
Weak form of the Navier equation (Laplace + grad–div
form)

Consider the strong form of linear elasticity written as

µ∆u+ (λ+ µ)∇(∇ · u) + b = 0 in Ω. (1)

Let the boundary be decomposed as

∂Ω = Γu ∪ Γt,

and choose test functions
v = 0 on Γu.

Multiplying the strong form by v and integrating over Ω yields∫
Ω
µ(∆u) · v dΩ +

∫
Ω
(λ+ µ)∇(∇ · u) · v dΩ +

∫
Ω
b · v dΩ = 0. (2)

Applying integration by parts to the Laplacian term,∫
Ω
(∆u) · v dΩ = −

∫
Ω
∇u : ∇v dΩ +

∫
∂Ω

∂u

∂n
· v dΓ. (3)

For the grad–div term, let ϕ = ∇ · u. Then∫
Ω
∇ϕ · v dΩ = −

∫
Ω
ϕ (∇ · v) dΩ +

∫
∂Ω

ϕ(v · n) dΓ. (4)

Substituting these into the weighted equation and rearranging gives the
weak form:

µ
∫
Ω
∇u : ∇v dΩ+(λ+µ)

∫
Ω
(∇·u)(∇·v) dΩ =

∫
Ω
b ·v dΩ+

∫
Γt

t ·v dΓ (5)

with the natural traction

t = µ
∂u

∂n
+ (λ+ µ)(∇ · u)n. (6)
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Weak form with Laplace, grad–div and curl–curl oper-
ators

Consider the equivalent strong form

2µ∆u+ λ∇(∇ · u)− µ∇× (∇× u) + b = 0 in Ω. (7)

Let v be a test function such that

v = 0 on Γu.

Multiplying by v and integrating over Ω,∫
Ω

(
2µ∆u+ λ∇(∇ · u)− µ∇× (∇× u) + b

)
· v dΩ = 0. (8)

For the Laplacian term,∫
Ω
(∆u) · v dΩ = −

∫
Ω
∇u : ∇v dΩ +

∫
∂Ω

∂u

∂n
· v dΓ. (9)

For the grad–div term,∫
Ω
∇(∇ · u) · v dΩ = −

∫
Ω
(∇ · u)(∇ · v) dΩ +

∫
∂Ω
(∇ · u)(v · n) dΓ. (10)

For the curl–curl term, using Stokes’ identity,∫
Ω
∇×(∇×u) ·v dΩ =

∫
Ω
(∇×u) ·(∇×v) dΩ+

∫
∂Ω

(n×(∇×u)) ·v dΓ. (11)

Collecting the volume terms yields the weak form

2µ
∫
Ω
∇u : ∇v dΩ+λ

∫
Ω
(∇·u)(∇·v) dΩ−µ

∫
Ω
(∇×u)·(∇×v) dΩ =

∫
Ω
b·v dΩ+

∫
Γt

t3·v dΓ

(12)
with the natural traction

t3 = 2µ
∂u

∂n
+ λ(∇ · u)n− µn× (∇× u). (13)
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