Quasipotential approximation

The general form of the BSE for the scattering amplitude is in a from

d'kY
@ ;V(k' 2, k1ky; P)G (ki ky; P)M(kiky, kiks; P), (1)

where V is the potential kernel and ( is the propagators for two constituent particles. Here the momentum of the system P =
ki + ko =k} + Eky = kY + k5.

M (K kY, kika; P) = V(kikb, kike; P) +

It can be abbreviated as
M=V +VGM. (2)
The BS equation for the external legs amputed scattering matrix Mlerlleil s
Mgl = Vit + Vit G M, (3)

where V is the potential kernel and the propagators for two constituent particles are
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where PI#Il1 is a general form. For two vector meson, we have Pl = (—gram 4 k”l K /m2)(—gtak + kL2 kL2 /m2) and
for two baryon with § = 1/2 we have Pl = (v - ky +my) (v - k1 + ma).
It is difficult to treat such propagator because the }V and M can not be separated from each other. The propagator with two

constituents near shell is more important, and in the following sections, a from factor or cutoff will be introduced to constrain two
constituents in propagator near onshellness. So, it is safe to assume the Pl g on-shell,so can be rewritten as

Z)\W )’\‘11] ’“]A[“?]A[M] with A being the polarization vector or the spinor.

The Gross form of proposed quasipotential propagators for particles 1 and 2 with mass 1m1 and my written down in
the center of mass frame where P = (W, 0) with particle 2 being on shell are
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where kﬁl = (k?,k) = (El,k), kg = (kg, —k) = (W — Ela —k) with E1 = \/m% + |’{3|2

With the define of Gy = g/(27), the four-dimensional BSE can be reduced to a three-dimensional equation in center of mass
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Note: the 1M and 7V are usually real. In the center of mass frame. We choose ks — k and k; = —k.

Partial-wave expansion

To reduce the equation to one-dimensional equation, we apply the partial wave expansion,
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where NJ =14/ 2‘]+1 f dQD/\ Ao (Qb, 0, O)Dgl*)\, (¢, 0, 0) = N_2
To calculate VAL (K, k), we adopt a special reference frame. The momenta are chosen as ky = (E»,0,0,k), k; = (W —
E,,0,0,—k) and ky = (E}, k' sin 64,0,k cos Oy i), k = (W — Ey, —k'sin 6y 4, 0, =k’ cos 0y ») with k = |k| and
= |K|.
— V(K k) = Z N2D75,(0, 01, 0)VIN (K, k) D11, (0,0,0).

= Z Njdgn (O k) VX (K, K)oy = Z Njd5 0 (O 1) V3 (K, K)
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V{g\(kl,k) = 27T/dCOS Ok,k/di,\/(gk',k)vX/\(k’, k)
where f}l d cos 0’d§:X (0’)di/\, (0') = N;2 /276 1 are used.

NOTE: Which particle is chosen to parallel to z axis is related to the order of A and X in d{,A (Hk’k/), so it can not be chosen
arbitrarily. And the definition of helicity is also dependent of the definition of k1 2. Here, A = Ay — A; and Ay = —51, Ag = s3.
The scattering amplitudes M has analogous relations.

Now we have the partial wave BS equation,
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Fixed parity

For a helicity state |J, A\) = |J, A1 Aq) fulfill the party property,
P|J,A) = P|J, MAg) = mma(—1)777%2|J, =Xy — Ag) =77l — A) (10)

The construction of normalized states with parity 4 is now straightforward:
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withp = PP1P2(_1)J1+J27J — p(_1)1/2+J_
P
The potential V5, has analogous relations.
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As shown in Eq. (14), the amplitudes are not independent. If we only keep the independent amplitudes, the equation for definite

parity can be written as
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where 1, j, k are the indices for the independent amplitudes. And we redefine
JP
flf]MX)\ — M”
with fo = % and fizo = 1 with 0 for the amplitudes with A\; = Ay = 0.

The Bethe-Saltpeter equation for partial-wave amplitude with fixed spin-parity JF reads,

k//2dk// P
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Note that here the sum extends only over indices for the independent amplitudes. The partial wave potential is defined as
. P . .
Vi (K, k) = 2F/dC059 [d{ (0)iVxa(K', k) +nd” \\ (0)iVy_A (K, k)],

Or, with the independent amplitudes as
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VI (KK = fif;2m / dcos 0 [dL,, (0)iVxa(K', k) +nd” 1, (0)iVy_r(K', k).

Note here the f; fj is also incorporated. Additionally, the form factors for the interacting particles are also included in the
potential, modifying itas V — f(k')Vf(k) Consequently, the resulting amplitude M also includes these form factors.

The potential Vy_(k', k) is introduced by v function in main file as

fV(k, 1, SYS, IA@, CHf, CHi)

(16)
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where k and 1 are for the momenta and helicities of final and initial particles. SYS is
for the system information. IA@ is for the interaction information., CHf and CHi are for the information of final and initial
channels.

P
Transition of Vv (k', k) to V;-’j (k', k") performed in qBSE.fKernel(kf, ki, Ec, gn, SYS, IA, CH, IHf, IHi, fV)

Transformation to a matrix equation

Now We have a integral equation with singularity in Gg = m at W = E; + Es. This singularity can be isolated as,
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with §Go = SE0(s — my — my) = 6Gd(K" — k) = Lod(k" — K)0(s — my — ma), M = [k (k" —
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It suggests the unitary is satisfied if the potential 1)/ is real.
1
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where T' = i M.
With the Gauss discretization, the one-dimensional equation can be transformed as a matrix equation as
P P N P P P P P P
My = Vi + Y V] GiiMy = M7 =V Ve’ (23)
2 . .
Q. — 32ﬂ2W + Z [ —262)] for j =0, if Re(W) > my + ma,
;=
w(g;) q] fOI‘j 7& 0

(2m)? 2E(g))[(W—E(g;))*—w?(q5)]

where § = 1/ [W?2 — (mq 4 my)2][W?2 — (mq — my)?]. The indices i, j, k is for discrete momentum values, independent
helicities, and coupled channels.

The propagator is calculated in function fProp(k, kv, w, wv, Ec, Np, CH, IH, Dimo)

The default dimension is [G] = 1. Recalling that a factor of 2m should be included if a constituent particle is a fermion, we have
[G] = GeV" — [V] = [M] = GeV ™, with ns being the number of fermions. Therefore, under our convention where Gu =
1, the dimension of the potential must satisfy the above requirements. This criterion can be employed to verify the consistency of
the Lagrangian and the derived potential.



Hence, for the channels above its thresholds, the matrix have an extra dimension.
We take two channel as example to explain the coupled-channel equation. The region of W is divided as
W <my,mi <W <mgand W > ms.

VNN VNN GN 0

v=( v e ). o= (G gy ) wem 24
VN+1N+1 VNJrlN GN+1 0
VN+1N+1 VN+1N+1 GN+1 0

V= ( VEH—IN-H V;JEH-IN—H > , G= ( 10 G+ ) , W >my (26)

The informations about the dimensions are calculated in WORKSPACE(Ec, 1Rm, Np, SYS, CH, IH) .

The matrix V' and G are calculated in gBSE.srAB(Ec, gn, SYS, IA, CH, IH, fV; 1Rm=1) .

Code

Attention: The following details are specific to the old version of the code, which includes Fortran code and Julia code versions
prior to v0.2.4. In the new version, the treatment described below is obsolete.

In old code, we choose V7™ = f(K)V" f(k)/4m, G = 4nG, and M7" = f(k')M’" f(k) /4. The form factors are also
included in to the ampltudes and the potential kernel. Hence, the gBSE becomes

M =V v e (27)
Such convention is consistent with that in the chiral unitary approach.
o P Jr N AN P
V72 =V7 Jar = iVy(p,p")/4m = fifiiVia(p,p)/4m

= %fifj /dcosH [, (0)iVxr (P, p) +nd” \ (0)iVy A(P, P)], (28)
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Physical observable

After extend the energy in the center of mass frame W into complex energy plane as z, the pole can be found by variation of z to
satisfy

11—V (2)G(2)| =0 (29)
with z = Er +il'g/2.

The |1 — V(2)G(z)| in complex enery plane is calculated in gBSE. res(Range, iER, gn, SYS, IA, CH, IH, fv) and the pole
can be found with function gBSE.showPoleInfo(qn, resEc, reslog, filename) .

P
With the obtained amplitude M7 , we can also calculate the physical observable. Note that all physical observable are at real
axis, we choose the onshell momentum as

M;;(2) = {[(1 - VG) [V} (30)



with 7 and k chosen as the onshell momentum, that is, 0 dimension for G, and extra dimension for V.

The | M |? for each channel is calculated in gBSE.M2_channel(T, CH, IH) .

The cross section for the channel considered

For the open channel, the cross section can be obtained as

do 11
—_— M k Jk
dQ ]132 647'[' S k Z |Z )\)\ )‘

!

where j; and j is the spin of the intitial particles, and we define j = 2j + 1.

The total cross section can be written as
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Here, k' and k are onshell momenta, so we only choose j for the onshell momenta. Since we adopt V — f(k')V f(k), the
amplitudes M - f(k’)MJPf(k:) The form factors vanish due to onshelness for initial and final states of a scattering.

NOTE: 4M M’ should be multiplied due to convention @u = 1 adopted in code.
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The cross section for certain channel is calculated with gBSE.simpleXsection(xx, M2, CH; Ep="cm")

Argand plot

The amplitudes can be written as

MK k) = —Sm/af (K k) = —7YS

where ¢’/ = — %M(Uﬂ) which can be displayed as a trajectory in an Argand plot.

7y ZNJDARA (¢',0',0)aly (K], |k|) D1 x (¢,6,0).
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Three body decay

kinematics

torentz boost

Here, we consider an process Y — m1 X — mymams.
To study a 1 — 3 decay with the gBSE, we need consider the center of mass frame (CMS) of Y (which is also the laboratory

frame in this issue) and the 1m1msy where the gBSE is applied. The momenta of initial and final particles in the CMS of Y,

remarked as lab, are

P = (,0,0,0) gl = (B, pi): pl = (B, pH") 1l = (B, pt") (39

The Lorentz boost from (m, 0) to (E, k),

E(k) k. k, k.,
AP — 1 kz m + E+m E+m E+m
v — k kl ke 4 Fuky k kz k.,
m Y E+m m FE+m E+m
k k kg kzky m k. k,
z E+m E+m E+m

With the Lorentz boost the momenta for particle 23 in the laboratory frame (Eé%b, —pllab) can be written with the momenta in the

CMS of particles 23 (M3, 0) as p'a® = A(EL, —plab)pem,

lab __ _cm pllab _pllab . pcm Ocm
p =P lab (< lab +p '
M23 W - E ( ) + M23
1
pOZab _ Vi [(W . Eiab(plab)) Ocm pllab . pcm} , (36)

where the pa3 + p; = P is applied, and Mz = /(pk® + p§®)2 = /(p§™ + p§™)? = V(P —p1)2

The momenta in CMS of 23 can also be written with the momentum in laboratory frame as p = A(El“b, pl“b)plab

lab lab | lab
pcm _plab+ D p + 0lab ,
M23 M — Elab( lab) + Mzg
1
Ocm M [(M Elab( lab)) 0lab +p plab] ) (37)
23

For the outgoing particles 2 and 3, the p“" should be set along the z axis, hence, an additional rotation is adopted as p =

fi(_gcm7 _¢cm)pcm

1 0 0 0
11 0 cosflcos¢ cosfsing —sinf
R(-6,-¢) = 0 —sing cos ¢ 0
0 sinfcos¢ sinfsing cosf

As described above, we perform both a Lorentz boost and a rotation. Through the Lorentz boost, the momentum pl“b in the lab
frame transforms into p“™ in the center-of-mass system (CMS) of particles 2 and 3. The value of p{"* depends on pl“b and M3,
and the lab-frame energy E!% can also be derived from Mas. Thus, p{™ is ultimately dependent only on 24%® and Mas. The
momenta pgng depend on plab and Qllab and can be expressed in terms of Ms3 and the spherical angle 25™.



After rotation, p“™ becomes p in the new CMS frame of particles 2 and 3. The momenta p, 3 of the final particles are aligned
along the z-axis and depend solely on M>3. However, for intermediate particles, they are functions of p'3 and Qg Finally, p1
depends on 4%, M3, and Qgm.

The Lorentz boost is performed by Xs.LorentzBoost(k, p) , and rotation by Xs.Rotation(k, ct, st, cp, sp) with ct, st,
cp, sp calculated by FR.kph(k) .
A function gBSE.LorentzBoostRotation(tecm, k, pl, p2) is also provided to make both a Lorentz boost and a rotation.

Amplitude

Because the |/\/l|2 is invariant in different reference frame, the amplitude for the direct decay can be written with the momenta in
cm frame of partilces 1 and 2 obtained with Lorentz boost and rotation, as

IMS o, aan (PL D2, D3) = 1Ay A (ADL, D2, P3) = iAxagin (Y, M3, Q5™),  for onshell
iM§1§>\27>\3;)\(p1’pl2’p/3) = iA)\l;)\z,)\s; (Qlab Q/ pg’M23’ Qcm)
— Z NyDyp ()AL (U7, Dy, Mas, Q5™),  for offshell
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) d4 l
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dp dsd.
B Z/ 73)3 : Z NJ(SM)‘”ZT)\z,)\g,X )\’ (p3) M23)DMX (QI)
PYOW
Go(p3 Z NJ’DMrX (QQ)ZAKLJ,\{’;,X (Qlab, p’3, Mos, ng)

J’M’

dp3dQ3 N . o
_g\;/ 2n)? ZNJZTAZ,,\g,,\g,,\/ (P3,M23)G0(p3)’LA)\ ;3)?,2’/\3;)\(91 Dy, Moz, Q5™)

p5 dp;
= ZNJZ/ : 3 >\2,>\3,A2,)\ (PsaM23)G0(P3)1Aii3fg,xg;x(ﬂl1ab,P3,M23,ng)

AGAG
_ lab cm
= ZM)\2 As; )\(Q M23, Q )

: Py dp: - 5
ZM§2;/\1,/\3;/\(p17p2,p3) = JZ/ ; 3 >\1 AssN LG (pg,Mlg)Go(p?))ZAi 3'):/ N A(Qéab,pg,Mlg,ng)
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= iM}\z;)\l,)\g;)\(Q-?)a ) M13’ Q:c’)m)' (38)

Note: when consider the rescattering of different particles, the different cm frames should be adopted.



Decay width

The case with one rescattering
Phase space
The phase space is given by

d3py d*p, d*ps
Ei(27)3 2E>(27)3 2E3(27)3

454
d® = (27)°6" (P — p1 — p2 —p3)2 (39)
To study the invariant mass spectrum of the particles 2 and 3, it is convenient to rewrite the Lorentz-invariant phase space d® by

taking as integration variables the direction of the momentum of particle 2 p5™ in the center-of-mass (cm) frame of particles 2 and
3. Thus, we first rewrite the phase factor as

d3pllab d3 pgm d3p§m
2Elab(27)3 2E5™ (27)3 2E5™ (27)3

d® = (27m) 5 (ES" + ES™ — Wa3) 8 (5™ + p§™) (40)

where Wk = (M — E!®)2 — |plab|2. Here the Lorentz invariance of the 5B and §4(P — py — py — p3) is used.

E(

Here, we use the momentum of the particle 3 in the center of mass system of two rescattering particles.

: - 1 3 7 2
The momentum of the particle 3 has a relation 5" = 57— VAMZ, m2,mi).

Owing to the three-momentum ¢ function, the integral over Pp5™ can be eliminated. Next, the quantity d3p§m is converted to
dM>s3 by the relation,

Ecm cmpcm
dps™m = 23 8 A My3dQ5" (41)
M
23
where Mo3(= E5™ + E5™) is the invariant mass of the 23 system. We would like to integrate over the magnitude of the neutron
momentum py, which is related to Ws3. Hence, the energy-conserving § function is substituted as,

Was

§(Maz — Wa3) = W

5(B1 — pi) (42)

where the P; satisfies Ma; = (M — 1?1)2 - pl.

Performing the integral over plab we obtain the final expression of the decay width,

dd = (21)5 p;\’; dQLb AT d My = (2;)3%dcos@l{’bdcosagmdMgg, (43)

Here, independence of the ¢ll"b and ¢5™ on the integrand is applied.

Differential decay width

Here, we consider the rescattering of particles 2 and 3. The distribution can be obtained as

dr 1
_ S (iMoo
d My / oM Mo (27)° 8
A2,A35A

Pips SOt (44)

If the Y is not scalar, there shoold be an additional factor 1/3)/. Here we
use the distribution above in the frame with Lorentz boost but without rotation. However,
we calculate the |iM>\2,>\3;,\{2 in the frame with both Lorentz boost and rotation due to it is independent on the frames.



If the reflection effect is absent, for example, the wD D* final state. The results can be simplified further.
The amplitude can be written as

. . ad,J
ZM/\1>\2,>\3§)\(p1’p2’p3 = ZNgDiR)\ngR)\SQ(ng) [zAAl,)\z,)\s;)\(Mz?’)

/ ( T ,\2,,\3 PYPVA (Pz’ M23)Go(p3)2-f4x A A (PI3>M23)
X,
= Z N3Dj,,, (Qlflb)D,{R,\n(ng)iMi,As;A(M%) (45)
JM

Inserting the above amplitude to the definition of the invariant mass spectrum, we have

dr 1 1 pips 3 lab om o
My 2M (2n) 8M AQXAEA \ZNJDARA1(9 )D 5, (7)iMS, 5 (M) QP d
1 1 ﬁlpg . J 9
= NjiMsy (M.
2M (27)5 8M AM%:A;J JIM, agp (Mas))|

Now we consider the amplitude with fixed parity,
i/\/t,\23 A= “4[”,\ + 17',\ ,\/3G0i-/4§'23w nim?’ Aagih = = niA%] Nggh T T’ Nas Ny ng.A
= M = AL TSy, GoiA], o = AV + T, Goid?y, | = iAY, + iTi;\,mGoiA{; 1 (46)
Here M Azg A= M oM A,\23 AAzg AT AAZS A szg,xm 7')\23,)\ nT{)\zs,ng - Tizs,)\ +1'TS,, ~Xy3”

NOTE: For parity conserving interaction, we have T/\,A =n(n)" LT _yx, which can be checked in the code by different
definitions of 77" .

We summarize the results as following,

dr 1 1 pip3 JP N
p— N J M
dMy3 2M (27‘(‘)5 SM §| JMZ] ( 23)‘ y
iJ;
Vel dP3P3
M, (Ma3) = ] i M23 + Z T D3, M23)G0(p3)¢4k2(p3, M), (47)

where % and j denote the independent Az 3 and A, and the factors fi—o = 1/\/5 and f;+o = 1 are inserted. The above equation
can be abbreviated as M = A% + TG A, where T is solved by the Bethe-Salpeter equation T' = V + V GT'. NOTE: The T
should be multiplied by 47 to be used as T, and ég should be divided by 47 to be used as GG, which is cancelled by each
other.

The case with more than one rescattering

In the case with more than one resacttering, we should conisder Monte-Carlo method to generate the
event.

_ i 2 _ i 2 4—3n
dr = D IMPde = 5 > IMP(2m) " dR (48)

The distribution can be calculated with
Xsection(tecm, ch, callback; axes=[23, 21], min=[], max=[], nevtot=Int64(1le6), Nbin=100, para=(1 = 1.0), stype=1)
. callback should be not used for parallel calculation. In this function, the events was generated by GEN.GENEV(tecm, EM) .



Here we consider a process with direct, 23 rescattering, 13 rescattering.

IMS 3, aen (P1, P2, P3) = 1A 2 i (P17P27P3),
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»
Here we move the Ny in A7 to the definition of M. The amplitude
are calculated in gBSE.TGA(1final, linter, Ver, predet, para) .

P P P P P P P
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Z |’iM>\,C,,\ N ,\(kapzap] = Z NJZ|TJPAJP‘2

Ak Ai A A J JARHA

The square of amplitude is calcualted by function ampsqure(tecm, k, ch, para) .

e The GEN pacakge can generate the events with (pllab,péab,péab) in the frame of Y.

P
« The M;; can be obtained as (pl®® + plab) and used to solve the T, JSYRY (p}, Mi;) with gBSE. Here, the D’; is
19 b i’ ]
generated by the Gauss discretization.
e With Lorentz boost and rotation, the momentum of p; in the cernter of mass frame of partilces 75 can be calculated.
However, for the intermediate particles,the D/\ X, (€27) is used to calculate AA AN N Pj, Mij).

* Because only | M |? has the same value in different frames, the M for rescatterings of particles 23 and 13 can not be
summed up directly.

A AJALA (p;’Mij) Go(p;-)iA)\k;;\;’)\;;)\(Qgc“b, p],MU,Qcm).
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