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What is Automatic Differentiation 7

Before what, what for?

function foo(x, dO)

for i = 1:5
d = sqrt(x[1,i]"2+x[2,i]1"2+x[3,i]1"2)
if 4 > 40
phi += geez(d)
else
phi += baz(d)
end
end
return phi
end

Find the derivatives of foo with respect to x without modifying
the source code
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What is Automatic Differentiation 7

AD is not Finite Differences

Finite differences are based on the truncated Taylor series

of
f(x+Ax)="f+ &AX" + O (||Ax]))

of _ f(x+Axiy)
aX,' a AX,‘

~ 4 o (1ax)

» The cost is one additional function evaluation per variable
» Subjected to round-off error

> Subjected to truncation error, convergence rate is O (|Ax;|)



What is Automatic Differentiation ?
AD is not complex step




What is Automatic Differentiation ?
AD is not complex step

Complex step moves along the imaginary axis
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What is Automatic Differentiation ?
AD is not complex step

Complex step moves along the imaginary axis

Of 1Ax OF (1 Ax;)?

_ e 2
Of(x)  Im{f(x+10x;;)} 2
aX,' a AX,' +O (|AX" ) ’

» The cost is one additional complex function evaluation per
variable

» No round-off error

» Subjected to truncation error, convergence rate is O <|Ax,-|2)
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AD is not Symbolic differentiation




What is Automatic Differentiation 7

AD is not Symbolic differentiation

Symbolic differentiation treats expressions as strings

Cannot handle iterations

In the cases where results are obtained at the end of an iterative
process or by accumulation, such as Newton Raphson iterations,
symbolic iteration cannot be directly applied

Subject to expression swell

In lengthy calculations simplification algorithms tend to struggle



AD is based on Taylor Series

The sum of two functions

AxiAx;
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AD is based on Taylor Series

The sum of two functions

AxiAx;
F(xo + AX) = fo + fi Dx; + f 9

Ax;Ax;
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AD is based on Taylor Series

The product of two functions

Ax;Ax;

f(X0+AX):fb+f;AX;+ﬁ;j

Ax;Ax;
2

glxo+Ax)=go+giAxi+gj

h(xo + Ax) = f(xo + Ax) g(xo + Ax)

h(xo + Ax) = fogo + (g0 fi + fo gj) Axi+

Ax;Ax;
+

(gofj + figj + fjgi+ fogij) 5



AD is based on Taylor Series

The product of two functions

f(X0+AX):ﬂ)+fiAXi+ﬁij

glxo+Ax)=go+giAxi+gj

Ax;Ax;

Ax;Ax;
2

h(xo + Ax) = f(xo + Ax) g(xo + Ax)

h(xo + Ax) = | fogo |+

(o fi+fog))

Axi+

(gof i+ figj+ figi+ fogij)

Ax;iAx; n



AD is based on Taylor Series

The general case of an analytic function g(t)

AxiAx;
F(xo+ Ax) = fo -+ £ Ax; + =0~
dg d’g At?
T At) = — At 4+ —=—
g(to+ At) = go + AL+ 5 ——+

t=f(x)

h=g(f(x) {h:g(t)

dg d’g dg Ax;Ax;
= — T i — fif;i +—"f; -



How computers evaluate expressions

3.2, .2
y=xx+x3

hi =x1

hy = x

h3 = x3

hy = h3

hs = h3

he = h3

h7 = hs hg
hg = hy + he

y = hg



How computers evaluate expressions

3.2, .2
y=xx+x3

h=x Ohy = 6x1 + [100]
hy = x Ohy = 0xp < [010]
h3 = x3 Ohs = d0x3 < [001]
hy = h3 Shy = 3h2 6y

hs = h3 Shs = 2h3 5y

he = h3 She = 2h3 Shs

h; = hs hg Shy = hs 0hg + he 5hs
hg = h; + he Shg = Shy + She

y =hs Sy = Ohg
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Dual numbers - definition
Complex numbers have a scalar real and imaginary part

X=a-+1b

with the product rule:
2 =—1

1Kantor, I.L. and Solodovnikov, A.S, Hypercomplex Numbers: An Elementary Introduction to Algebras, 2011,
Springer New York



Dual numbers - definition
Complex numbers have a scalar real and imaginary part

x=a+:1b
with the product rule:
2 =—1
Dual numbers ! have multiple higher dimensional parts.
X = Xo + Xitj + Xjjtjj

where:
i =1 Q15 +1501

with the product rule:

1) = 1 and 21 =0

lKantor, I.L. and Solodovnikov, A.S, Hypercomplex Numbers: An Elementary Introduction to Algebras, 2011,
Springer New York



Dual numbers - equality

given:

X = Xp + Xt + Xjjtjj

Y = yo +Vyiti + Yijtj

Yo = Xo
xX=y &= yi=x Vi, j

Yij = Xij



Dual numbers - sum

given:

X = Xp + Xjtj + Xijtij

Y = Yo + yiti + Yijtj
x+y=x0+ (xi+yi)ri + (xj + yij)j
Zp = Xp + Yo

Z=Xx+ty < zi=Xx+V

Zjj = Xij + Y
The neutral element is

0+02+02;  Vij



Dual numbers - product

given:

X = Xp + Xt + Xjjijj

Y = Yo tyiti + yijti

xy = xo¥o+(yoxi + xoyi)ei+
(Xiy0 + Xiyj + Xjyi + xoyij)vij

Z0 = Xo0Y0
Z=Xy <= { Z = Xjyo+ Xoyi
Zij = XijYo + XiYj + XjYi + X0Yij

The neutral element is

1—|—0’L;+0’L,'j Vi,



Dual numbers - integer power

By recursively applying the product rule we can define the integer
power of a Dual number as

given:
X = Xo + Xt + Xjjijj

Yo =Xg
y=x" <— y,-:nnglx,-

_ n—-2 . n—1_
yii =n(n—1) xg~“xixj + nxy "~ xj



Dual numbers are an Algebra

We can define analytic functions over Dual numbers

Exponential:
2 n
x X
X =14x+—4+ - 4+—4+--.
2 n!
sin: 5 1)
' — X —1)" o1
S|n(x)—x—§+---+mx 4.

etc.
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One numerical example

3.2 2
y(x1,x2,X3) = X{ X35 + X3
X1 =x1+ 11, X2 = X2+ 12, X3 = X3 + 13

y=0a+u)l0e+0)?+(s+123) = yo+yin + v



One numerical example

3.2 2
.y(X17X2aX3) =X{ X3 + X3
X1 =x1+ 11, X2 = X2+ 12, X3 = X3 + 13

y=0a+u)l0e+0)?+(s+123) = yo+yin + v

_ 3,2 2
Yo =Xx1X + X3
3x2x3 |
=3 2.2 2 3 2 =12 3
Yiti = 3X7X5 11 + 2X7 X0 10 + 2X313 = X7 X2
2X3

6x1x5 6x7x

2 2 3 _
Vit = 3x1%3 111 + 6x7x0 110 + X 020 + 133 = | 6xPx2 23
0 0




a few remarks

» AD derivatives are exact (within the number representation
accuracy)

» AD proceeds by accumulation

» AD is insensitive to computer programming constructs such as
if-then-else, for-loops, etc.

» Forward mode AD can be implemented by operators
overloading

» Forward mode AD suits FE



Solid mechanics with FE
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The Virtual Work Principle is
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Solid mechanics with FE

The Virtual Work Principle is
8/'_ Véuk
/ (PU el bok) 5deV07/ to, oudSy =0
Vo dui S0 k=1,2,3

the residual force vector is

ZZV/ [to]k—o

Nge Npw OF: Nsg Néw
ij
Pig ~
¥ k=1 I=1

the tangent stiffness matrix is

Nge Nbw Nsg Néw
OP;; OFp OF;; Oby Jty
=2 2w {8thk8uauj_6u]r/ >3 }Ik

k=1 i=1 k=1 i=1
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Solid mechanics with AD

Minimum free energy principle is

oV =0 with \U:/ (¢—b0) d\/o—/ to dSg
Vo 50

we can use a FE discretization for evaluating W

Nge N Nsg N
ZZW/ [(Z)+b0]k+zzvl [to]
k=1 i=1 k=1 i=1

equilibrium is given by

oV = ov u=0 VYiu “— r:a—w:O
ou ou

the tangent stiffness matrix is

& B 2w
ou  Oudu

Kt:



Boundary conditions and constraints

We use AD with Laplace Multipliers

L(u,A) =V (u)— X g (u)



Boundary conditions and constraints

We use AD with Laplace Multipliers
L(u,X) =V (u)— X g(u)
equilibrium is

VL=0

with:

u " ou oudu ~ Oudu
—g g

ov | g v O
VL= B V2L

ou

og
ou

T



a few more remarks

vvyyypwy

vy

General simplification in implementing classical FE
Remarkable reduction in code writing
Free energy is always a scalar

Simplifies the implementation of sophisticated material
models and boundary conditions

FE implementation trough AD does not require a stress tensor

AD on the free energy is a radical approach to FE automation



Examples

» Truss structure

6=0 y:%w

P> Axisymmetric problem




The rod element
The strain energy for the rod element is

2
grod — EsAl, (1 with o=l —nl
2 Io I=|p+w—(n+uw)].

The strain energy of a truss structure is ¢ =", rj),'-°d



The rod element
The strain energy for the rod element is

2
grod — EAl (1 with = l[r2 — n]]
2 lo I=|p+w—(n+uw)].

The strain energy of a truss structure is ¢ =", ¢F°d

L =3xLov2
17 La=2xLoV2
. f
Loy X' Ly=10xLeV2

Boundary conditions are
. 1
(X2 + U2) cos (9) =+ (X3 =+ U3)Sln ((9) — §L3 =0
. 1
(Xz2 + u2) cos (0) — (X3 + u3)sin (0) + §L3 =0

Zulzo



The rod element
The strain energy for the rod element is

E.Al, </ )2 _ b=r—nl

rod
= with
(b 2 I:||r2+uz—(r1—|—u1)||.

The strain energy of a truss structure is Gtruss = Y. grod

L =3xLov2
Ly=2xLoV2
Ly=10xLyv2

L
Boundary conditions are

(X2 4 u2) cos (#) + (X3 + u3)sin (0) — %L3 =0
(Xo + u2) cos (0) — (Xs + us) sin (0) + %Lg ~0

ZU1=0



Cylindrical symmetry problem with volume constraint




Cylindrical symmetry problem with volume constraint

oY = 2or

J

¢ (FCV') X, dx

with

Fcyl —

Dy=50

14w
u2,1

0

200( Loy

U2

1+ wp



Cylindrical symmetry problem with volume constraint

R=50
AMZI 150
izL 20.0( Ly
[T W !
T.
/ 15.0
}#{
14w ui2
o — 27 / ¢ (FCY') X dE  with  FY = | w1 1+
b 0 0

LY (g, Ae) = M () — A [Vie (u) — V] with

VC:27r/ deZ:W/ x1 Xp dx1



Cylindrical symmetry problem

iy

1. with i.v.c.
2. without i.v.c.

28 f

N

with volume constraint

R=50
[ L —

200( Lo

I -3 L -3

0.6 i 0.25
0 : 0



Three-dimensional continuum problem



Three-dimensional continuum problem

NG
2
) h
S
T b Ah
Apm 2



Three-dimensional continuum problem

/ urydA=0

Atop

/ udA=0
Atop

Ah
/ usdA=—"
Atop 2




Three-dimensional continuum problem

Atop
N
2
) h
S
L 2 Ah
—
Ablm 2

/ ut1dA=0

Abtm

/ udA=0
Abtm

0.7

?‘3:

Ah

/ udA=-=2
Abtm

o [y

o

=&

A N

/ urydA=0

Atop

/ udA=0
Atop

Ah
/ u3dA = —
Atop 2



one final remark

» In the context of FE for solid mechanics, AD works.
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