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Abstract
This study introduces the Multiplication Free Semi-Discretization Method (MFSD), a novel approach for the
efficient stability and fixed-point analysis of time-periodic Delayed Differential Equations (DDEs). Efficient stability
prediction is critical for mitigating instabilities in mechanical systems, such as machine tool chatter in milling and
vibration in delayed control systems, where high-accuracy modelling often leads to prohibitive computational
costs. Unlike traditional semi-discretization methods that are burdened by high computational demands due to
repeated matrix multiplication, the MFSD method leverages a composite mapping structure inspired by collocation
techniques to achieve linear time complexity (O(p1)).The performance of the method is validated through extensive
spectral analysis of the delayed Mathieu equation and further demonstrated on three practical engineering cases:
a seasonal biological model, a multi-cutter turning system with spindle speed variation, and a finite-element-
method-based longitudinal vibration of an elastic beam under delayed boundary feedback. Results demonstrate
that MFSD maintains linear scaling even for system resolutions up to 106, enabling high-fidelity stability mapping
even for high-dimensional structural dynamics that were previously computationally inaccessible. The algorithm is
provided as an open-source tool via the SemiDiscretizationMethod.jl package to support the vibration and control
research community.
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Introduction

Delayed Differential Equations (DDEs) play a pivotal
role in modelling dynamics where time delays are
intrinsic, such as in control systems Åström and Murray
(2021); Habib et al. (2016); Bartfai and Dombovari
(2022), biological processes Stepan (2009); Insperger
et al. (2022); Kovacs and Insperger (2018), vehicle
dynamics Li et al. (2024); Mi et al. (2024) and
mechanical vibrations Bartfai et al. (2024); Horvath
and Takacs (2023); Sanz-Calle et al. (2024); Zhang and
Xi (2022). The stability analysis of DDEs is crucial
for predicting system behaviour and ensuring reliability
Ali et al. (1998); Kiss et al. (2022); Borgioli et al.
(2020). However, calculating the stability of DDEs poses
significant computational challenges, especially when it
is critical to capture the system’s dynamics accurately
Zatarain and Dombovari (2014); Toth et al. (2017);
Lehotzky et al. (2016); Lichtner et al. (2011); Itovich
et al. (2024).

There are several available methods, most of them
in frequency- and time domains. In the frequency
domain, conventional approaches, such as calculating
stability boundaries, involve the critical frequency as an
additional parameter Stepan (2009); Ozturk and Budak
(2008); Bachrathy and Stepan (2013). These methods
often require complex integration along the frequency
parameter, limiting their practicality. Alternatively,

time-domain methods, including collocation-based and
integration-based strategies, offer solutions but with
their own sets of challenges. Collocation methods and
time-finite element methods Butcher and Bobrenkov
(2011); Lehotzky and Insperger (2016); Lehotzky
et al. (2018); Vyasarayani et al. (2014); Breda
et al. (2005); Bayly et al. (2003), known for their
excellent convergence properties, face difficulties with
discontinuities, making them less robust and more
complex to implement for general cases.

Despite these limitations, collocation-based
approaches continue to be applied successfully
in structural dynamics problems involving delay,
particularly when combined with finite element
discretisation in space. For example, recent studies
have applied Chebyshev-based discretisation to analyse
the delayed stability of delaminated composite beams
subjected to follower forces Szekrényes (2023, 2025),
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demonstrating the practical relevance of such methods
in vibration problems with distributed parameters and
time-delay feedback.

Our focus is on an integration-based strategy,
specifically the semi-discretization method Insperger
and Stépán (2002); Insperger and Stepan (2004);
Insperger and Stépán (2011); Sykora and Bachrathy
(2020) and its alternatives Ozoegwu (2018); Insperger
(2010); Liu et al. (2024); Yang et al. (2023), such as full-
discretizations. Despite their limited convergence, these
methods are favoured for their ease of implementation.
The trade-off between convergence limitations and
implementation ease is often acceptable, especially when
handling systems with non-smooth behaviour.

Traditionally, these methods involve repeated matrix
multiplication, significantly increasing CPU time
demands. In Henninger and Eberhard (2008), the
method has been optimized based on the special matrix
structure leading to quadratic time complexity. Cur-
rent literature primarily concentrates on improving the
eigenvalue convergence rate rather than computational
efficiency, attempting to achieve more accurate eigenval-
ues at lower resolution Ozoegwu (2018).

However, it’s crucial to note the trend in newer
techniques that promise better time complexity of the
eigenvalues of the mapping with fewer resolution steps.
Often, these methods are demonstrated with a very
limited resolution range (<100) Ozoegwu (2018); Liu
et al. (2024); Yang et al. (2023), and usually not in
a log-log scale, making it challenging to discern true
convergence rates and the time complexity. At lower
resolution levels, the nuances in implementation can
significantly influence outcomes, potentially resulting in
inaccurate conclusions. Furthermore, these higher-order
methods have similar difficulties with discontinuities as
the collocation methods.

We have to note that there is a new class of
time-domain methods, which are based on direct
simulation of the investigated DDE Zatarain and
Dombovari (2014); Zatarain et al. (2015); Toth
et al. (2017). These methods iteratively extract the
eigenvalue/eigenvectors of the underlying mappings
from the simulated timeseries and promise excellent
work-precision diagrams. Unfortunately, their iterative
nature makes it hard to compare them based on
time complexity to the above-mentioned time domain
methods where exact resolution-CPU time can be
determined.

This study extends the integration-based time-
domain methods by introducing a novel approach
inspired by collocation techniques, enabling a linear
time complexity implementation. The main aim is to
overcome the computational limitations of traditional
semi-discretization methods by eliminating the need for
repeated matrix multiplications. The development is
specifically presented for the semi-discretization method
but is applicable to any approach that involves step-
wise matrix multiplication, significantly reducing the
computational cost.

Section 2 outlines the fundamental steps of the semi-
discretization method and analyzes its computational

time complexity. Additionally, it briefly reviews prior
advancements aimed at improving its efficiency. In
Section 3, we introduce the Multiplication Free
Semi-Discretization (MFSD) method, detailing the
formulation of left and right mapping matrices for
various time-period and time-delay ratios. Section
4 evaluates the computational performance of the
proposed approach through high-resolution work-
precision diagrams for both the conventional Semi-
Discretization (SD) method and the introduced MFSD.
The results clearly demonstrate that the new method
achieves linear time complexity.

We’ve implemented our method in the publicly
available SemiDiscretizationMethod.jl package, aiming
to contribute to the broader community’s ability to
analyze and predict the behaviour of systems governed
by DDEs more efficiently.

Main Contributions
While the algebraic concept of direct matrix composi-
tion has been previously mentioned for specific cases
(e.g., in Hamann and Eberhard (2018) for T = τ),
its profound algorithmic implications have remained
unrecognized. This study establishes MFSD as a com-
prehensive computational framework with the following
core contributions:

• Discovery of Linear Complexity: We demonstrate
that MFSD, when coupled with sparse matrix
data structures, reduces the time complexity of
stability analysis from nearly cubic O(p2.8) to
strictly linear O(p1).

• Generalization to Arbitrary Ratios: We develop
the mathematical framework necessary to handle
arbitrary period-to-delay ratios (T 6= τ), provid-
ing a unified solution for general time-periodic
systems.

• Algorithmic Equivalence: We demonstrate that
the method is an exact algebraic rearrangement
of the traditional semi-discretization mapping,
ensuring identical numerical results without loss
of accuracy.

• Open-Source Tool: We provide a highly optimized
implementation in the publicly available SemiDis-
cretizationMethod.jl package, capable of evalu-
ating previously impossible discretization resolu-
tions (e.g., p = 106).

Basics of the Semi‐discretization method
Consider the linear delayed dynamical system Insperger
and Stépán (2011) of the form

ẋ(t) = A(t)x(t) +B(t)x(t− τ), (1)

where x(t) ∈ Rd is the time dependent state vector
of the d dimensional first order system. The system
matrices A(t) and B(t) ∈ Rd×d are the T -periodic time-
varying coefficient matrices, and τ is the time delay. The
initial state of delay systems is described via a function
x(t) = φ(t)[−τ, 0] 7→ Rd. As the derivative ẋ(t) requires
not only the current state x(t) but the delay state x(t−
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τ) as well, therefore the notation x(t)(ϑ), ϑ ∈ [t− τ, t]
will be used to denote a solution segment that includes
the entire state history between times t− τ and t.

Finding the stability of the system (1) requires the
spectral properties of the mapping that maps x(t)(ϑ)
a full period T forward to x(t+T )(ϑ). In the semi-
discretization method, the continuous state-space is
sampled over a uniform time-grid with resolution ∆t,
resulting in the sampled states xi = x(ti) at times ti =
i∆t. Fig. 1 shows the sketch of corresponding discretised
one-step- and one-period mappings.

Using the discretised values xi, the solution segment
x(ti)(θ) is represented by the vector

yi =
[
xi xi−1 xi−2 . . . xi−r

]>
, (2)

where
r ≥ τ/∆t. (3)

The usual selection for the number of the sampled points
is r = dτ/∆te ∈ Z+.

In order to capture the T -periodic mapping, the time
increment ∆t is required to be an integer fraction p ∈ Z+

of period T , i.e. T = p∆t, therefore, in practice p is
selected first, leading to ∆t = T/p. In the following
description, for the sake of simplicity, the time delay
τ is assumed to be τ = r∆t.

The main idea of the semi-discretization method
is that the time-varying components: A(t), B(t) and
x(t− τ) are considered to be constant for each ∆t
time segment. With this approximation, an analytical
formula can be provided for the next sampled state xi+1

using the elements of yi (see Eq. (2)):

xi+1 = Pixi +Rixi−r. (4)

In case ∆t is chosen in a manner that τ = r∆t
and T = p∆t, and A−1(ti) exists, then for zeroth-
order semi-discretization Insperger and Stépán (2002)
the coefficient matrices Pi and Ri have closed
form solutions, i.e. Pi = eA(ti)∆t and Ri = (eA(ti) −
I)A−1(ti)B(ti). For the definition of Pi and Ri ∈ Rd×d

in higher-order cases∗, see Insperger et al. (2008). To
cover a full period, the mapping (4) should be repeated
for p times. Without loss of generality, we set t = 0 as
the starting point; in this case, we need to repeat the
mapping (4) for i = 0, 1, . . . , p− 1.

Using Eq.(4), the one-step mapping from yi to yi+1 is
defined by the one-step matrix Ci ∈ R(r+1)d×(r+1)d as:

Ci =



Pi 0 0 . . . 0 Ri

Id 0 0 . . . 0 0
0 Id 0 . . . 0 0
0 0 Id . . . 0 0
...

. . .
...

0 0 0 . . . Id 0


, (5)

leading to the state-space representation:

yi+1 = Ciyi, (6)

where Id ∈ Rd×d are identity matrices. The subdiagonal
blocks in Ci represent the temporal shift of the sampled
state history between yi and yi+1.

Starting from the initial discretized state y0, p
recursive applications of the one-step mapping in Eq.(6)
yield the state-space after one period:

yp = Cp−1 . . .C1C0y0. (7)

The transition over a full period T is governed by
the Monodromy matrix (or Floquet transition matrix)
Φ ∈ R(r+1)d×(r+1)d, defined as:

Φ := Cp−1 . . .C1C0, (8)

such that the one-period mapping is represented by
yp = Φy0.”

The stability properties of the trivial solution can
be determined based on the spectral radius of the
monodromy matrix (or Floquet transition matrix) Φ.
The fixed point is asymptotically stable if the spectral
radius Φ is smaller than 1, that is, the absolute value of
the largest eigenvalue of Φ is smaller than 1 (|µmax| <
1).

Time complexity of the semi-discretization
method
The time complexity of the traditional semi-
discretization method was thoroughly analysed in
Henninger and Eberhard (2008). Here we will focus on
the effect of the time-step ∆t on the spectral radius
(|µmax|) only. Note that both p and r are inversely
proportional to ∆t. The semi-discretization algorithm
has the following key steps:

• The computation of Pi and Ri requires the
calculation of matrix exponents, which can take
a significant portion of the time spent on
computation for high-dimensional systems (d >>
1). This step needs to be performed p times, once
for each time step, therefore, it has linear time
complexity O(∆t−1).

• The one-step matrices Ci have (r + 1)2d2

elements. However, there are simple optimisation,
that reduce the memory required. For example,
the array containing C0 can be reused for C1, C2,
…. Hence, after its use, it is no longer needed.
Using sparse matrices further reduce memory
requirements, as there are (r + 2)d2 elements that
change for each Ci. Combining sparse matrices
with so-called ”lazy arrays”, where some elements
of the matrix are computed upon indexing the
array can further reduce memory requirements.
With this technique, there is no need to store
the identity matrices I, as the location of the
non-zero elements are distributed along an off-
diagonal (easy-to-capture pattern). Therefore, the
complexity of this step has linear complexity
O(∆t−1) when implemented properly.

∗In practice higher-order version should be used as they have
a better convergence rate. Based on Insperger et al. (2008): ”if
piecewise constant approximation of the periodic coefficients is
used, then the first-order approximation of the delayed term is
the optimal choice”, which leads to second-order convergence of
the spectral radius in the time resolution ∆t.
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Figure 1. Schematic representation of the semi-discretization method. The vector y0 of the sampled xi (i ∈ [−r, 0]) states
are mapped one time step ahead by the one-step matrices Cj (j ∈ [0, p− 1]) sequentially. The one-period mapping can be
performed directly by the monodromy matrix Φ based on Eq.(7).

• The generation of monodromy matrix Φ can
be the most time-consuming step, hence it
requires p multiplications of R(r+1)d×(r+1)d sized
matrices. The schoolbook multiplication has cubic
complexity leading to O(p((r + 1)d)3), however,
high-end algorithms can reach ∼ 2.37 complexity
Le Gall (2014). In the practical range of p values,
mostly the Strassen-algorithm Strassen (1969)
is used (e.g. in Matlab, BLAS implementation),
which has ∼ 2.8 complexity. In our case, it leads
to approximately O(p((r + 1)d)2.8) = O(∆t−3.8).

• The final step is to compute the eigenvalue with
the largest magnitude of Φ ∈ R(r+1)d×(r+1)d. In
case of full matrix representation of Φ this can
be solved with O((r + 1)3d3) = O(∆t−3) (through
SVD factorization), or O(s(r + 1)d2) = O(∆t−1)
for sparse matrices, where s is the average number
of non-zeros in Φ (through a row based on Lanczos
algorithm Saad (2011)). Note, Φ is typically
similar to a full upper triangular matrix, thus s ∼
p leading to quadratic time complexity O(∆t−2).

The most critical part is the recursive matrix
multiplication in Eq.(7), therefore, in the literature,
many different methods were proposed to speed up this
step. In the following section, we will present the most
common ones.

Following the History of the Necessary State Compo-
nents Only In many problems, not all the component
of the delayed state x(t− τ) is used in the governing
equation, i.e. the rank of B(t) is not full. This is more
evident in the following form, which is commonly used
in control theory:

ẋ(t) = A(t)x(t) + B̂(t)u(t− τ) (9)
u(t) = D(t)x(t), (10)

where u(t) ∈ Rc is the control input, D is Rc×d and
B̂ is Rd×c. These coefficients generate B(t) = D(t)B̂(t)
for Eq. (1). Based on Eqs. (9) and (10), we can reduce
the size of yi by storing only the relevant components,
yielding

ŷi =
[
xi ui−1 ui−2 . . . ui−r

]>
, (11)

where ŷi ∈ Rd+cr. In this case, the one-step mapping
ŷi+1 = Ĉiŷi is formulated based:

Ĉi =



Pi 0 0 . . . 0 R̂i

Di 0 0 . . . 0 0
0 Ic 0 . . . 0 0
0 0 Ic . . . 0 0
...

. . .
...

0 0 0 . . . Ic 0


, (12)

where Ic is the indentitiy matrix with size Rc×c.
The size reduction can be significant if c � d, leading
to the size of the mondorodmy matrix R(d+cr)×(d+cr).
However, this will not improve the complexity of the
calculation as a function of the time-step (it remains
O(p(d+ cr)2.8) = O(∆t−3.8)), but it does provide a
constant improvement of approximately (c/d)2.8.

Exploitation of the Matrix Structure In Henninger and
Eberhard (2008), the recursive matrix multiplication of
Ci (or Ĉi) matrices is greatly reduced by exploiting
the special structure of the matrix. In this method,
the step matrix is considered to comprise three main
blocks: [Pi Di]

>, [R̂i] and a diagonal block [I(r−1)c].
The multiplication is performed by the first two blocks
with the corresponding row of the preceding step
matrix. The multiplication with the unit-block matrix
provides a shift in the final result, so it is not
performed numerically. Note that with proper memory
management, even the movement of the data (the shift)
can be eliminated, hence, the final position of the
elements in Φ̂ can be determined a priori. With this
formulation, the time complexity is reduced to O(∆t−2)
Henninger and Eberhard (2008).

Sparse matrix representation It is observed that most of
the elements of the matrix Ci are zero, suggesting that a
sparse matrix data structure can substantially enhance
computational speed. Following a detailed numerical
analysis (discussed later), it has been determined
that the complexity associated with constructing Φ
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can be approximated as O(∆t−2.5) . . .O(∆t−2.8). This
strategic optimization, which is a straightforward one-
line implementation, achieves a comparable level of
efficiency improvement to that outlined in the preceding
subsection; however, the sparse matrix manipulation has
a slight overhead.

Note that this sparse representation is not so efficient
at the last few steps of the multiplication, where
the resulting matrix typically becomes an almost full
triangular matrix.

The improvements discussed above represent the
most commonly adopted strategies to enhance the
computational efficiency of the semi‐discretization
method. However, the authors are unaware of any other
numerically validated optimisation that achieves a linear
computational complexity.

Multiplication Free One-period Mapping.
In the following sections, the ”Multiplication Free Semi-
Discretization” (MFSD) is introduced and analysed
for different T/τ ratios. The linear time complexity
is presented through a detailed numerical test, and it
is compared to the Semi-Discretization method, both
combined with a sparse matrix representation of the
corresponding mapping matrices.

In the Semi-Discretization method, each multiplica-
tion with the one-step matrices Ci approximates an
integration step of length ∆t of the state variable yi,
while the multiplication with the Φ matrix approxi-
mates a one-period integration of length T . In the pro-
posed method, our viewpoint is different: it is sufficient
to represent the dynamics by means of Eq. (4) for each
time step to find the spectral properties, similarly to
the collocation methods Butcher and Bobrenkov (2011);
Lehotzky and Insperger (2016); Bayly et al. (2003).

This type of direct composition was briefly presented
for SD in Hamann and Eberhard (2018) for T = τ
only. However, it was viewed primarily as an alternative
algebraic representation with a disadvantageously
larger state vector. Its banded structure and very
sparse properties, its generalisation to arbitrary
period-to-delay ratios, and its profound effect on
reducing the computational time complexity to O(p1)
were completely unrecognised and unanalyzed—aspects
which form the primary focus of the following sections.

The first step is to rewrite the one-step mapping (4)
to the form:

0 = Idxi+1 −Pixi −Rixi−r, (13)

leading to the matrix form:

0 =
[
Id −Pi 0 0 . . . 0 −Ri

]
×
[
xi+1 xi xi−1 xi−2 . . . xi−r

]>
,

(14)

as shown in the visual representation in the top
section of Fig. 2.
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Figure 2. (top) Schematic representation of one-step
equation of the semi-discretization method; (bottom)
representation of all the equations of each time step (red
and blue rectangle represent the collections of states which
belong to the initial and final sampled state-space,
respectively).

Repeating (14) for each index i ∈ 0, 1, ...p− 1 yields
the discretised

0 =


Id −Pp−1 0 . . . −Rp−1 0 . . . 0 0 0
0 Id −Pp−2 0 . . . −Rp−2 0 . . . 0 0
0 0 Id −Pp−3 . . . 0 −Rp−3 0 . . . 0
...

. . . . . . . . .
...

0 0 0 . . . 0 Id −P0 . . . 0 −R0


[
xp xp−1 xp−2 xp−3 . . . x0 . . . x−r

]>
.

(15)

Note, that the vector containing the discredited states
from x−r to xp now covers the time interval t ∈ [t−
τ, t+ T ]. This extended state vector will be denoted
by q and the corresponding matrix coefficient by Q.
The bottom section of Fig. 2 shows the sketch of this
composite description, with the coloured table depicting
the matrix structure that emerges according to Eq. (15).

The goal of the spectral analysis is to perform a
mapping of the state-space one period later. Therefore,
the extended state vector needs to be split into two
components that correspond to yp and y0. However, the
period T and the time delay τ are only equal in special
cases, thus, the resolutions p and r are usually not equal.
The following sections discuss the cases where p− 1 = r,
p− 1 > r and p− 1 < r. The schematic representations
of these cases are shown Fig. 3.

Partitioning of the equations for p− 1 = r

In this case, all the necessary elements of the sampled
vector yp and y0 is found in the extended state vector
q without overlap or missing elements (see Fig. 3
left). Therefore, Eq. (15) can be separated into two
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Figure 3. Schematic representation of the aggregated matrix structure for different p and r values. (left) p− 1 = r,
(middle) p− 1 > r and (right) p− 1 < r . r̂ represents the extended states (see: SubSection Partitioning of the equations
for p− 1 < r). Red and blue rectangles represent the collections of states that belong to the initial and final sampled state
space, respectively. Grey regions show the necessary extension to generate square left and right mapping matrices.

components:

0 =



Id −Pp−1 0 . . . 0 0 . . . 0
0 Id −Pp−2 0 . . . 0 . . . 0
0 0 Id −Pp−3 . . . 0
...

. . . . . .
...

0 0 0 . . . 0 Id −P1

0 0 0 . . . 0 . . . Id


[
xp xp−1 xp−2 xi−2 . . . x1

]>
+

−Rp 0 0 . . . 0 0 . . . 0
0 −Rp−1 0 0 . . . 0 . . . 0
0 0 −Rp−1 0 . . . 0
...

. . . . . .
...

0 0 0 . . . 0 −R1 0
−P0 0 0 . . . 0 . . . −R0


[

x0 . . . x−1 . . . x−r

]>
,

(16)
where rearranging the equation yields

ΦLyp = ΦRy0. (17)

The partitioned ’left’ component of Q is denoted
by ΦL, while the negative of the ’right’ component is
denoted by ΦR. The monodromy matrix Φ can be found
by Φ = Φ−1

L ΦR.
However, in softwares specialised for numeric

computations (e.g. Matlab, Julia), there is an option
to compute the eigenvalues of Φ = Φ−1

L ΦR via a
generalised eigenvalue calculation function based on ΦR

and ΦL, avoiding the matrix inversion. This results in
the same eigenvalues and eigenvectors (disregarding the
numerical errors) as the original Eq.(7). Because ΦL

essentially has identity matrices on its block diagonal
(due to the I terms in the left-hand side of the step-
wise mapping), it is typically very well-conditioned,
making the solution of the linear system ΦLx = b
(which is what iterative solvers do internally instead
of explicitly forming Φ−1

L ΦR) numerically stable. The
iterative solver evaluates the action of Φ−1

L ΦR on
a vector, and the sparsity pattern of ΦL allows
this to be computed using highly efficient sparse
forward/backward substitutions. Therefore, the overall
conditioning and the convergence rate of the eigenvalue

solver remain comparable to the traditional SD method,
while the cost per iteration is vastly reduced.

Note, that constructing the sparse ΦL, ΦR ∈
Rpd×pd matrix with a banded structure has linear
time complexity and can be directly built after the
computation of the submatrices Pi and Ri.

Partitioning of the equations for p− 1 > r

If the time period of the system is larger than the time
delay T > τ , then p− 1 > r. In this case, the extended
state vector q can be split into two separate vectors
yp and y0. However, yp and y0 do not capture the
intermediate states xi : i ∈ {p− 1− r, ..., 2, 1}, and the
corresponding equations. To remedy this, the value r
should be updated to r̂ = p− 1, as this choice still
satisfies the inequality (3). With this choice, there are
more points to store, and at the corresponding locations
in the matrix Q of Eq. (15) must be padded with
zeros (see the grey columns in the middle panel of
the schematic representation in Fig. 3). With these
considerations, the partitioned representation of the
system of equations is

0 =



Id −Pp−1 0 . . . −Rp−1 0 . . . 0
0 Id −Pp−2 0 . . . −Rp−2 . . . 0
0 0 Id −Pp−3 . . . 0
...

. . . . . .
...

0 0 0 . . . 0 Id −P1

0 0 0 . . . 0 . . . Id


[
xp xp−1 xp−2 xi−2 . . . x1

]>
+

0 . . . 0 0 0 . . . 0
...

...
...

−Rr 0 0 0 . . . 0
...

. . .
...

0 . . . −R1 0 0 . . . 0
−P0 . . . 0 −R0 0 . . . 0


[

x0 . . . x−1 . . . x−(p−1)

]>
.

(18)
Although we use more states than the original method

requires, thus ΦL,ΦR ∈ R(r̂+1)d×(r̂+1)d = Rpd×pd which
might initially seem to lead to higher computational
time if T � τ . However, in sparse representation, the
zero padding in the matrix Q is ’free’. As we will
quantitatively demonstrate in Section 4 (where ratios
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of T/τ = 0.1, 1, and 10 are tested), the combined CPU
time exhibits almost no difference between the cases
where T/τ = 1 and T/τ = 10. Even for T/τ = 0.1, the
total computation time remains practically identical.
Therefore, the linear time complexity of the algorithm
results in vastly more efficient computations than the
original algorithm across a wide range of practical
parameters.

Note that expanding the state vector y0 to store
more historical points than the original delay τ requires
does not alter the dynamics of the discretized system,
nor does it introduce spurious numerical modes. The
additional points are simply used to ”store” the data
for internal points. If T > τ , the state in [−τ, 0] does
not fully describe the time-periodic solution; it merely
serves as the initial state necessary for a simulation
to eventually provide the periodic solution. With this
expanded state vector, the full periodic solution over
T is provided directly. Due to the sparse matrix
structure, this extended capacity comes for ”free”
without increasing the CPU time.

Partitioning of the equations for p− 1 < r

If T < τ and p− 1 < r, then there is an overlap between
the yp and y0 (right panel of Fig. 3). In this case,
the nonzero elements of matrix Q corresponding to the
overlapping elements in yp and y0 are free to be assigned
to either ΦL or ΦR, a decision not influencing the end
result. In this work, the coefficient matrix Q in Eq. (15)
is partitioned as follows: the left side of matrix Q goes
into ΦL ∈ Rpd×pd, chosen to be a square matrix, while
the the remaining elements go into to ΦR ∈ Rpd×(r+1)d

chosen to be rectangular (see the Fig. 3). Finally, the
corresponding system of equations must be completed
by identity matrices that account for the equality of the
overlapping elements, resulting in the system:[

ΦL 0
0 I(r+1−p)d

]
yp =

[
ΦR

I(r+1−p)d 0

]
y0,

Φ̂Lyp = Φ̂Ry0,

(19)

where I(r+1−p)d is the identity matrix ∈
R(r+1−p)d×(r+1−p)d, thus both Φ̂L and Φ̂R ∈
R(r+1)d×(r+1)d.

Comptuation of the periodic solution
In many cases, the investigated system has periodic
external forcing:

ẋ(t) = A(t)x(t) +B(t)x(t− τ) + c(t), (20)

where c(t) = c(t+ T ),which leads to a non-zero periodic
solution. Then applying the semi-discretisation yields
the affine map

xi+1 = Pixi +Rixi−r + vi i ∈ 0, 1, ..., p− 1, (21)

see the definition of vi in Insperger and Stépán (2011).
The corresponding multiplication-free scheme is

ΦLyp = ΦRy0 +V, (22)

where V =
[
−vp−1 −vp−2 . . . −v0

]>. Note that in
the case when p− 1 < r, the vector V should be padded
with zeros as well.

Then the discresited time-periodic solution will be
the fixed point ȳ of the map (22). Exploiting that
yp = y0 = ȳ the fix point is given by

ȳ = (ΦL −ΦR)
−1

V. (23)

The stability of this fixed point can be determined based
on the spectral radius Φ̂−1

L Φ̂R, as described previously.

The construction of the matrices ΦL and ΦR,
along with the extended excitation vector V, involves
a number of non-zero elements directly proportional
to the resolution parameter p. This structural
property implies not only linear CPU time for their
generation but also linearly proportional memory usage
when employing sparse matrix implementations. In
contrast, the traditional monodromy matrix Φ typically
evolves into a dense, almost full upper-triangular
structure as it accumulates the effects of p recursive
multiplications. Consequently, the memory requirement
for the traditional approach scales quadratically
(O(p2)). While this quadratic consumption is often
manageable for standard engineering resolutions, it
becomes a definitive bottleneck in high-accuracy
scenarios. The MFSD method remains superior in
these regimes, as its linear memory scaling enables the
exploration of extremely high resolutions (e.g., p = 106)
that are practically impossible to test or store using
traditional dense-matrix formulations.

Moreover, due to the special banded structure of
these matrices, we anticipate that computing both
the dominant Floquet multiplier and the periodic
solution can be done with linear complexity when
iterative methods such as Krylov subspace methods
or Arnoldi iterations are utilised. These methods are
particularly efficient for large, sparse matrices, as they
construct solutions within Krylov subspaces, which
reduces computational costs. These assumptions are
substantiated by the numerical case studies presented
in the subsequent section.

Numerical case studies
The introduced Multiplication Free Semi-Discretization
Method (MFSD) has been added to the SemiDiscretiza-
tionMethod.jl package †, which is an efficient imple-
mentation of the Semi-Discretization method Insperger
and Stépán (2011) in Julia Bezanson et al. (2017).This
package allows stability and periodic solution computa-
tions on time-periodic dynamical systems with multiple
time delays and subjected to external forcing, even using
higher-order semi-discretisation methods. In the fol-
lowing sections, the computations were executed using
these implementations, thus- minimising the number
of confounding factors when investigating algorithm
performance and complexity.

†https://github.com/HTSykora/SemiDiscretizationMethod.jl
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Note, we will analyse the CPU time only. Since the
MFSD method is an exact algebraic rearrangement
of the traditional SD mapping, the two methods are
mathematically equivalent and MFSD introduces no
new discretization errors. The numerical output of the
built-in eigenvalue calculation (eigs with the default
parameters) provides a numerically equivalent spectral
radius. Throughout all the numerical results, the
difference is bounded by floating-point round-off errors,
i.e., |µSD − µMFSD| < 3× 10−15 for any parameter
combination. Note that the convergence analysis for
different order semi-discretizations is out of scope here,
as it is discussed in detail in Insperger and Stépán
(2011).

Delayed Mathieu Equation with Forcing
Common test cases for the validation of numerical
methods for time-periodic DDEs are variations of
the delayed Mathieu equation Kovacic et al. (2018).
Therefore, this section is dedicated to a variation of this
model: the Mathieu Equation with a delayed state and
subjected to external periodic forcing, which has the
form of

ẍ(t) + 2ζẋ(t) + (δ + ε cos(2πt/T ))x(t) =

bx(t− τ)+ cos(8πt/T )),
(24)

where the time period of the parametric excitation is T .
We compare the MFSD method to the highly-

optimized, open-source implementation of the tradi-
tional Semi-Discretization, which performs the succes-
sive matrix multiplication (Eq.(7)) based on sparse
matrices and calculates the largest eigenvalues and the
fixed point. The time measurements are based on the
BenchmarkTools.jl, which performs multiple evaluations
and provides the median and the standard deviation of
the CPU time. The benchmark tests are stopped after
1000 evaluations or after 2 seconds, whichever comes
first.

The variation of the measured evaluation times
are also recorded, and are presented using the
standard deviation with coloured areas for the cases
where a sufficient number (>10) of evaluations was
available. While the relative timing trends are of
primary interest, for reproducibility, we specify the
hardware configuration used in the tests: an Intel(R)
Xeon(R) Gold 6154 CPU @ 3.00 GHz (36 cores) with
192 GB of RAM. All computations were performed
using the Julia programming language and the
SemiDiscretizationMethod.jl package. To numerically
approximate the time complexity, a power function is
fitted to the data for p > 100. In most cases, the fitted
coefficients (the order of time complexity) are close to
integer values; the small difference is related to the
influence of the small p values and the fluctuation of
the CPU time measurements.

In Fig. 4a, we plot the CPU time as a function
of the discretization resolution p for each step listed
in Section Time complexity of the semi-discretization
method (note: p ∼ 1/∆t). As discussed previously, the
construction of all the submatrices Pi and Ri, i =

1, 2, . . . , p has linear-time complexity O(p1), see the thin
bright blue curve labelled as “SD-Pi,Ri-O(p1.03)”. The
implementation of the Ci step matrix calculation is
sub-optimal because each of them is stored separately,
leading to quadratic time complexity O(p2) (bright,
thin red curve labelled as “SD-Ci-O(p1.96)”). This
part is probably not optimised further in the original
code because it is still one order of magnitude faster
than the creation of the monodromy matrix Φ which
has an almost cubic time complexity O(p2.79) (bright,
thin green curve labelled as “SD-Φ-O(p2.79)”) due
to the dense structure of Φ. The last step of the
spectral analysis is the calculation of the largest
eigenvalue (µ1), which is also much faster and has
approximately quadratic time complexity (bright, thin
magenta curve labelled as “SD-µ1-O(p1.69)”). The CPU
time of the fix point calculation is also tested: it has
approximately quadratic time complexity O(p2) (bright,
thin pink curve labelled as “SD-ȳ-O(p2.08)”). Figure 4a
confirms the findings of Section Time complexity
of the semi-discretization method, namely, that the
bottleneck of the traditional semi-discretisation method
is the computation of the monodromy matrix with its
complexity of ∼ O(p2.8).

The CPU time of the MFSD method has four
components. The first is identical to the computation of
the Pi and Ri, which has linear-time complexity (thin
bright blue curve labelled as “SD-Pi,Ri-O(p1.03)”, the
same as in case of semi-discretisation). The second is
the construction of the ΦL and ΦR matrices. In this
process, we create a sparse matrix from the previously
computed submatrices and the identity matrices, which
also have linear-time complexity (thick brown curve
labelled as “MFSD-ΦL,ΦR-O(p1.03)”). The final (third)
component of the stability analysis is the eigenvalue
computation: in this case, the computation of the
largest multiplier is faster than for the typically full
upper triangular matrix Φ for SD, as it has linear-time
complexity for the very sparse banded-structure of the
ΦL and ΦR matrices (see the thick green curve labelled
as “MFSD-µ1-O(p0.91)”). The computation complexity
of fixed point calculation is also reduced to linear based
on the numerical analysis (see the thick bright brown
curve labelled as “MFSD-ȳ-O(p1.01)”).

Fig. 4a confirms that all the steps of the MFSD
method have linear time complexity O(p1), and even for
small p values, the computation time is similar to the
original implementation. The figure also shows that we
had to stop the CPU time measurement after around
p ≈ 2000 for the original implementation of the SD
method due to the computational demand. Still, in the
case of the MFSD method, the CPU time measurements
could be continued even for p = 106.

Figs. 4b and 4c compare the computation times
for different T/τ ratios (10 and 0.1, respectively)
to analyse the cases p > r and p < r discussed in
Subsections Partitioning of the equations for p− 1 >
r and Partitioning of the equations for p− 1 < r.
The MFSD maintains linear time complexity, similarly
to the case T = τ presented in Fig. 4a because the
number of Pi and Ri matrices is the same for a
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(a)

(b)

(c)

Figure 4. Computation time of the traditional Semi-Discretization (SD) Method (thin lines), and the Multiplication Free
Semi-Discretization (MFSD) method (thick lines). The lines denote the mean values, and the coloured area denotes the
corresponding ±1 standard deviation. Thin dashed black lines show the fitted curve. The parameters used during the tests
are ζ = 0.2, δ = 3, ε = 3, b = −0.5, τ = 2π,
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selected p value. The time complexity of the traditional
SD method is also basically the same, with the
worst being the time complexity O(p2.4) - O(p2.8) of
computing the monodromy matrix Φ. However, there is
a slight decrease in the complexity of some computation
components due to the different density and non-zero
element distribution of the Φ matrix.

Further numerical examples for different system sizes
(different values of d) and multiple delays are provided
in the Appendix. All cases exhibit similar trends in the
graphs; the different CPU time relative to Figs. 4a,4b
and 4c is attributed to the different number of nonzero
elements in the system matrices.

All numerical tests support the fact that the
Multiplication Free Semi-Discretization has a shorter
CPU time for every p parameter and has linear
time complexity, leading to orders of magnitude faster
computations for scenarios where accurate results are
critical.

Conclusion
The development and analysis of the Multiplication
Free Semi-Discretization Method (MFSD) presented
in this study marks a significant advancement in
numerical methods for delayed differential equations.
The MFSD method is integrated into the existing open-
source SemiDiscretization.jl Julia package, allowing the
demonstration of the method’s superior computational
efficiency through the excited Mathieu Equation. This
study is driven by the hypothesis that it is possible
to achieve linear time complexity in the numerical
treatment of delayed dynamical systems, and the
implemented MFSD showcases linear time complexity
across different scenarios, including spectral analysis
and calculation of time-periodic solution for systems
with external excitation, making it a potent tool
for handling complex dynamical systems with delay
elements.

As the method maintains results in mapping matrices
ΦL and ΦR with well-defined banded structures,
it significantly reduces the computational time and
resources necessary for the corresponding eigenvalue
computations. This effect is especially prominent in
cases where the traditional semi-discretization method
exhibits quadratic or cubic time complexity.

The open-source implementation of the MFSD opens
the way for the research community to make detailed
calculations, where high resolution of the time period is
essential to capture a system’s stability and steady-state
behaviour accurately. This capability is particularly
valuable in applications such as:

• Machine tool vibrations in milling processes:
In milling operations, the regenerative effect
introduces delays due to the periodic engagement
of cutting teeth, leading to complex dynamics
that can cause chatter. Accurate modeling of the
stability and periodic motions of these systems
is crucial for predicting and mitigating such
instabilities Kiss et al. (2022); Sanz-Calle et al.
(2024); Ding et al. (2011).

• Networked control systems: In modern control sys-
tems, especially those distributed over networks,
communication delays are inherent. These delays
can significantly affect system stability and per-
formance. Modelling and analysing these systems
as time-delay systems help in designing robust
controllers that can handle such delays effectively
Pan and Peng (2024); Sun and Li (2017).

• The semi-discretization method continues to be
actively utilized as a robust tool for stability
analysis in complex recent mechanical engineering
applications Kumar et al. (2025)

• Biological systems: delays often represent ges-
tation or maturation periods. For example, in
population dynamics, the reproduction rate at a
given time may depend on the population size at
an earlier time. Additionally, these models can
exhibit time-periodic behaviour as a result of
environmental cycles such as day/night rhythms
or seasonal changes. Modeling these systems with
delay differential equations allows for a more
accurate representation of the biological processes
involved Smith (2011); Arino et al. (2007).

• Traffic systems: delays are inherent due to
driver reaction times, which can lead to
complex dynamics such as stop-and-go waves
and phantom traffic jams. These phenomena
have been effectively modelled using DDES
Molnar and Orosz (2024); Martinovich et al.
(2025). Moreover, traffic systems often exhibit
time-periodic behaviour due to factors such
as traffic light cycles and daily commuting
patterns. Modelling these periodicities is crucial
for understanding and optimising traffic flow
Jiang1 et al. (2024); Bartfai et al. (2024).

These examples illustrate the broad applicability of
the MFSD method in accurately capturing the dynamics
of systems where delays and periodicity play a critical
role.

In future work, the MFSD method will be extended to
distributed delays; however, the linear time complexity
of the MFSD method is expected to degrade. When
addressing systems with distributed delays, the number
of elements - and consequently the computational time
- can increase quadratically with the discretisation
parameter p. However, in the case of distributed
delays, the traditional implementation is also expected
to exhibit a similar degradation in computational
complexity, transitioning to a higher time complexity
(e.g., from O(p2.8) to O(p3.8)). However, a detailed
analysis of this behaviour is beyond the scope of the
present work and is suggested as a direction for future
research.

While the current formulation of the MFSD method
is tailored for retarded delay differential equations,
extending its applicability to neutral and advanced
types — based on the work presented in Bartfai et al.
(2022) — is a promising direction for future research.
This extension is compatible with the proposed MFSD
method, so implementing it in the SemiDiscretization.jl
package would be a straightforward step. However,
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integrating this approach into the Julia framework
would necessitate additional inputs and structural
modifications within the package, which would require
considerable implementation effort. Therefore, this task
is left for a future project.

The MSFD approach has the potential to generalise
well to the stochastic semi-discretisation method Sykora
and Bachrathy (2020), for which the actual quartic
time complexity (O(p4)) could be reduced to quadratic
(O(p2)). In stochastic cases, handling the matrix Di is
crucial (see Eqs. (9) and (10)); based on the further
refinement of the MFSD, the constant improvement of
(c/d)2 could greatly improve the computational time.
However, these method extensions are beyond this
paper’s scope.

Furthermore, it is important to emphasise that the
steps of the MFSD method are similar for the higher-
order variations of the semi-discretisation method,
therefore resulting in similar performance.
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Appendix
This appendix presents three practical test cases from
the literature, of increasing complexity, on which timing
results are reported.

Appendix A introduces a minimal population model
with seasonal effects: a first-order DDE featuring
constant maturation delay, time-periodic mortality and
recruitment rates, and external forcing.

The second example, in Appendix B, involves a
two-degree-of-freedom turning system with two distinct
time-periodic delays, inspired by a practical application:
a parallel cutting configuration combined with spindle-
speed variation.

The third example, in Appendix C, models the
longitudinal vibration of a beam with delayed boundary
feedback, discretised using finite element methods. This
case represents a high-dimensional system with constant
delay and time-periodic excitation.

Note that the aim of the appendix is not to
derive detailed models or analyse system behaviour
in depth, but rather to present CPU time results
across models of varying size and structure using the

proposed MFSD method. We refer readers to the
cited literature for complete model formulations and
theoretical background.

Appendix A – Population model with seasonal
effects
In dynamical population models, reproduction time is
often represented as a time delay (see predator–prey
models in Ruan (2009); Martin and Ruan (2001)).

We consider the simplest single-species biological
model as a scalar DDE with time-periodic coefficients,
constant explicit delay, and external seasonal forcing:

Ṅ(t) = −µ(t)N(t) + β(t)N(t− τ) +A(1 + cos(ωt)),
(25)

where:

• µ(t) = µ0 + µ1 cos(ωt) is the time-varying mortal-
ity rate,

• β(t) = β0 + β1 cos(ωt) is the time-varying recruit-
ment rate,

• τ > 0 is the maturation delay,
• A(1 + cos(ωt)) represents seasonal change of the

resources.

This linear scalar DDE serves as the minimal model
capturing delay, periodic coefficients, and external
periodic input.

This model has dimension d = 1 and contains a
single constant delay. We analyze it numerically using
the proposed MFSD method. The numerical results in
Fig. 5 show that the traditional SD method exhibits
approximately cubic time complexity in forming the
monodromy matrix Φ, while the MFSD method
achieves linear time complexity in all steps.

Figure 5. Numerical results for the single-specie biological
model. Computation time of the traditional
Semi-Discretization (SD) Method (thin lines), and the
Multiplication Free Semi-Discretization (MFSD) method
(thick lines). The lines denote the mean values, and the
coloured area denotes the corresponding ±1 standard
deviation. Thin dashed black lines show the fitted curve.
The physical parameters used in the tests are: µ0 = 1.2,
µ1 = 0.2,β0 = 1.0,β1 = 0.3,τ = 0.5, A = 0.1,ω = 2π.
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Appendix B - Multi-cutter turning with
spindle speed variation
As an additional demonstration case, we consider a
two-cutter parallel turning system, inspired by the
model introduced and measured in Reith et al. (2017,
2016). The dynamic behaviour of the cutting process
is captured by a two-degree-of-freedom model, in which
both tools are assumed to vibrate in the feed direction.
The model incorporates regenerative effects due to the
time-delayed interaction between the tool positions and
the previously cut surface.

The equation of motion for the system can be written
as (for details see Reith et al. (2017)):

Mẍ(t) +Cẋ(t) +Kx(t) = kw

[
vfτ1 + x2(t− τ1)− x1(t)
vfτ2 + x1(t− τ2)− x2(t)

]
,

(26)
where x = [x1, x2]

T denotes the displacements of the two
tools, and M, C, and K are the diagonal mass, damping,
and stiffness matrices, respectively. The delays τ1 and τ2
represent the time required for the surface cut by one
tool to reach the position of the other tool.

To introduce time-periodic excitation, we modulate
the delay using spindle-speed-variation (SSV) technique
Insperger and Stepan (2004); Albertelli et al. (2012);
Otto and Radons (2013):

τ1(t) = δτ0 (1 + RVA cos(RVFΩt)) , (27)

τ2(t) = (1− δ)τ0 (1 + RVA cos(RVFΩt)) , (28)

where Ω is the nominal spindle speed, τ0 = 2π/2Ω, and
RVA, RVF are the relative amplitude and frequency of
the speed variation and δ is the delay ratio created by
an asymmetric positioning of the tools.

This leads to a time-periodic delay differential equa-
tion of Mathieu-type with external parametric excita-
tion through the modulated delay term. The resulting
first-order form has dimension d = 4 and contains two
periodically changing delays. The numerical results in
Fig. 6 show that the SD method still has approximately
cubic time-complexity in the generation of the mon-
odromy matrix Φ, while the proposed MFSD method
has linear time complexity in all steps.

Appendix C - Longitudinal beam vibration
with delayed boundary feedback
As a further demonstration case for a large system, we
analyse the longitudinal vibration of an elastic beam
subject to delayed boundary feedback (see Fig.7), based
on the model presented in Zhang and Stepan (2016).
The beam has length L, uniform cross-sectional area
A, density ρ, and Young’s modulus E. The governing
equation is a 1D wave equation with damping:

ü(x, t)− ηc2u̇′′(x, t)− c2u′′(x, t) = 0, (29)

where c =
√
E/ρ is the wave speed and η is the internal

damping coefficient.
The right end of the beam is fixed at x = l,

while the left side at x = 0 is free and subject to a
delayed feedback force, which is proportional to the

Figure 6. Numerical results for the multi-cutter turning
model with SSV. Computation time of the traditional
Semi-Discretization (SD) Method (thin lines), and the
Multiplication Free Semi-Discretization (MFSD) method
(thick lines). The lines denote the mean values, and the
coloured area denotes the corresponding ±1 standard
deviation. Thin dashed black lines show the fitted curve.
The physical parameters used in the tests are:
mdiag = 11 kg, kdiag = 14.5× 106 N/m, ζ = 0.0066,
ωn =

√
k/m, cdiag = 2mζωn, kw = 237× 103 N/m2,

vf = 0.1mm/s, RVA = 0.05, RVF = 0.25,
Ω = 1000rpm,τ0 = 2π/Ω and delay ratio δ = 0.6.

Figure 7. Mechanical model of elastic beam subjected to
delayed feedback (copied from Zhang and Stepan (2016))

normal stress resultant measured at the fixed end. The
corresponding boundary conditions are

u(L, t) = 0, u′(0, t) = Ku′(L, t− τ), (30)

where K is the dimensionless feedback gain, and τ is the
delay time arising from the control.

We apply a simple finite element discretisation
to approximate the continuum model using N = 15
linear elements, resulting in the corresponding mass,
damping, and stiffness matrices. The dimension of
the corresponding first-order systems is d = 30. The
feedback delay is represented as a fraction of the wave
travel time (Tprop = L/c) as follows: τ = τ̂Tprop. We
select τ̂ = 0.2 in the numerical test case and feedback
gain K = 0.5.

We use the act-and-wait strategy (see.: Insperger
(2006)) with 80% active and 20% inactive control, with
time period Ta.w. = 0.4Tprop. In addition, a periodic
actuator is considered at x = 0, applying a harmonic
force Fexc(t) = cos(2πt/Ta.w.).

The CPU time of the SD and MFSD methods are
shown in Fig. 8 with a similar tendency as before. It is
worth noting that the CPU time increased significantly,
as expected, due to the high dimensionality of the
system.
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Figure 8. Numerical results for the beam model with
Act-and-Wait delay feedback control loop and harmonic
excitation. Computation time of the traditional
Semi-Discretization (SD) Method (thin lines), and the
Multiplication Free Semi-Discretization (MFSD) method
(thick lines). The lines denote the mean values, and the
coloured area denotes the corresponding ±1 standard
deviation. Thin dashed black lines show the fitted curve.
The physical parameters used in the tests are:
E = 210GPa, A = 100mm2, ρ = 7800 kg/m3, L = 100m,
η = 0.01 and K = 0.5.
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