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1 Introduction

Robust optimization is a field of optimization theory that deals with optimization problems in which a certain measure of
robustness is sought against uncertainty that can be represented as deterministic variability in the value of the parameters of the
problem itself and/or its solution.!

To illustrate the importance of robustness in practical applications, we quote from the case study by Ben-Tal and Nemirovski
(2000)? on linear optimization problems from the Net Lib library:

In real-world applications of Linear Programming, one can- not ignore the possibility that a small uncertainty in
the data can make the usual optimal solution completely meaningless from a practical viewpoint.

The budget of uncertainty indicates we stipulate that nature will be restricted in its behavior, in that only a subset of the
coefficients will change in order to adversely affect the solution.’

2 MILP with Box Uncertainty and Budget of Uncertainty

The standard mixed integer linear programming (MILP) is:

min ¢’ x+fy )
st. Ax+By>b 2)
yey (€)]

x>0 (4)

where the y is vector of integer variables.
If continuous variables in some constraints have uncertain coefficients. The problem becomes robust optimization of mixed
integer problems. For now, we only deal with box uncertainty. The expression becomes:

min ¢/ x+fy 5)
st. Ax+By>b 6)
(A+A)x+By<h ™)
yey ®)

x>0 )

where the A is vector of mean values for the coefficients of continuous variables, and A are vector of uncertainties. Note that
the sign of the constraint is "less equal".
After linearization according to theorem 1 in paper?, the problem becomes:

min ¢/ x+fy (10)
st. Ax+By>b (11

XlTX—I— LA+ [J,lTl —&-Ey < E,’
Ai+u; > A;oz (total J rows)

23>0 Vi € I(row) (12)
H; >0 (total J rows)
—z<x<z (total J rows) (13)
z2>0 (14)
yey (15)
x>0 (16)

where J is the column number of the matrix A and / is the row number. I; is the budget of uncertainty for i-the constraint.
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3 Adjustable Robust Optimization for LP with Box Uncertainty

Two stage stochastic linear programming:

min fy+c'x (17)

Y.X,Z

st. By+Ax>b (18)
By+ (A£A)x<b (19)
yeyY (20)
xeR"T 1)

where x is second stage decision variables, which means it can adjust according to the outcome of uncertainty.
Introduce § to represent the box uncertainty:

ming t'y+c’x+g'z (22)
YX,2,
st. By+Ax+Dz({)>b (23)
§y+Kx+A(II§T-x) +Dz(l) <b 24)
x,z(§) e RT (25)
yey (26)
yeR Q27
—1<¢<1 (28)
Approximate z(§) by affine (or linear) decision rules (o + B¢ ):
min  fy+cx+y (29)
y,X,Z,'y,C
st. By+Ax+D(a+B"¢)>b (30)
r>g' (a+B") (31)
§y+Xx+A(II§T.x)+ﬁ(a+BT§) <b (32)
a+p’L=0 (33)
xeR" (34)
yeR (35)
aBekR (36)
yey (37)
“1<¢<1 (38)
Linearize the production of § and other variables:
miny fly+ex+y (39)
VX2,
st. By+Ax+D(a+6;)>b (40)
Y>> gT(a +06))
—-B<0O,<
B<6,<B @)
a+6,>0
YER
Ey+Xx+A(119§) +D(a+6,)<b w)
—x < IIO; <x
x € RT (43)
yey (44)
apeRr (45)
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4 Examples

4.1 Production Planning with Uncertainty in Production Efficiency
You work for a production company and support them with optimizing their capacity and production schedule for a new factory.

The company has p € P different products that are produced on different machine types m € M. Not each product can be
produced on each machine, i.e., parameter a,, , = 1, if product p can be produced on machine type m and a,, , = 0 otherwise.
As you are opening a new factory, you also have to decide how many machines of type m you want to buy. The price is c¥ for
one machine of type m € M. Each machine of type m € M provides Tm hours of production.

The production costs are c& for each p € P. The targeted production quantities d,, for each product p € P for the next year
are given. Because we consider the entire year, we approximate the production quantities as continuous values.

The production time of product p € P on machine type m € M is uncertain. You know that the expected production time is
tm,p and the deviation (positive and negative) can be up to #,, ,. From experience from other factories, we can conclude that for
each machine type m € M not more than 30% of the products that can be produced on machine type m will have a deviation
from the expected production time.

Formulate a robust optimization model that decides the number of machines and production quantities for each product and
machine to have minimal cost and cover the demand in all cases of production time deviation. Use a budget of uncertainty.

Set  Definition Size

P different products 10
M  different machines 4

Table 1. Categories of Sets and Their Attributes

Decision Variable Definition Stage Value Range
Yim different products ~ First ~ {0,1,2,...,10}
Xm,p different machines  First ~R™

Table 2. Categories of Decision Variables and Their Attributes

The problem becomes:

min Y ymem + Y b Y X p (46)
M P M
s.t. Zx,m p>dp Vp (Cover all demand, $) 47)
M
1
Xm,p < G, pymg Vp,m (machine produces some products) (48)
Z Enp £ tmp) Xmp < Tinym Vm (Limited machine production time, hour) (49)
P
Xmp ERT (50)
¥ €1{0,1,2,...,10} 51

It can be transformed into standard robust optimization form by:

x = [ (1),2(1),(1),x*(1),x (2),22(2), £ (2),x*(2),..] " (52)
v=["02 (53)
J/K =|P| =10 (54)
K=|M|=4 (35)
c=[cf(1),cF (1), (1),cF(1),cP(2),8(2),cF(2),c(2), ..., L (10))F (J = 40 rows) (56)
f= [cml,cmz,cm3,cm4]T (K = 4 rows) (57)
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) 0 0 f1(10) 0 0 0 |
2 2
0 1) 0 0 0 #(10) 0 0 (K = 4 rows, J = 40 columns)
0 0 (1) o0 0 0 B(10) 0
0 0 0 (1) 0 0 0 #(10) |
(58)
[ (1) o 0 0 t1(10) 0 0 ]
0 1 0 0 0 (10 0
0 E)) 2(1) 0 0 (10) £(10) 0 (K =4 rows, J = 40 columns)
0 0 0 1) 0 0 *(10) |
(59)
Y ) 0 0
72
8 g 7(;3 8 (K =4 rows, K =4 columns)
0 0 o -r*
(60)
11 1 1 0 0
0 1 1110 0
0 0 0 0 1 0
1. 0 0 0 O 0 0 0 0 (1) (J/K +J = 50 rows, J = 40 columns)
0O -1 0 00O0O0O0O 0
0 0 -1 000000 0
L —1
(61)
r0 0 0 0 7
0 0 0 0
0 0 0 0
1(1)1 0 0 0
a' (1=
¢ 1
0 2= 0 0
a*( )8 1
0 0 a3(1)E 0
0 0 0 4(1)1 (J/K+J =50 rows, K = 4 columns)
1 T
2= 0 0 0
a'(2) 1
0 22)- 0 0
a”( )“3 1
0 0 3(2)= 0
a’( )g 1
0 0 0 4(2)=
a*( )8
(62)
r T
d(1),d(2),...,d(10),0,0,...,0 (63)
total J/K = 10 total J = 40
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To solve it in a traditional robust optimization manner, the problem becomes:

min Y ymep + Y cf,’me,p] (64)
M P M
s.t. me,p >d, Vp (Cover all demand, $) (65)
M
1
Xmp < G, pymg Vp,m (machine produces some products) (66)

Yp %xm,p + A + Y plm (P) < Tnym
A+ Um(P) 2 tmpzm  Vp
—Zm < Xm,p < Zm Vp

Vm (Limited machine production time, hour) (67)
An >0
tn(p) >0 Vp
Zm >0
Xm,p € R* (68)
ym €40,1,2,...,10} (69)
For more simplification, because x,, , is always positive:
min Zymcfn'[ + Z c;’me,p] (70)
M P M
s.t. me,,, >d, Vp (Cover all demand, $) (71)
M
1
Xmp < am,pymg Vp,m (machine produces some products) (72)
Yp %xm,p + T + Yp lm (P) < Tuym
Ao + M (p) > t v . . —
+Hn(p) Z tmplmp VP Vm  (Limited machine production time, hour) (73)
2’}’I’l 2 O
.um(p) >0 Vp
Xm,p € R* (74)
ym € {0,1,2,...,10} (75)

4.2 Punitive Shortage in Production Planning: Adjustable Robust Optimization
The problem above can be formulated as a two-stage stochastic programming.
By introducing punishment if there is shortage in the second stage, the problem becomes:

min Zc%ym + Zchxm,p + ZJ(])F (76)
M P M P
s.t. me‘p +¢p,>d, Vp (Cover all demand, $) amn
M
1
Xmp < am,pymg Vp,m (machine produces some products) (78)
Y [y £ tmp) Xmp < Tonm Vm  (Limited machine production time, hour) (79)
P
X ps §p € RT (80)
ym €40,1,2,...,10} (81)

Re-arrange the expression:

min ZC%ym + chﬁxm,p + ZJ¢]) (82)
M P M P

s.t. me,p +¢,>d, Vp (Cover all demand, $) (83)
M
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1
am, pymg —Xpmp >0 Vp,m (machine produces some products)

—Twym + mem’ e Ztﬂh pXmp <0 Vm (Limited machine production time, hour)
P P

Xm,ps Op eR"
ym € {0,1,2,...,10}

To program in traditional way:

min Zc%ym —+ ZZC;’X’”J’
M P M

y>Yplla,+61,)

YuXmp+0p+061,>d, Vp (Cover all demand, $)
—-B<0,<B

am, pymé —Xmp >0 Vp,m (machine produces some products)
0y +61,2>0

YeR

S.t.

—Yp I, pXm,p < 62,17 < ZPtm,pxm,p
Xm,ps@p € R*
Ym € {07 1,2,..., 10}

{ ~TnYm + X ptmpXmp+Lp6rp <0 Vm (Limited machine production time, hour)
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