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Abstract

Some brief notes on calculating scattering from a sphere.

1 Introduction

Here we consider an elastic wave, of any type, scattered from an elastic sphere. The goal is to
obtain the general T-matrix which is useful when calculating multiple scattering. There are
many papers using vector spherical harmonics to solve this problem [1], while those that do
no use vector spherical harmonics only solve the problem of a plane wave incident on a sphere
[2, 4]. Here we make a slight extension by deducing in a simple, yet self contained way, how
any elastic wave is scattered from a sphere without vector spherical harmonics.

If needed, I could add the thermal wave potential, as that would certainly add some novelty.
The motivation is to better resolve wave scattering by pockets of air in visco-elastic solids.
Although there is work on this, no one has done it elegantly, and I know how to do this. We
could even use motivations like using ultrasound to heat up and burn different tissues, which
could be enhanced with air bubbles.

2 Problem setup

Due to the Helmholtz decomposition, the total displacement u outside of the sphere can be
written in the form

u = ∇φ+∇×ψ, with ∇ ·ψ = 0. (2.1)

Enforcing ∇ ·ψ = 0 makes the representation unique, when both φ and ψ decay at infinity.
Both φ and ψ satisfy a Helmholtz equation

∇2φ+ k2Pφ = 0 and ∇2ψ + k2Sψ = 0. (2.2)

The governing equation for homogenous isotropic elasticity, when u is harmonic in time
with the factor eiωt is

(∇2 + k2S)u− (1− k2S/k
2
P )∇(∇ · u) = 0, (2.3)

where

kP = ω

√
ρ

λ+ 2µ
and kS = ω

√
ρ

µ
. (2.4)

In general ψ can be written in terms of Debye Potentials [7, 5, 2, 6]:

ψ = ∇× (Φr) +
1

kS
∇× (∇× (χr)), (2.5)
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where r is a vector from the origin of the coordinate system, which is also the centre of the
sphere, to any position. By substituting the shear potentials into the governing equation (2.3)
it can be shown [7, 4] that they satisfy the Helmholtz equations

∇2Φ+ k2SΦ = 0 and ∇2χ+ k2Sχ = 0. (2.6)

Because Φ and χ are scalar potentials, it is more convenient to solve directly for these potentials
instead of solving for ψ. We note that there are other ways to write ψ: the paper [4] does not
enforce ∇ ·ψ = 0, which simplfies the algebra, but then leads to non standard potentials.

The boundary conditions, for both visco-elastic solids and fluids, are continuity of displace-
ment and traction, when disconsidering temperature effects [3]. The displacement vector u is
a combination of the displacement from each potential, which by using (2.1) and (2.5) becomes

u = ∇φ+ uΦ + uχ, with (2.7)

uΦ = ∇∂(rΦ)

∂r
+ k2SrΦ, uχ = kS∇χ× r, (2.8)

where we used (2.6) together with the identities

uΦ = ∇× (∇× (Φr)) = ∇∂(rΦ)

∂r
− r∇2Φ (2.9)

kSu
χ = ∇× (∇× (∇× (rχ))) = −∇(∇2χ)× r, (2.10)

and r is the position vector.
The traction on the surface of a sphere, centred at the origin, is given by τ = σ · r̂, where

r̂ is a unit vector pointing in the radial direction and σ is the Cauchy stress tensor given by

σ = λ(∇ · u)I + µ(∇u+∇uT ), (2.11)

The components of τ are given expliclity in Appendix A.

2.1 Boundary conditions

We now consider a sphere at the origin of our coordinate system with radius a. To solve the
boundary conditions we consider the fields inside the sphere: u1 and τ 1, and the fields outside
the sphere u2 and τ 2, and our aim is to solve

u1 = u2 and τ 1 = τ 2 for r = a, (2.12)

and every 0 ≤ θ ≤ π and −π ≤ ϕ ≤ π for the spherical coordinates (r, θ, ϕ), which are the
radial distance r, polar angle θ, and azimuthal angle ϕ.

Let φ1, Φ1, and χ1 be the potentials inside the sphere. As we assume the sphere is
homogeneous, the field inside the sphere needs to be smooth, which implies that each of the
potentials can be expanded in a series of regular spherical waves

φ1 =
∞∑

n=−∞
bφnjℓ(kP1r)Yn(r̂), (2.13)

Φ1 =
∞∑

n=−∞
bΦn jℓ(kS1r)Yn(r̂), (2.14)

χ1 =

∞∑
n=−∞

bχnjℓ(kS1r)Yn(r̂), (2.15)

where jℓ is the spherical Bessel function, n denotes a multi index n = {ℓ,m}, with summation
being over ℓ = 0, 1, 2, 3 . . . and m = −ℓ,−ℓ + 1, . . . ,−1, 0, 1, . . . , ℓ, and bυn for υ = φ,Φ, χ, are
coefficients that need to be determined from boundary conditions.
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Outside of the sphere, i.e. r > a, the displacement u2 = u◦+uscat, where u◦ is an incident
displacement, while uscat is composed of scattered fields. Both displacements u◦ and uscat can
again be written in terms of three potentials, as shown by (2.7). As we assume the source
of the incident wave is some distance away from the sphere, all the potentials of the incident
field φ◦, Φ◦, and χ◦ should be smooth fields when close enough to the boundary of the sphere.
Which implies that they can be written in terms of a series of regular spherical waves. On the
other hand, the potentials of the scattered field φscat, Φscat, and χscat need to be composed of
outgoing waves, moving away from the origin, to ensure that uscat is a scattered wave, which
leads to the representation

φscat =

∞∑
n=−∞

fφ
n hℓ(kP2r)Yn(r̂), φ◦ =

∞∑
n=−∞

gφn jℓ(kP2r)Yn(r̂), (2.16)

Φscat =

∞∑
n=−∞

fΦ
n hℓ(kS2r)Yn(r̂), Φ◦ =

∞∑
n=−∞

gΦn jℓ(kS2r)Yn(r̂), (2.17)

χscat =
∞∑

n=−∞
fχ
nhℓ(kS2r)Yn(r̂), χ◦ =

∞∑
n=−∞

gχn jℓ(kS2r)Yn(r̂), (2.18)

where hℓ is the spherical Hankel function of the first kind, and fυ
n for υ = φ,Φ, χ, are also

coefficients that need to be determined from boundary conditions.
Substituting the above series into the boundary condition (2.12) leads to the equations∑

n

MnF n =
∑
n

BnGn, (2.19)

where

Mn =



Yn Yn Yn Yn 0 0
Yn Yn Yn Yn 0 0
Zn Zn Zn Zn Yn Yn

Zn Zn Zn Zn Yn Yn

Yn Yn Yn Yn Zn Zn

Yn Yn Yn Yn Zn Zn

 , F n =



fφ
n

bφn
fΦ
n

bΦn
fχ
n

bχn

 , Bn =



Yn Yn 0
Yn Yn 0
Zn Zn Yn

Zn Zn Yn

Yn Yn Zn

Yn Yn Zn

 , Gn =

gφngΦn
gχn

 ,

and Yn stands for Yn(θ, ϕ) multipied by some term which does not depend on θ and ϕ. The
term can be different for every appearance of Yn. Likewise, Zn stands for sin θ∂θYn(θ, ϕ)
multipied by some term which does not depend on θ and ϕ. The order of the equations (2.19)
are for the boundary conditions for ur, τr, uθ, τθ, uϕ, τϕ.

The Zn terms can be written in terms of spherical harmonics by using the identity:

sin θ
∂Y(ℓ,m)(θ, ϕ)

∂θ
= ℓcℓ+1,mY(ℓ+1,m)(θ, ϕ)− (ℓ+ 1)cℓ,mY(ℓ−1,m)(θ, ϕ), (2.20)

with cℓ,m :=
√
ℓ2−m2

4ℓ2−1
.

To solve (2.19) it is conceptually easier to consider that the incident wave has only one
mode, for example

χ◦ = gχn1
jℓ1(kS2r)Yn1(r̂),

which would remove the sum on the right side of (2.19). One systematic way to then solve the
resulting equations is to multiply both sides by Y ∗

(ℓ2,m1)
(θ, ϕ), for varios different choices of ℓ2,

integrate over θ and ϕ, and then use the orthogonality of the spherical harmonics. However,
this is not straightforward because F(ℓ2−1,m) and F(ℓ2+1,m) will appear, which introduces more
unknowns. In fact, by varying ℓ2 and repeating this process we would obtain an infinite number
of equations for an infinite number of unknowns. Instead of tackling this infinite system we
guess a solution, which is the only valid solution as it is typical to assume uniqueness.

Art: The only dependance on m (from n = (ℓ,m)) in the system is through Yn and Zn.
This can explain how to solve the system. That is, we can calculate the solution for m = 0
and then show it is the solution for every m...
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The solution for the coefficients F n in (2.19) is given by solving the two seperate systems:

Mn



fφ
n

bφn
fΦ
n

bΦn
0
0

 = BN

gφngΦn
0

 and Mn



0
0
0
0
fχ
n

bχn

 = BN

 0
0
gχn

 , (2.21)

where both systems have a unique solution, as in both cases the number of independent equa-
tions is equal to the number of unknowns. Both systems are written in full, ignoring repeated
equations, in Appendix B. The solution to these equations leads to the T-matrix which relate
the incident coefficients to the scattering coefficients in the form:[

fφ
n

fΦ
n

]
=

[
Tφφ
ℓ TφΦ

ℓ

TΦΦ
ℓ TΦφ

ℓ

][
gφn
gΦn

]
and fχ

n = Tχχ
ℓ gχn . (2.22)

3 Incident plane shear wave

Let us consider an incident shear wave on a sphere of the form:

ψ◦ = ŷΨ◦
ieikS2

z

kS2

, (3.1)

which implies that the displacement field is given by u◦ = ∇×ψ◦ = x̂e
ikS2

z. To calculate how
this plane wave scatters from a sphere we need to expand the above in a spherical coordinate
system by using

ŷ = r̂ sin θ sinϕ+ θ̂ cos θ sinϕ+ ϕ̂ cosϕ,

and the plane wave expansion

eikS2
z = eikS2

r cos θ =
∑
ℓ=0

2iℓ
√
π
√
2ℓ+ 1jℓ(kS2r)Y(ℓ,0)(r̂).

With the above we can write (3.1) in terms of series of regular waves, and in a spherical
coordinate system. This form of (3.1) can be written in terms of the Debye potentials by
equating (3.1) in spherical coordinates with ψ◦ = ∇ × (Φ◦r) + k−1

S ∇ × ∇ × (χ◦r), then
substituting the series representation (2.17)2 and (2.18)2, and solving for the coefficients gΦn
and gχn . The result is given by

Φ◦ = iℓ
√
π

√
2ℓ+ 1

ℓ(ℓ+ 1)
jℓ(kSr)[Y(ℓ,1)(r̂)−Y(ℓ,−1)(r̂)], (3.2)

χ◦ = iℓ
√
π

√
2ℓ+ 1

ℓ(ℓ+ 1)
jℓ(kSr)[Y(ℓ,1)(r̂) + Y(ℓ,−1)(r̂)]. (3.3)

The above solution was first was derived in [2], though with some apparent sign mistakes.

A Displacement and Traction components

Here we write the traction in terms of the spherical coordinates (r, θ, ϕ), which are the radial
distance r, polar angle θ, and azimuthal angle ϕ. We consider that the basis of our spherical
coordinate system is orthonormal, which is the most standard choice.

Substituting (2.7) into (2.11) we obtain

σ = σφ + σΦ + σχ, (A.1)
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then by using ∇·u = ∇·u◦+∇2φ = ∇·u◦−k2Pφ we can write the traction τ = σ · r̂ expliclity
in terms of its spherical coordinates (r, θ,Φ):

σφ
rr = 2µ∂2

rφ− λk2Pφ, σφ
rθ = 2µ

∂

∂r

[
∂θφ

r

]
, σφ

rϕ =
2µ

sin θ

∂

∂r

[
∂ϕφ

r

]
, (A.2)

σΦ
rr = 2µk2S∂r[rΦ] + 2µ∂3

r [rΦ], σΦ
rθ = µk2S∂θΦ+ 2µ

∂

∂r

∂rθ[rΦ]

r
, (A.3)

σΦ
rϕ =

µk2S
sin θ

∂ϕΦ+
2µ

sin θ

∂

∂r

∂rϕ[rΦ]

r
, (A.4)

σχ
rr = 0, σχ

rθ =
µkSr

sin θ

∂

∂r

[
∂ϕχ

r

]
, σχ

rϕ = −µkSr
∂

∂r

[
∂θχ

r

]
, (A.5)

B T-matrix system

The solution for the coefficients fφ
n , b

φ
n, fΦ

n , b
Φ
n , f

χ
n , b

χ
n in (2.19) is given by solving the two

seperate systems: [
M11 M12

M21 M22

]
fφ
n

bφn
fΦ
n

bΦn

 = Gφgφn +GΦgΦn , Mχ

[
fχ
n

bχn

]
= Gχgχn , (B.1)

where we use the shorthand
aPj

:= kPj
a, jℓPj

:= jℓ(kPj
a), hℓPj

:= hℓ(kPj
a),

and likewise for the terms with kSj
, and defined the matrices:

Gφ =


aP2 j

′
ℓP2

a2P2

(
2µ2j′′ℓP2

− λ2jℓP2

)
jℓP2

2µ2

(
aP2

j′ℓP2
− jℓP2

)
 , GΦ =


aS2

(
2j′ℓS2

+ aS2
jℓS2

+ aS2
j′′ℓS2

)
2a2S2

µ2

(
jℓS2

+ aS2 j
′
ℓS2

+ 3j′′ℓS2
+ aS2 j

′′′
ℓS2

)
jℓS2

+ aS2 j
′
ℓS2

µ2

((
a2S2

− 2
)
jℓS2

+ 2aS2

(
j′ℓS2

+ aS2
j′′ℓS2

))

 ,

M11 =

[
−aP2

h′ℓP2
aP1

j′ℓP1

a2P2

(
λ2hℓP2

− 2µ2h′′ℓP2

)
a2P1

(
2µ1j′′ℓ (kP1

a)− λ1jℓP1

)] ,

M21 =

[
−hℓP2

jℓP1

2µ2hℓP2
− 2µ2aP2

h′ℓP2
2µ1aP1

j′ℓP1
− 2µ1jℓP1

]
,

M12 =

 −aS2

(
aS2

hℓS2
+ 2h′ℓS2

+ aS2
h′′ℓS2

)
aS1

(
aS1

jℓS1
+ 2j′ℓS1

+ aS1
j′′ℓS1

)
−2a2S2

µ2

(
hℓS2

+ aS2h
′
ℓS2

+ 3h′′ℓS2
+ aS2h

′′′
ℓS2

)
2a2S1

µ1

(
jℓS1

+ aS1
j′ℓS1

+ 3j′′ℓS1
+ aS1

j′′′ℓS1

) ,

M22 =

[
−hℓS2

− aS2
h′′ℓS2

jℓS1
+ aS1

j′ℓS1

µ2(2− a2S2
)hℓS2

− 2µ2aS2

(
h′ℓS2

+ aS2
h′′ℓS2

)
µ1(a2S1

− 2)jℓS1
+ 2µ1aS1

(
j′ℓS1

+ aS1
j′′ℓS1

)] ,

Mχ =

[
aS2hℓS2

−aS1 jℓS1

aS2
µ2

(
aS2

h′ℓS2
− hℓS2

)
aS1

µ1

(
jℓS1

− aS1
j′ℓS1

)]
, Gχ =

[
−aS2

jℓS2

µ2aS2
(jℓS2

− aS2
j′ℓS2

)

]
.
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