK
(0)
t N (0)K

(0)
t (DK2012 p.135)

Var(ηt|Yn) = Qt −QtR
′
tN

(0)
t RtQt (DK2012 p.135)

5



In place diffuse smoother

K∞,t = TK̃ ′∞,t

Kt = TK̃ ′t

L0 = Tt −K∞,tZt

L = −KtZt

r0 = L0′r0 1

r1 = Z ′tF
(1)νt + (L0)′r1 1 + Lr0 1

ahatt = a
(0)
t + P?,tr0 + P∞,tr1

N0 = (L0)′(N0)(L0)

N1 = Z ′tiFZt + (L0)′(N1 1)(L0) + L(N0)L0

N2 = ZtF
−1
∞,tF?,tF

−1
∞,tZt + (L0)′(N2 1)(L0) + L

(0)′

t N (1)L
(1)
t + L

(1)′

t N (1)L
(0)
t

L
(1)′

t N (0)L
(1)
t

Vt = P?,t − P?,tN
(0)
t−1P?,t − (P?,tN

(1)
t−1P∞,t)

′ − P∞,tN
(1)
t−1P?,t

− P∞,tN
(2)
t−1P∞,t

ε̂t = −HtK
(0)
t r

(0)
t

η̂t = QtR
′
tr

(0)
t

Var(εt|Yn) = Ht −HtK
(0)
t N (0)K

(0)
t

Var(ηt|Yn) = Qt −QtR
′
tN

(0)
t RtQt

5 Univariate smoother step

Initialization

rt,pt = rt

Nt,pt = Nt

For i = pt−1, . . . , 0, if |Ft,i| > 0,

rt−1,i−1 = Z ′t,iF
−1
t,i νt,i + L′t,irt,i (DK2012 6.15)

Nt−1,i−1 = Z ′t,iF
−1
t,i Zt,i + L′t,iNt,iLt,i (DK2012 6.15)

ε̂t,iσ
2
t,iF

−1
t,i (νt,i −K ′t,irt,i (DK2012 p. 157)

Var(ε̂t,i) = σ4
t,iF

−2
t,i (Ft,i +K ′t,iNt,iKt,i) (DK2012 p. 157)

if Ft,i = 0

rt−1,i−1 = rt,i

Nt−1,i−1 = Nt,i
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and

rt−1,pt−1
= T ′t−1rt,0 (DK2012 6.15)

Nt−1,pt−1
= T ′t−1Nt,0Tt−1 (DK2012 6.15)

rt−1 = rt−1,pt−1

Nt−1 = Nt−1,pt−1

6 Univariate diffuse smoother step

Initialization

rt,pt
= rt

Nt,pt
= Nt

For i = pt−1, . . . , 0, if |Ft,i| > 0,

r0t−1,i−1 = L′∞,ir0t,i

r1t−1,i−1 = Z ′t,iF
−1
t,i νt,i + L′∞,t,ir0t,i + L′0,t,ir1t,i

N
(0)
t−1,i−1 = L′∞,t,iN

(0)
t,i L∞,t,i (DK2012 5.26)

N
(1)
t−1,i−1 = Z ′t,iF

(1)
t,i Zt,i + L′∞,t,iN

(0)Lt + L∞,t,iN
(1)L0,t,i (DK2012 5.29)

N
(2)
t−1,−1 = Z ′t,iF

(2)
t,i Zt,i + L

(0)′

0,t,iN
(2)
t,i L

(0)
0,t,i + L

(0)′

t,i N
(1)
t,i L

(1)
t,i + L

(1)′

t,i N
(1)
t,i L

(0)
t,i

L
(1)′

t,i N
(0)
t,i L

(1)
t,i (DK2012 5.29)

if Ft,i = 0

rt−1,i−1 = rt,i

Nt−1,i−1 = Nt,i

and

rt−1,pt−1 = T ′t−1rt,0 (DK2012 6.15)

Nt−1,pt−1 = T ′t−1Nt,0Tt−1 (DK2012 6.15)

rt−1 = rt−1,pt−1

Nt−1 = Nt−1,pt−1
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