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Polinomios de Legendre

Sturm-Liouville

d—(i[(l— xz)l-',"(x)]+l(l +1)P(0)=0 xe[-11]
Ortogonalidade s |
Os dois primeiros tfermos podem ser escritos como:
d ,
— [ {1=X* )P (%) |[+I(I+DP(x)=0 <P
dx[( il i[(1— Xz)(P P - PP )}, cuja integral de —1 até 1 é nula.
= {d—‘i[(l—xz)e’n(x)}m(mﬂ)en(x)}:o x P ax it o

P00 (1-¢) B0 |- Ao (1-¢) B ). [0+~ mm+ ]| B,0R(x)dk=0

s I sl e IS 0 Bl Portanto, se m1/ [l Elle(X)P/(X)dX:O
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Recorréencia para a derivada
iyl
o od

Py =Bz} = By 1lz)
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TAREFA-cédigos

I) Calcule numericamente as integrais seguintes, com erro relativo

menor que uma parte em 100 milhdes.
a) [ = [ te¥dr = 5.21692648¢3

0 SIN X

b) [ = dx =0.946083070

J—1 X
c)/ = '02 e dx = 0.88208139

.1 ex—l _1

gl Ay

d) /= dx =1.31926336
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Relagcoes importantes para construcao das matrizes operacionais

| I |

pCheby _ jifi=0andj odd
rly+l 2j, if 0<i<j, i+jodd.

Leg
Dr’+lj+l

=2i+1,if0<i<j, i+jodd.
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Fazer a integral numeérica de Cheby-Lobatto, sabendo que
T

0s pesos sdo dados por:w, =—, k=1:n-1
n

e wk=i parak=0 ou k=n

2n
a) f,(x)=1
b) f,(x)=x
o) f;(x) = (2x° 1)’

d)f, (x)=+1=x*
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T (0=2n-23T, (%)

T . (x)=(2n+ 1){7;(x) i 2Zn: Tzk(x)}

Se m=2n, considere a identidade:

sin(2n0 4

M = 22 COS(2k— 1)9 verificada por
sin 0 g

2sin0 - icos(Zk— 1)9 = ZH:ZCOS(ZK— 1)9~sin9,
k=1 k=1

como (cos a-cosb= [sin(a+ b)— sin(a— b)} i 2), segue-se
sin(20) = kzz;[sin(2k6) —sin(2k-2)0 | = kz;:[sin(zke) —sin(2(k—1)0) |
sin(2r)6) = isin(2k@)— jnzl—': sin(2j9) = sin(2n@)

et
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Se m= 2n, considere a identidade:
sin<2n9)

=2 cos(2k—1)0  verificada por
sin O kzz; ( ) b

2s1n0 - Zn:cos(2k— 1)0 = Zn:2cos(2k— 1)6 -sIn 0, assim
k=1 k=1

sin(ZrJO) == kz;[sin<2k9) - sin(2k— 2)9] = kzn;[sin(2k9) — sin(Z(k— 1)6)]

sin(2n9) = sin(2k9) Z sin(2j9) = sin(2n9)

k=1 j
J

3

1
k-1
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Se m=2n+1, considere a identidade:
sin(2n+ 1)6

sin0

e 22 cos2k0  verificada por
k=1

sSinB + Zi[sine : cos(2k€))} =smno+ isin(2k+ 1)6 — sin(2k— 1)9, assim
k=1 k=1

sin(2n+1)9: En sin(2k+1)€)— E sin(2j+1)9:sin(2n+1)6
=k
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D Cheby

COE GO =D GG

Exemplo elementar

y(x)=4x y)=1 xe[-11]

Dy=4T

T () ) e ()
el e 2D & O gl
N W COR TN, Y,
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— O O O W

€

==l - OO CD R OO RED

GO ARy e GO e

C T GV QD i T OO

[M1111]-y=1

<

SOk Oy el S

5 O ON D09

QO NGO Q0D

y=[00100]"=T,

function [D xs] = D_Cheb(n)
%% Matrix of differentiation
D=zeros(n+l);
for i=0:n-1
for j = i+l:2:n
D{i+1, j+1)=(2/myC(1i))=(j);
end
end
%% Nodes
xs = —cos((@:n)*pi/(n));
function y=myC(p)
if p =
y=2;
elseif p< @
y=0;
else
y=1;
end|
return
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Derivada de um polinomio de Legendre

B N RN § s e P'n:%(a)=col’o+clf’1+~-+cn11"21

0030073 o 2k+lj B P ds-
D.={0 0 0 5 0 i

0 0 0 0 7| a=jlaeL-[ara®E

0 0 0 0 O Ck:2k+1[1_(_1)k+n]

)

‘ck =2k +1 (k+n) impar‘
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Integracao Especiral

I - Chebyshev

JXT dx:l_TnH(x)_Tn—l(x)—x :l|:Tn+1(x)_Tnl(x)}_l|:(_l)n+l_(_1)n+1:|:>
4T 2] (n+l)  (n=D) |, 2| (4D (m=D) | 2| n+l (n-1)
rTm:iﬁguxﬁbuY_bﬁﬁ@hgw—jzer@Xﬂhuq+“ﬁm
2 2l (D) (m=D) | 2 n =1 2l (n+l) (n=1) | n -1

II - Legendre

rpﬂzrg—ai s
s '

2n+1 2n+1

IIT - Fourier
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Integracao Espectral-Matrizes

Pl T SO (V7 el SO 8 WG S el b MR 0 0
L S ER e 0 1 (el SN 0
: o 4 0 -1/4 0 Joae) G P (i TR R e 6 AN
Cheby = | 0 1/6 0 S 0 0 1/5 0 -1/9
0 0 0 1/8 0 0 0 0 1/7 0
0 0 0 0 1/10 | 0 0 0 0 1/9
IR ey 0 0 0 0 R
0T R0 0 0 0 0
0 0 1 0 0 0 0 s
Fazer os codigos
QT VIR S b e 0 1 [ 5T
0 0 0 0 | 0 0
0 0 0 0 RS SRRl
0 0 0 0 0 0 -1/3]

Osvaldo Guimardes



Physical Integration

Polynomial Bases

Tons =B, (%) T3 (B, (%

)

~/ -
i
n+2,n+1 ad
n+l,n+2 ) n+1,n+1

Fourier ¢ e [O 27t] c R
1
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Pesos da integracao numerica

definida
W, =J, (13?15,;()
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Quadraturas

» Fourier — Trapezoidal
« Clenshaw-Curtis

. Frejét

« Lobatto

« Radau

« GaAuss

* Fourier

C. W. CrLEnsHaw AND A. R. Curtis, A method for numerical integration on an automatic
computer, Numer. Math., 2 (1960), pp. 197-205.

15
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Pesos p/ interpolacao

o N ([ ]
baricentrica
Chebyshev-Lobatto
x, =—cos(kn/n), k=0,1,..,n entdo:
Litalg 12l ;
w, = _5,—1,1,—1,...,—5_ n impar
. 7 2
1 1
\Wk = ——5,1,—1,1,...,—5- n par

Fourier com N pontos em [0,27)

X, :2—]\7;1(, k=0,1,..,N 1.

Wi :(_1)k
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Avutovalores e
autovetores

Equagéo comx €[-L1]c R

)”LFkg)/::O, ;y(il)::o % pl5.m - solve eigenvalue BVP u_xx = lambda*u, u(-1)=u(1)=0
}ﬂh:._kQ}, N = 36; [D,x] = cheb(N); D2 = D™2; D2 = D2(2:N,2:N);
[V,Lam] = eig(D2); lam = diag(Lam);
Tem solugdo trivial! [foo,ii] = sort(-lam); % sort eigenvalues and -vectors
lam = lam(ii); V = V(:,1ii); clf
for j = 5:5:30 % plot 6 eigenvectors

u= [@;Vv(:,j);0]; subplot(7,1,j/5)
plot(x,u,'.", 'markersize',12), grid on
xx = =1:.01:1; puu = polyval(polyfit(x,u,N),xx);
uu = Bary_Cheby(u,-xx);
line(xx,uu), axis off
text(-.4,.5,sprintf('eig %d =%20.13fxpi~2/4",j,lam(j)*pin2/4))
text(.7,.5,sprintf('%4.1f ppw', 4%N/(pix*xj)))
end
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Pontos por comprimento de onda
N N

A
L=1-=1{1fy
2{ 50)

L=2-%{2nm}

L=3'%{3nm5}

A
-5 (4fusos)

ceeely iy
D000 G000 v o

Assim, ———= ﬂ

;0
10

Temos?»jl—% como L=2: A= 4
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