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Interpolating Normal Splines

Consider the following interpolation problem:

Problem: Given points £1 < £z < +++ < Tp,, 81 < 82 < -+ < 8y, and t; <tz < --- <ty find a function f
such that

f(xz):uza ’1::1,2,...,711,

f’(Sj):’Uj, j:1727-"7n27 1
f”(tk):wk, k:1,2,...,n3, ( )
’I’L1>O, n220, 11320

Note that knots {; }, {s; } and {¢;} may coincide.

We assume that function f is an element of Hilbert space H = H(X) over a set X (where X is R or an interval
from R) and Hilbert space is selected in a such way that it is continuously embedded in space C?(X) of
functions continuous with their second derivatives, therefore functionals Fj, FJ’ , and Fy/

Fi(p) = o(z:), Fi(p)=¢'(sj), Fr(e)=¢"(tx), Vo H,
:Ei,Sj,tkEX,
1=1,2,...,m1, 7=1,2,...,n2, k=1,2,...,n3.

are linear continuous functionals in H. It is obvious that all these functionals are linear independent. In

accordance with Riesz representation theorem [1] these linear continuous functionals can be represented in the
form of inner product of some elements h;, h;- yhy € Hand ¢ € H, forany ¢ € H:

f(z:) = Fi(p) = (hi, o)y »  Fi(p) = (W), F(p) = (hie)y, YecH,
t1=1,2,...,m1, j=1,2,...,n2, k=1,2,...,n3.

Elements h;,h; and hj are twice continuously differentiable functions. Thereby the original system of

constraints (1) can be written in form:

f(zi) = F(f) = (hi, f g = wi,

f'(s5) = Fj(f) = (hj, ), = v,

f'(t) = F (f) = (hig, f g = we (2)
feH,

i=1,2,...,ny, §=1,2,...,n5, k=1,2,... 03,

here all functions h;, h;., h} € H are linear independent and system of constrains (2) defines a nonempty convex
and closed set (as an intersection of hyper-planes in the Hilbert space H).

Problem of reconstruction of function f satisfying system of constraints (2) is undetermined. We reformulate it
as a problem of finding solution of this system of constraints that has minimal norm:

o = argmin{||f — z[| : (2),2 € H,Vf € H}, (3)
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where z € H is a "prototype" function. Solution of this problem exists and it is unique ([6], [16]) as a projection
of element z on the nonempty convex closed set in Hilbert space H. Element o is an interpolating normal spline.

In accordance with generalized Lagrange method ([13], [16]) solution of the problem (3) can be presented as:
ni n2
S MLUED WILED W 0
i=1 j=1
where coefficients p;, p; and p; are defined by system of linear equations
Zgllul+zgljl’tj+Zgzkuk_u’b_<hi7z>H7 lgignl,
Zgijﬂi + Zgé-’zﬂi + Z%’éu% —v = (B2, 1<j<n,

2
Zgzwﬂrzg;’;’cu;Jngkzﬂl =wy — (h,2)y, 1<k<n;, (5)
j=1

Matrix of system (5) is the positive definite symmetric Gram matrix of the set of linearly independent elements
{h:},{h}}, {h}}, and coefficients gy, gi;, g5y, 951 G gy are defined as follows:

git = <hzahl>H’ gq,] - <hz’h;>H’ gxc = <hz>hIkI>H
g = (R hp) s gk = (R i) s gk = (i b g - (6)

Let H = H(X) be a reproducing kernel Hilbert space with reproducing kernel V' (5, £). Recall the definition of
the reproducing kernel ([4], [7]). The reproducing kernel is a such function V' (7, £) that

o forevery £ € X, V(n,£) as function of n belongs to H
e forevery £ € X and every function ¢ € H

(&) = (V(n,€),0(n) & (7)

Reproducing kernel is a symmetric function:

V(n,) =V(mn),

also, in the considered here case it is twice continuously differentiable function by £ and by 7. Differentiating the
identity (7) allows to get the identities for derivatives:

Now it is possible to express functions h;, h;., h} via the reproducing kernel V. Comparing (2) with (7) and (8)
we receive:

hl(n) — g‘gfh wi)a 1= 172a ey
h.l7 (n) (8175 5]) ’ = L4 y N2,
0*V(n,t
h;cl( )_ 8(6'772 k), k 1,2a , N3 (9)
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The coefficients (6) of the Gram matrix can be presented as ([7], [8], [10]):

ga = (hiy b)) = (V(,2:), V() g = Vs, )
gz] - <h h/> <V('ami)) _8V("_sj) >H - —aV(mi’sj) )

17779

0¢ 74 (10)
" " 82V '>t 62 ut
R e
With the help of (7) and (10), we can also calculate g ([8], [10]):
Y . 8V('a5j) 6V('75l) _
g]l <h’ hl>H - < 85 3 8£ >H -
d 8V(-,sl) .
d_§<V("£)’—a§ >HL:sj = (11)
i(M)' _ PV(sis)
&\ o ).,  omoe -
Further
n !/ n 83V )t
Gl = (L) :W’
iv "o n 0*V(t ,t
gk = () = T, (12)
and
(hi,z) g = V(- 2i),2) g = 2(2i)
(hj,2) = 2'(s5), (13)
(hy, 2) gy = 2" () -

Normal splines will be constructed in Sobolev space W3 [a, b] and in Bessel potential space H2 (R) (See [1, 2, 4,
20] for details). Elements of these spaces can be treated as twice continuously differentiable functions.

Reproducing kernel for Sobolev spaces W2 [0,1] (here I — any positive integer) was constructed in work [8].
Thus, reproducing kernel for Sobolev space W3 [0, 1] with norm

1/2

1 fllwg = (Z(f“’(ﬂ))“r/O (f(3)(8))2d8> :

1=0

can be presented as

b (L (-1)y ), 0<p<e<i
V(n,€) = EZ* i)

2 g i
She L (§+(0ds), o<esns
or
5 . 4 3 42 242
1+ _|_(77 —5n°£4+10n°€°4+-30n7E7) 0<pn<é<i
V('r’aﬁ) = 775 (€55t +1%)2$(:)s 21 306%2) ’ =M= 6 - (14)
1+n¢+ BT L, 0<¢E<n<1
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Correspondingly
OV(n,€6) _ n(4né(n+3) —n*)
B¢ 24 m
o*V 3 2
(.8 _ m  mn+2)
onog 6 2
0*V(n,&) _ n’(n+3)
0¢? 6 (15)
FPV(n,€) n?
onoez 2 b
8V (n,€)
A S LV 1
87]2862 77 + )
0<n<¢<1.

In addition, the following formulae are required for computing the normal spline derivatives

OV(n,§) _ n' —4€(n’ —6) +6n&%(n+2)

on 24 ’
PV(n,€) _n’ —3rE+3¢(n+1)
on? 6 ’ (16)
FVvmé _ _n’
“omoE | 2 +né+¢&,
0<n<¢g<1.

Thereby we can construct a normal interpolating spline in interval [0, 1]. Solving the interpolating problem in an
arbitrary interval can be done by mapping the latter to [0, 1] through affine change of variable. Define constants
a and b as

a = min(zy, s1,t1), b = max(z,,, Snyytns) s
and introduce values Z;, 5;,t;:
_ T, —a _ sj—a ; t, —a
:I:': 8': k:
 b—a’ 7 b—-a’ b—a’
t1=1,...,n1, j=1,...,n, k=1,...,n3.

Then original Problem (1) is transformed to

Problem: Given points 0<Z1 <Ta << Ty, <1, 0<8 <5< -<5, <1 and
0<t; <ty <--- <ty <1findafunction f such that

_(a_cz-):ui, t=1,2,...,n1,

f’(.§j):vj(b—a), i=12...,n2, (]_7)

”(tk):'wk(b—a)2, k:1,2,...,n3.

Assuming () is a normal spline constructed for the Problem (17), the normal spline () can be received as

_(n—a
o =0 < <.
(n) <b—a>’ =1
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Reproducing kernel for Bessel potential space was presented in [5] and its simplified variant in [14], [3], [18],
[19]. Here normal splines will be constructed in Bessel potential space H> (R) defined as

HY(R) = {fIf € ', (> + |s)"2F[f] € L(R)} & > 0,

where S'(R) is space of L. Schwartz tempered distributions and F|[f] is a Fourier transform of the f ([5], [3],
[17]). The parameter € may be treated as a "scaling parameter". It allows to control approximation properties of
the normal spline which usually are getting better with smaller values of €, also it may be used to reduce the
illconditioness of the related computational problem (in traditional theory ¢ = 1) ([14], [20]). Space H3(R) is a
Hilbert space with norm

Ifllas = 1&” + [s1*)* 2 F o]l

it is continuously embedded in the Holder space C} (R) that consists of all functions having bounded continuous
derivatives up to order 2 ([3]). The reproducing kernel of this space is defined up to a constant as follows ([14],

[20])

V(m,,) = = exp(—elé — nl)(3 -+ 3elé — | + &2l — nf?). (15)
Correspondingly
0
PARED) — —expl-ele — nl)e — n)(ele — 1l + 1),
82V (n, &,
) — — exp(—ele — al) (el —n(ele —nl ~ 1) - 1),
2
T8 E) — exp(—cle — nele — nl(ele | - 1) - 1), (19)
o3
) — e exp(—elg — ) (€~ )(elé 1]~ 3),
0*V (n, &,
) = & exp(—le — n)ele — nl(ele 1l - ) +3).

In addition, the following formulae are required for computing the normal spline derivatives

%;f’e) = exp(—¢l€ —n[)(§ —n)el¢ —nl + 1),

62

% = exp(—¢l€ —n|)(el§¢ —nl(el —nl —1) - 1), (20)
3

- Va—,ggb% 2) — e exp(—elé — nl)(€ — m)(el — |~ 3).

In a case when there is no information of second derivative values of function f the Problem (1) is reducing to
the following one:

Problem: Given points 1 < z2 < -+ < Tp,, 51 < S2 < -+ < Sy, find a function f such that

f(ar:z)zuz, i:1,2,...,n1,

f’(Sj)Z’Uj, J=L1L2,...,n9, (21)
™m 20) Ny >0.
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We assume here that f is a continuously differentiable function. It can be treated as an element of Sobolev space
WZ[a,b] or Bessel potential space H2(R). First space is continuously embedded in space C*[a, b] of functions
continuous with their first derivative and the second one is continuously embedded in Holder space Cy (R) of
continuously differentiable functions with bounded derivative.

Reproducing kernel of Sobolev spaces W20, 1] with norm
1 1
1fllwg = (Z (F9(0 /0 (f? (s))2ds> ,
=0

was received in [11]:

1+(n+n*/2)§—n*/6, 0<n<¢£<1
Ving =T 2 (22)
1+ (+&/2)n—¢€7/6, 0<f{<n<1
Correspondingly
av(%f) 2
— DA 9
o?V
08 (23)
onoé
0<n<¢<1.
In addition, the following formula is required for computing the normal spline derivative
av(’%&) 2
bl — P2+,
an n°/2+n (24)
0<n<¢{<1.
Reproducing kernel for Bessel potential space H2(R) with norm
£l = 11(e* + [s*)F @]z, -
is defined by ([14], [20]):
1
V(n,€,¢) = 5 exp(—el¢ —n[)(1 +el¢ —nl). (25)
Correspondingly
oV(n, ¢ e
PABEE) — — exp(ele — (€ — ).

8%V (n, &, -
% — exp(—el¢ —nl)(1 —el¢ — nl).

In addition, the following formula is required for computing the normal spline derivative

oV (n,&,¢)

o exp(—¢l§ —n|)(§ —n). (27)
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In a case when there is no information of function f derivatives the Problem (1) is reducing to the simplest
interpolation problem:

Problem: Given points 1 < x2 < -+ < &y, find a function f such that

f(wz):uza 7::1,2,...,’)’7/1,

We assume that f is a continuous function. It can be treated as an element of Sobolev space W.} [a, b] or Bessel
potential space H!(R). First space is continuously embedded in space C[a, b] of continuous functions and the

second one is continuously embedded in Holder space C; /2 (R) of continuous and bounded functions.

Reproducing kernel of Sobolev spaces W2 |0, 1] with norm

1/2

Il = (PO + [ 10 @as)

was received in [11]:

oo- {111 ZZES!
Reproducing kernel for Bessel potential space H. (R) with norm
£l = 1%+ 1s*) 2 Fle]lz, -
is defined by ([14], [20]):
V(n,€,¢) = exp(—¢l§ —nl). (30)

The normal splines method for one-dimensional function interpolation and linear ordinary differential and
integral equations was proposed in [11] and developed in [8], [9], [10]. Multidimensional normal splines method
was developed for two-dimensional problem of low-range computerized tomography in [15] and applied for
solving a mathematical economics problem in [12]. Further results were reported on seminars and conferences.
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