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1 Preliminaries
The governing equations for elastic waves in linear isotropic media are
pVu+ A+ p)V(V-u) +w’u=0 (1.1)

where u is the displacement field, A and p are the Lamé parameters, and w is the angular
frequency. We can decompose the displacement field into using the Helmholtz decomposition:

u=Ve+V xp (1.2)

where ¢ is the pressure potential and v is the shear potential for the waves, due to the
problem being 2D we can write ¥ = e, with V - 1) = 0, where e, is the unit vector in the
z-direction. Substituting this decomposition into the governing equations, we can derive
separate equations for pressure and shear potentials. The pressure and shear potentials ¢
and v satisfies the Helmholtz equation:

Vi+ki¢g=0 and VZ+ k2 =0. (1.3)

where k, = w/cp is the wavenumber for the pressure waves, and ¢, is the speed of pressure
waves. The wavenumber for the shear waves is ks = w/cs, where ¢ is the speed of shear
waves. Under the isotropic and homogeneous assumptions,the stress tensor o is related to
the displacement field u by:

o =NV -w)I+pu(Vu+ (Vu)h), (1.4)

We wish to evaluate traction boundary conditions on a circle. So, the components o,
and 0,9 can be rewritten in terms of the potentials in cylindrical coordinates as
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2 Waves clapping the crack (single scatterer)

Consider a circular crack of radius a centered at the origin. The boundary condition for
this is traction zero on the boundary of the crack which is mathematically written as
T =0 -n|—q = 0 where n = —e, is the outward normal vector. So the boundary conditions
can be written as
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T<a7 9) = Tinc + Tscat = 0, where T = — |:

Now we connect the potentials with the corresponding pressure and shear tractions. We
can in general write the potentials as a sum of incident and scattered waves, where the
incident wave, can be genrally written as

¢1nc T‘ 9 Z fn m9 and wlnc T 0 Z fn 'm@ (22)

n=—0oo n=—oo

and the scattered wave can be written as

(bscat 7“ 0 Z g zn@ and wscat 7“ 9 Z gn n k‘ 74 m9 (23)

n=—oo n=—oo

where J, is the Bessel function, and H,sl) is the Hankel function of the first kind. The T
matrix is the matrix that connects the coefficients of the incident waves with the coefficients
of the scatttered fields, so we can write

i p
gn = Tpmf,, where g, = [g?} and f,, = [ T} (2.4)
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Since we already did similar calculations to calculate M and M™ in [1], we can use it
to calculate the T' matrix which is the matrix that connects the coeflicients of the incident
waves with the coefficients of the scatttered fields. So first consider the following functions



Pl(n)(r) = p2 (20 kprdn—1(kpr) + (T2w2 — 26211(71 + 1)) Jn(k‘pr))

<

Pz(n)(r) = p2 (262k:er( ) 1 (kpr) + (r2w2 — 2c§n(n + 1)) H%l)(kpr)>

'r

PM(r) = lpc B kgt T 1 (k) — 23 (ksr) — kgrTns (ks7))
P(n) 1,oc i (k‘STH(l — 2H( )(k‘sr) k THSJ)rl(k: 7‘))

n 1pc n
SV (1) = L= (prd () — 23 (k) = prdga (Kpr))
S(n) (r) 1pc n < er - 2H( )(k: r) — kprﬂgﬂl(kpr»
S(n)(r) == (20 ksrdn—1(ksr) + (T2w2 —2¢2n(n + 1)) Jn(ksr))
S(n)(r) 2 <202k‘ ’FH( ) 1 (ksr) + ( 2% — Qan(n + 1)) Hg)(ksr)> )

Using that to calculate the incident pressures we obtain

—ple(r) = PP ) 2+ PYY () £ and = sl (r) = STV (r) £2 o+ SSY () £ (2.5)
and the scattered fields
Pl (r) = BV (1) gh + PV (n)gy and = sl (r) = S5 (r)gh + S{7 (g (26)

Now we can write the boundary conditions in matrix form as

P PM@] (e8] [P PM()] [
S5 (a) S (a) {gfj 5@ s (a) [fs} 27)

The T matrix is the matrix that connects the coefficients of the incident waves with the
coefficients of the scatttered fields, so we can write

[gg] _ [P a) ng")(a)] [fﬁ] (2.8)
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So the T matrix do not mix the modes T, = —pm Zim,
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