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Cheby Poly (I) T,

cosa-cosb= [cos(a—b)+cos(a+b)]/2

cos(m@) - cos(ne) = [cos((m = n)9)+ cos((m + n)O)} /2

Se m=n=0= .:l-d9=7t.

Se m=n#0=[1:d0/2+] cos(kb)-d6/2=m/2 keN’

Vv

0

Se m#zn = Joncos(kle)-d6/2+ joncos(k 9)-a’6/2 =0

2

0 0

Osvaldo Guimardes



(0 se m#n
n/2, se M=n+0 Oriogonalidade

T se mM=h=0

Seja f(X) =c I +cl +..+c T, entdo

J: : 7;W(X) ax = <Ck7;<‘ 7;<> ¢ como <7;‘ 7;> =1/2

W, 00 W, 00

7 el
6, == fTw, o
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Quadratura — Discrefizacdo
Cheby-Lobatto

Pontos: (n+1)+(n-1) = 2n

; ) N\
e /
() / . ;

AB ==

/ n

\ //
15+ \\ /
| T
<T T > =T Prova

nl "n/wn

g= g(@)zcosz(n@j)zcosz(j.n%) =1

Tn>w,,, = %AO-[QO +2(g1 o A gn_1)+ gn]




Prova

(T

n

T>Wn:n

Gj:j-AO:j%
)
gzg(O):cosz(nG ) cos’ k] nnJ—l

o

n

1Y) =%-[1+2n—2+1]:n

n N
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o =jO“G(e)de=%j02“G-de

1 /1__.x2

1 2n—1

==Y "G, -A® NB. G, = f(x,)-T,(x,)
k=0
AO =£, G, ¢ G, sO aparecem uma vez no somatorio.
n
ckzg- e |G, +2(G,+..+G,,)+G,|  0#k#n
T \2/\n
| cn:L:G0+2(G1+..+Gn_1)+Gn
¢, =—| G, +2(G +.+G, )+G, | 0=k=n 21n
. c0=2—_G0+2(G1+..+Gn_1)+Gn
L

Matriz que determina os coeficientes da expansdo.

Osvaldo Guimardes




Osvaldo Guimardes

% Bases of Chebyshev
% output [B,invB] Basis and its inverse]
% input: n polynomial order

function [B,invB,xL] = Base_Cheby_Lobatto(n)
m = floor(n/2);
if rem(n,2) ==

xm = —cos( (@:m)."'xpi/n);
xL = [xm;-flipud(xm)];

else
xm = —cos( (@:m-1).'xpi/n);
xL = [xm;0;-flipud(xm)];

B = ones(n+l); t = (n:-1:0)."'*pi;
for kK = 1:n
B(:,k+1
end
%% lnverse matrix
invB = B.'/n;
invB(:,2:n) = 2xinvB(:,2:n);
invB([1,n+1],:) = invB([1,n+1],:)/2;

) = cos(kxt/n);

end



LIAUSErS\OsSvanuroppoxX\LuURoSU FULI £\ ZUL0\RK0UNas\ooiver£na.m
1 %% Solving 2nd order ODE - Solution: u(x) = x."A5-2*x+1;
2 [£] function un = Solver2nd(n)

3

4 Xxs = -cos((@:n)"*pi/n); f = @(x) X.75-2%x+1;

5 D = Generalized Diff_Mat(xs); D2 = D*2;

6 II = eye(n+l); Ibb = II(2:n,:);

7 %% System withou BC

8 Sm = Ibb*( diag(xs.”2/20)*D2 + diag(xs)*D - II ); rm = Ibb*(5*xs.”5-1);
9 Sc = zeros(2,n+1); Sc(1,1)=1; Sc(2,n+l) = 1; rc = [2;0];
(%]

1 %% System

2 S = [Sm;Sc]; RHS = [rm;rc];

3 un = S\RHS;

4
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contorno
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Cheby Poly (1) T,

XE_—I,I] E(cos@)zcos(nG) X=cos0
GEZO,TC] 7;(X)=1 e ﬁ(x):x g—gz_sm@
E(cos 6) = cos(ne) 2L gn(e)
1 ] .
ard T ax=[ g, (6) 9,,(0)=—(-sin6)do
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Base de Chebyshev Tipo |

v=|1 k| 2|=30+2]+4k
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(B/C)
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Recurrence Formulas for T}, (x)

When the first two Chebyshev polynomials To(x) and T} (x) are known, all other polyno-

mials T}, (x), n > 2 can be obtained by means of the recurrence formula

Trt1(x) = 22Tn () — To1()

2TIH (I)Tn (:l:) -y .TIII-%‘I?. (:r) _:_ ITIH n\ ("1?)
which is an analogy to the addition theorem

[ L
| |
\

2cosa cos 3 = cos(a + 3) + cos(a — )

Lot To00
2_(n+1) (n—l)_

G )

an(X)dx:
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Meéetodo de Horner

Consider the polynomial

pe(z) = (z+8)(z+5)(x+ 3)(x—2)(x—3)(x—T7)

>> Syms X;

>> P = [1 4 =72 -214 1127 1602 -5040];

>> f(x) = poly2sym(P)

f(x) =

X0 + 4%xx™5 - T72%x™4 - 214xx™3 + 1127%x"2 + 1602%xx - 5040
>> h = horner(f)

h(x) =

Xk (xk(xk(xk(xx(x + 4) - 72) - 214) + 1127) + 1602) - 5040

Osvaldo Guimardes
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1:T0

TO(ZE) =1 r = T1
Ti(z) = = z? = %(T{J‘I’TZ)
To(z) = 22% -1 4
3 f— il
Ts(z) = 4x* — 3z rt = 4(3T1 + Ts)
_ 4 o2 1
T4(ﬂC) = & 8x° +1 .’B4 = g(ST@ + 4T + T4)
Ts(xz) = 1625 — 202° + 5z 3
5 __
Te(z) = 32a° — 482* + 1827 — 1 = = 0T+ 6T+ Tp)
Tr(e) = 64a" — 1122 +56a" ~Ta 2® = - (10Ty + 15T + 6T, + Ty)
32
Ts(x) = 12828 — 2562° 4+ 160x* — 3222 + 1
1
T —
To(z) = 256a° — 57627 + 4322° — 120a° + O v = o1(35T1 + 2175 + 7T + Tr)
- 10 _ 8 6 _ 4 2 1
Taotip) = B2 —12800" 110" —4000"+ 50" —1 a® = oo(35T + 56T, + 28T, + 8T, + Ty)
Tii(z) = 1024z — 2816x° + 281627 — 12322° + 2202% — 11«
1
z? = ﬁ(1261“1 + 84T3 + 36T + 9T + Tp)
1
2l = _=(126Ty + 2107, + 1207, + 45T, + 10T + To)
11 1
Ln/zj wll = (4627 + 330T; + 165T; + 5517 + 11T, + Thy)
A T T (%
g
k=0

14
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Special Values of T),(x)

The following special values and properties of T,,(x) are often useful:
To(—z) = (—1)"Tn(x) T>n(0) = (—1)"

Tn(]-) =1 T2-n—|—1(0) =0

Tn(_l) = (_1)71

Roots: Chebyshev-Gauss points

_) Jifi=0 and j odd xl.:cos(Zi_lnj i=1:N ou
2N

X :cos(];:/lznj j=0:n

2j,if0<i<j, i+ odd.
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e For Chebyshev-Gauss-Lobatto (CGL) quadrature,

] T
.xj —= — COS ?, {:IJ'J; —

wherelo =Cn=2and¢j=1for j=1,2,..., N—1.
With the above choices, there holds

N

‘ 1
(X )—F——dX = n(xj)w;, VpeP .
L"UM 2 P(xj)®j. Vp€Puys

j=0
where 0 = 1,0,—1 for the CG, CGR and CGL, respectively.

In the Chebyshev case, the nodes {Bj = arccos(xj-)} are equally distributed on
[0, ], whereas {x;} are clustered in the neighborhood of x = £1 with density
O(N~—?2), for instance, for the CGL points

2
(8 4 T -
l—x;=1-—cos— — 25in® — ~

N N = N2 for N> 1.

J. Shen, T. Tang, and L.-L. Wang, Spectral Methods: Algorithms, Analysis and Applications, vol. 41. p.

108 Berlin, Heidelberg: Springer, 2011.
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Produto de Hadamard

For two matrices A and B of the same dimension m x n, the Hadamard product 4 o B (or A @ BI'I5I€I7)) js a matrix of the same dimension as the operands, with elements given by
(Ao B)ij = (A)ij(B)ij-

Example

For example, the Hadamard product for a 3 x 3 matrix A with a 3 x 3 matrix B is

aj;; a2 a3 bi1 b2 by ai1 b1 ap by ag3 b3
as; @ a3 | © [bayy bay bag | = | as by azn byy  asz bos
a3 azx asz| [b31 b3y bsz | a3 bs1  aszz b3y ass bz
Propriedades
AoB=BoA,

Ao(Bo(C)=(AoB)o(C,
Ao(B+C)=AoB+ AoC,
(kA)oB= Ao (kB) =k(Ao B), 17
Osvaldo Guimardes Ao0=00A4=0.



EDO com coeficientes variaveis

Sejaa EDO: o, -y _+0o, -y +0,-y=e, C/xe[—l,ljc R

na qual todos os termos sao dependentes de x.

Discretizada matricialmente para a abordagem pseudo-espectral, a equagao fica:
o, o(D2 -y)+0cl o(D-y)+OLO oy=e,

"O"

onde o simbolo siginifica o produto de Hadamard (termo a termo).

4 2 ~
Vamos considerar a parcela o, o D - y, observando que o, € Z sdo vetores coluna, pondo
—_—
Z

o,=0 eZ=Z ,entdo ooZ=C,talquec =0 -Z,=i=1:n.
n,l n,l i i i
Considerando a matriz diagonal o, tal que os termos nio nulos sdo o, = o,

¢ o produto matricial convencional o - Z = D, teremos:

d,=0,,-Z, portanto: OoZ = diag(oc)-Z.

Osvaldo Guimardes
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Exemplo

a=[12,34] ez=[52231], entio:

oo/ =

5

4
9
_4_

2
3
_1_

5

= diag(oc)-Z
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Seja a EDO:

X2

2—0}/
com y(—l) e y(l) =0

Resolver espectralmente com expansao de ordem 7.

"+ X Y- y-5x+1=0,

Solucdo analitica: y= X —2x+1

<1016 Error

-
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Infegracao e diferenciacdo no espaco especiral

st n T L
Qu=a+au+..+au"+0-u f( ) (BC) <CT’BT>

i x’ . i x’ ] %[XO]ZO, f'(X :<CT‘Z‘ B' :<B‘ZT|C>’
% x L, x , com 1 d, logo D =27’

A R a[xq:n'xn_l
entdo: Z,, =i—-1 i=2:n-1

Teorema do Sandwich

( 0 ) Todas as matrizes operacionais polinomiais, ortogonais
ou ndo, perfazem uma classe de similaridade.
1 O
= 9) 1
D,=B.Q(B,) Q=7"
3 G~ G G =
\ J

2]

Osvaldo Guimaraes Ha expressoes fechadas para varias bases polinomiais.



Cheby

O

|
P B e e
SR me P o e

DOy e G

Exemplo elementar

S O O O W
S 0O 0 O

f Jifi=0 and j odd

2, if0<i<j, i+jodd

)7=[OOIOO]T:>y(x):T2(x):2x2—1

y(x)=4x y)=1 xe[-11]
D= AT S R i = D=
b e ey, B IO e
0 0 4 0 8 4
000 6 0 ['y=]0
0000 8 0
N LA VA VTR 1 A

Osvaldo Guimardes
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Método de Newton

Equacao transcendental

(2,002) _ ER — R=25.854752670654

S€n

Coeficiente angular da tangente a curva

Genericamente

Osvaldo Guimardes
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df1 af1
Or1  Ox2
0f:  Ofy
—_— 8:1: 1 813 2
Ofn  Ofn
Or1  Ox2

Prof. Angel Garcia - Anexo

of1
oz,
dfs
oz,

Ofn
oz,

Sistema de ecuaciones no lineales

-1
fi(z1,z2...2n)

f2 (:El, i) acn)

falz1, 22...20)

24



Ejercicios

Resolver el sistema de ecuaciones no lineales
s +y=1

{ y' —z=-1

Comprobando que su solucién es (1,0)

Resolver el sistema de ecuaciones no lineales

( sin(xy) + exp(—xz) — 0.9 =0

zy/22+1y2 —6.7=0

| tan (%) +cosz+3.2=0

N

Tomando xp=1, yp=2 Yy Zg=2 como aproximacion inicial

Osvaldo Guimardes
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o

% Example of Non-Linear 2nd order ODE
function u = Ullexpu(n)

[~,~,xL] = Base_Cheby_Lobatto(n);

D = Generalized_Diff_Mat(xL); D2 = D"2;

II = eye(n+l); Ibb = II(2:n,:);

J = zeros(n+1); J(n,1) = 1; J(n+1l,n+l) = 1;

Codigo p/ solugao be = [0;0];
%% Guess
" u = zeros(n+1,1); u = (xL.”2-1)/3;
y e ey y(il) S O X EI:_I,I:| %% Loop - Newton's method
for k = 1:50
p J(1:n-1,:) = Ibbx( D2 - diag(exp(u)) );
com o JaCOblaIlO % System for a given u
r = [Ibbx(D2%u - exp(u));bc=[u(1l);u(n+1)]];
du = -J\r; k
n®steps =5  u(0) = -0.36805602444149
Yy ! ‘ ‘ u = u+du;

if norm(du)<le-13

0 e >
break
01t | end
end
02+ .
%% Plots
031 < e .
_
o o

4///,/ xp = -1+ 2%(0:100).'/100; up = Bary_Generic(xL,u,xp);
- plot(xL,u, 'ro', 'MarkerSize',8);
i 05 0 0.5 1 hold on

plot(xp,up, 'LineWidth',2);

grid on

end

Osvaldo Guimardes



Condicoes de conftorno

a—Uztanoc F =T -tano
ox Y

oténcia

:F-szy-U

U=0=>U (xb,t) = constante (Dirichlet)

= (), mas o extremo nao € fixo =

oténcia
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TAREFA

. By means of the recurrence formula obtain Chebyshev polynomials Ty (2) and Ty(x)
given Ty(x) and T ().

ey SulNer b Ay ol Resolva pelo método de Newton
. Show that T,,(0) = 0 if n is odd and (—=1)"/2 if n is even. y" et ey y(_l_l) - 1 X = [_1 1]
L v/

. Setting @ = cos @ show that

Considerando R(X) = y"—€’, facga o grafico Rx x.

To(x) = [(" a i\’/l s -F'I-)” + (.’r — ‘iv/] - .1'2)”]

Resolva os exercicios propostos do Prof. Angel Garcia.

. Find the general solution of Chebyshev's equation for n = 0.

. Obtain a series expansion for f(x) = x? in terms of Chebyshey polynomials T, (),
3
T s WiA T (x
€T - n "l(‘r')
n=0

1

. Express &% as a sum of Chebyshev polynomials of the first Kind.

28
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