Laplace Approximation for NLME with Mutiple Groups

Notation. Let .
yimjvk = <yl,],k,1 yiuj)k12 e yzv‘%kﬂlz)
be an n;-dimensional random vector of outcome variables with support D, C R™. Let n;,

Aj, and ay be n,-, ny-, and n,-dimensional random vectors of random effects with supports
Sy, Sy, S, defined over I, C R™, Dy, C R™, and D, C R"*, respectively.

The index i € {1, ..., N} denotes individuals (primary id). The index j € {1, ..., J} denotes
a secondary grouping variable (e.g. schools or areas of living) such that j = j() is constant
within an individual ¢, but a given j can be shared by multiple individuals. We further
introduce a third grouping index k € {1,..., K} (e.g. age group) such that k = k(i) is
constant within an individual i, but need not be constant within a j-group; i.e., individuals
sharing the same j may belong to different k-groups. (e.g. individuals sharing the same

school must not be in the same age group.

The collection of individual-level random effects for N individuals is denoted by

!
77:<771 2 ... 77N>7

the collection of j-level random effects by

)\:<>\1 Ay . AJ)/,

and the collection of k-level random effects by
/
a = <CL1 as ... CLK) .

Furthermore, let 8 € Dy C R™ be a vector of fixed effects that parameterizes the distribu-

tional parameters
Gy =2,(0),  =0a0),  ¢u = Daul0),
associated with the random-effects distributions of n;, \;, and ay, respectively.
Joint density. The joint density of the outcome vectors and the random effects is denoted
by
p({wij6) w6 Yiees {nitiees {Ni}iea) {antrexc ; 0),
where 6 indicates the density’s dependency on the fixed effects. Here, C C {1,..., N} is the

(maximal) set of individuals that are mutually dependent through shared random effects,

defined as the transitive closure of the relation

-/

ini = (i) =) or k(i) = k().



Equivalently, C is the connected component (in the graph induced by shared group mem-
berships) containing a reference individual ig. Moreover, J(C) = {j(i) : i € C} and
K(C) = {k(:) : i € C} denote the sets of j- and k-groups that occur among individuals
in C.

Define the product spaces

Dye =[Py  Dic= [] Dr. Dac:= ][] Do

1eC jeJ() keK(C)

The random effects can then be marginalized out of the joint density function. In particular,

for a connected component (batch) C we obtain the marginal likelihood contribution

p({Yi.j6) .00 iec: 0) :/ / / p({yi,j(i),k(i)}ieC {771}1667{)‘j}jej(C)7{ak}keI€(C);9)
Dn,C ]DA,C Da,c

x p({nitice; 0) p({Ai}ieao):0) p({antrexie):0) dadXdn.
where dn = [[;cc dni, dX = [1;c7c) d7ys and da = [[cx(c) dar

Assuming conditional independence across individuals given the random effects, the condi-

tional likelihood factorizes as
p({yi,j(i),k(i)}iec’ | {mi}iec, {/\j}jEJ(C)y {ak}keIC(C)§9> = Hp(yi,j(i),k(i) | 7, Aji)s Ok(i)s 9) .
ieC
Moreover, assuming independence of the random-effects groups 7, A, and a, and independence
within each group across indices, we have

{777, zECa Hp 77“ a p({AJ}jGJ( H p )‘379 p({ak}kEK( H p ak)

ieC JjEIT(C) keK(C

Combining these yields

p({yi,j(i),k(i)}i66§9) :/ / / [Hp Yi,j(i),k |77u G(4)s Ak(i)s 9)]
Dyc /Dyc /Da,c

1eC

x [Hp(m, ” IT »x ” [T plas0 ]dad)\dn.

ieC jeJg(c kek(C

Method: Laplace

Taylor approximation. For a connected component (batch) C, define the stacked random-
effects vector

{nitiee
bc = {)\j}jej(C) - DC = ]D)n,C X]D))\,C X]D,La Ne ‘= dlm(bc) = |C| nn+|J(C)| n,\—|—|lC(C)| Ng.
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To reduce notational burden, define the integrand

bC; : Hp yw |7717 3 (1) Ak(3) ] [Hp n;; 0 ] H p(/\j;‘g) H p(ak;e)

i€C ieC ieJ(C) kek(C)

so that
p({Wi iy w tiec; 0) = | fe(be; 0) dbe.

D¢

Assuming fe(be; 6) > 0 for all be € D¢, Laplace’s method applies to the log-integrand

le(be; 0) :=In fe(be; 0).

Let b} denote the mode of l¢(-;6) (equivalently of fc). The second-order Taylor polynomial
of ¢ around b} is

0l 1 02l

Te(be) = Co (bl 0 —| (bp — b “(bp — b)) ——— be — b5). 1
c(be) = Le(be; 0) + Thc . (be c)+2( c —be) Doedb, b*( c — be) (1)
W—C’ —
= ge (b%) = He(bg)

Using this approximation,

Je(be: 0) dbe — /

D¢

exp (éc(bc; 0)) dbe =~ / exp(Tc(bc)) dbc
b 2)
= fe(b:0) / exp (g (55 (be — b3) + L(be — b2 He(85) (b — b)) dbe.

D¢

If b} is an interior mode of D¢, then ge(b;) = 0, and the integral simplifies to

N

felbe; 0) dbe ~ fo(b5;0) (2m) % det(—He(b:)™")?, (3)

D¢

where the approximation is exact if D = R™. Note that H¢ (b)) is negative definite at a
strict local maximum, hence —He(bg) is positive definite and the determinant is well-defined.

Empirical Bayes estimate. The empirical Bayes (mode) estimate for component (batch)
Cis

be = le(be; 0) = 1 be; 0

¢ = arg max fe(be; 0) = arg max In fe(be; 6).

be€De
Laplace log-likelihood. The Laplace approximation yields the following approximated
log-likelihood contribution of component (batch) C:

n 1
lnp({yivj(i),k(i)}iec; 0) ~ In fe(b5;0) + ?c In(27) + 3 In det(—Hc(bZ)_l) ”
4

= In fo(b%;0) + "< In(2r) — %m det(— Ho(b3)) -



Aggregated Laplace log-likelihood. Let {Cy,...,Cy}, with M < N, denote the partition
of {1,..., N} into connected components (batches) induced by shared random effects. If the
random effect is only on the individuals M = N. Under the conditional independence as-
sumptions, the marginal likelihood factorizes across components, and the fully approximated
log-likelihood is obtained by summing the component-wise Laplace contributions:

M

I p({Yijy k(i) fross 0) = Z 0P ({¥i,j(6)k6) YicCms 0)

3
ﬂ

()

M:

lln Je, (g, 5 0) + n% In(27) — %ln det(—He,, (b5,))) ] :

1

3
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Gradient w.r.t. fixed effects. Let {Cy,...,Cy} denote the connected components (batches)
and recall the aggregated Laplace log-likelihood

M
- n 1
0(9) = m; lln fen (b8 10) + % In(2m) — 5 In det(—He, (t,,)) ] ,
where ;- (6) = argmaxy, en, In fe, (be,;0) is the empirical Bayes (mode) estimate and
He,, (b;0) = abab’ In fe,, (b;0).
The gradient of £(6) is

M

Vol(6) =Y [vg In fe,, (b5, (6);6) — %ve Indet (—He,, (b5 _(0); 9))] . (6)

m=1

Importantly, b depends on 6. By the envelope theorem applied to In f,, (b;0) at its max-
imizer b = bg_(0), the derivative of the first term does not require differentiating through

bém :
0

Voln fo, (5, (0):0) = s5n fe,, (b:0) (7)

b=bg, (0)
For the curvature correction term, however, the dependence b; (¢) must be taken into ac-

count:

8 ovg (6)
— Indet(—He,, (b;0)) —_—
b=by Ob b=by 90

(8)

follows from implicit differentiation of the first-order optimality con-

Vo Indet(—He,, (b5, (0);6)) = %lndet( He, (b;0))

The sens1t1v1ty

dition 5
ge,. (be, (0);0) == e —In fe, (b;0) =0,
b=b;, (0)
which yields
op — Henllen 07 =5 ©)




Finally, using the identity Vx Indet(X) = X~ for invertible X and the differential d In det(X) =
tr(X ~1dX), one convenient representation of the partial derivatives in is

9 | det(—He, (b:0)) = tr([—Hcm(b; o) [—aHCM—WD ,

00 90 o0

where 22 and 22 are understood element-wise (yielding third-order derivative tensors).

Gradient computation via automatic differentiation. Direct application of automatic
differentiation (AD) to the aggregated Laplace log-likelihood would, in principle, require
differentiating through the empirical Bayes solution b5(#), leading to deeply nested AD (op-
timization inside differentiation). This is computationally expensive and numerically fragile
for large components. Instead, we exploit the structure of the Laplace approximation to
minimize the degree of nesting.

Envelope term. For the leading term In f¢(b%; 6), the envelope theorem applies, since b%(6)
maximizes In fe(b; 0) for fixed 6. As a consequence,

. 0
Voln fe(bs;0) = — In fe(b;0) ,
89 b:b*
C
and no differentiation through the optimizer is required. In practice, this term can be ob-
tained using standard forward-mode AD applied to In f¢(b;0) with b treated as constant
(after the EBE estimation.

Curvature correction. The remaining term,
—Lindet(—He(b::0))

does depend on € both explicitly and implicitly through 0} (0). However, this dependence can
be handled without differentiating through the optimization algorithm. Instead, we proceed

in three steps:

1. Compute the Hessian He(b5;0) = %;b,ln fe(b;0) using AD applied once to the

b=b}

log-integrand.

2. Obtain the sensitivity abge(e) by implicit differentiation of the first-order optimality

condition ge(b5;0) = 0, yielding

o}
90

dgc(b; 0
=~ B0y PO

b=b3

This step requires solving a linear system but avoids higher-order nested AD.
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3. Evaluate the gradient of the log-determinant using matrix calculus identities:

ob*
Volndet(—H) = tr((—H) ' (=VoH)) + tr((—H)—l(—va) ae) :
All partial derivatives of H are computed using AD with respect to either b or 6, but
never through the optimization loop itself.

Resulting AD structure. Overall, this strategy reduces the computation of VQE(H) to:

e one optimization per component to obtain g,
e first- and second-order AD of In f¢(b;0),

e linear solves involving the Hessian He(b5;60).

Crucially, no differentiation through the optimizer is required, and nested AD is avoided en-
tirely. This yields a scalable and numerically stable procedure for gradient-based optimization
of the Laplace-approximated likelihood.

Optimizing Laplace evaluations via caching of empirical Bayes estimates. Evalu-
ating the Laplace-approximated objective £() and its gradient V4f(6) requires the empirical
Bayes estimate (EBE) b5(6) for each component C. Since the EBE is obtained by solving an
inner optimization problem, recomputing b () separately in every function evaluation and

again in every gradient evaluation is unnecessarily expensive.

To avoid redundant inner solves, we cache the EBEs together with the fixed-effects vector at
which they were computed. Concretely, for each component C we store

(90&0h€7 {b(*f,cache}c>7 where bz,cache - bé (ecache)'

At the beginning of an objective (or gradient) evaluation at €, we check whether # matches

the cached value 0.,cne. If the fixed effects are identical, i.e.
0= 0cache7

we reuse the stored EBEs bp, . for all components. Otherwise, we recompute b3 (6), update
the cache by setting O.ache < 6 and b} — b;(0), and then proceed with the Laplace

C,cache

evaluation.

This caching strategy ensures that, for a given 6, the expensive computation of bj(6) is
performed at most once, even if the optimizer requests both the objective and gradient at the
same iterate. In practice, this substantially reduces runtime for gradient-based optimization
routines that evaluate £(6) and V4l(6) sequentially at identical parameter values.



Hessian w.r.t. fixed effects for inference (inverse Hessian). For inference based
on the Laplace-approximated marginal log-likelihood, we require the observed information

T() ~ —V2((0) and, in particular, the inverse Hessian [—ng(@)} . We therefore compute
the exact Hessian of the Laplace objective £() (up to the Laplace approximation itself) while
avoiding differentiation through the EBE solver.

Component-wise decomposition. For each component C, define
le(D;0) == fe(b;0),  ge(b;0) = Vile(D;0),  He(b;0) := Vile(b;0),

and let b%(0) satisty ge(bs;6) = 0. The Laplace log-likelihood contribution is
~ n 1 ~ M ~
le(8) = Le(b; 6) + = n(2m) — 5 Indet(—He(b:0)) . 1(6) =D L, (6).
m=1

Hence,

M
Vil(0) =) Vile,(0).
m=1

EBE sensitivity (no differentiation through the optimizer). Let
Ge(b;0) := Vge(b; 0) = Ve Vile(b; 0) € RMexm0,

Implicit differentiation of g¢(b5;6) = 0 gives

ob%
a&c = — He(bg;0) ™" Ge(bg; 0), (11)

which requires only linear solves with He.

Hessian of the envelope term (exact, second order only). Differentiating the envelope identity
yields the Schur-complement form

Vile(bs;0) = Vle(b;0)|,_,. — Ge(b;0)" He(bg; 0) " Ge(bg; 0). (12)

) |b:bé

This avoids nested AD entirely: it needs Vilc, Ge, and solves in He, all evaluated at (b}, 6).

Hessian of the curvature correction via directional derivatives (no explicit 4th-order tensors).
Let

Ac(0) := —Hc(b5(0);6) (positive definite at the mode), ce(f) :== —5 Indet Ac(9).

For any direction © € R™ define the directional EBE sensitivity

_ o
T

be(u) : u=—H;"'Gcu,
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and the corresponding directional change in the matrix Ac:

et = = (5t + S e(w] ) (13

oOH

where v

[u] and 2Z[:] denote directional derivatives (not full tensors).

Then the gradient and Hessian of the curvature correction can be expressed using matrix
differential identities:

Voce(0)u=—1 tr(Agl AC(U)) ;

and for two directions u,v € R™,
Vice(®)u,v] = =% (—tr( A Ae(w) A7 Ae(v)) + (4w w))) (1)

with Ag(u,v) the second directional derivative of Ag(6). Importantly, both Ae(u) and
A¢(u,v) can be computed with AD using directional Jacobian-/Hessian-vector products of
He(b;0) w.r.t. (b,6), combined with the linear solve for be(u). This avoids forming third-

/fourth-order derivative tensors explicitly.
Assembling the full Hessian. Combining and , we obtain
Vile(8) = Vile(be;0) + Vice(0).

In practice, we compute V2/(#) by repeatedly evaluating Hessian-vector products V2£(8) u
(using the above directional formulas and AD for the required derivative products), and,
if needed, constructing the full matrix by choosing u = e, (standard basis vectors). The

resulting Hessian can be factorized (e.g. Cholesky) to obtain the inverse Hessian for inference.

Method: MCEM (MCMC-EM) as an alternative to Laplace

Setup. Recall that the marginal likelihood is obtained by integrating out the random effects.
In the present notation, for each connected component (batch) C we write the complete-data
(joint) density as

({0 Yiees be:0) = p({Wii6) k) Yiee | bes 0) plbe; 0),

where be = ({ni}ice, {\j}jeg@)s {artrexe)). Under the conditional independence assump-
tions used above,

({yzj(z )}ZEC | bc, Hp Yi,j() | 7727 NORZIOL 9) )
ieC
plbe; 0) = [[p(mi:0) T] p(Ni0) T plaxo
1eC jEJ ©) kEIC(C



The marginal likelihood factorizes over batches {Cy, ..., Cy}, hence the marginal log-likelihood
is

M
= Z I p({Ys.3 () k(3) bicen: 0) - p({y}icc; 0) = / p({y}iec, be; 0) dbe.
m=1 D¢

EM principle. EM maximizes ¢(f) by iterating between:

e E-step: compute the conditional expectation of the complete-data log-likelihood under

the current parameter value )

e M-step: maximize that expected complete-data log-likelihood w.r.t. 6.

Define the complete-data log-likelihood contribution of batch C as

€ (be; 0) == I p({yij().ke) Yiees bes0) -
Then the EM auxiliary function is
M
QO |69) :=Ey g0 Ipy,5:0)] = Y Eip | e 60 [ (be,:0)]
m=1

where the second equality uses that the posterior p(b | y,0®) factorizes over connected
components, and thus the expectation decomposes over batches.

MCEM E-step (MCMC approximation). In general, the posterior

p(be | {y}iec, 09 o p({y}icc | be; 0 p(be; 6D)

is not available in closed form. MCEM replaces the exact conditional expectation by a Monte
Carlo average based on MCMC draws

bé1)7 ) b(CS) ~ p(bC ’ {y}i€C7 e(t)) )

generated e.g. by Metropolis-Hastings, HMC/NUTS, or Gibbs sampling when conditional
distributions are available. The batch-wise contribution is approximated by

Qc(0 ] 60 := Zec D.0), QoW = ZQCMHW(”

Under standard regularity and ergodicity conditions for the MCMC kernel, @(6’ | 6®)) —
QO ]0W) as S — oc.

M-step. The M-step updates the parameters by maximizing the Monte Carlo approximation:

(t+1) _ A )
0 arg max QO | 0™).



When a closed-form maximizer is not available, a numerical optimizer can be used. In that

case, gradients can be obtained by exchanging differentiation and summation:

VoQ(0 ] 0Y) = ZZveec (bs)

mlsl

where each term can be computed with AD because bé‘: is treated as constant during the M-
step (the sampling distribution depends on 6 not on the 6 being optimized in the M-step).
This avoids nested AD through the MCMC procedure.

Practical considerations (rigorous convergence control). Because Q is noisy for finite
S, the classical MCEM strategy increases the number of MCMC samples with iterations, e.g.
S =Sy — o0, to ensure that the Monte Carlo error diminishes as t grows. A common suf-
ficient condition is that the Monte Carlo error decreases fast enough such that optimization
error dominates (e.g. by increasing S; over iterations). An alternative is stochastic approxi-
mation EM (SAEM), which updates @ via a Robbins—-Monro recursion; SAEM typically uses
a fixed MCMC cost per iteration and a decreasing step size to ensure convergence.

Relation to Laplace. Laplace approximates the batch integral by a local Gaussian ex-
pansion around the posterior mode b5(#). In contrast, MCEM targets the same marginal
likelihood but approximates the E-step expectation using samples from the full posterior
p(be | y,0®), thereby avoiding local-Gaussian assumptions at the cost of MCMC computa-
tion.

Method: SAEM (Stochastic Approximation EM) with block MCMC

Setup. As in the MCEM formulation, the complete-data log-likelihood contribution of a
connected component (batch) C is

M
05 (be; 0) := I p({yi (i) k(i) Hiee: be; b)) °(b;0) = Z e (be,,;0),

where be = ({mi}ice: {\j}jea) {artrex(c))- At iteration ¢, SAEM targets the batch-wise
posterior

7 (be) = p(be | {161 k1) Viee, 07) o< p({s oy w biee | be; 87 p(be; 07) .

Block MCMC within batches. Since dependence only propagates within connected com-
ponents, it is natural to construct a Markov kernel that updates be batch-wise. Concretely, for
each C we employ a block-transition kernel K ét) that leaves Wét) invariant and is implemented

by successive updates of blocks, e.g.
be = (Mes Agc), ake)) ~  MNe ~ Age) ~ ake),
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where e = {n;}icc; Age) = {Aj}jeae), and axe)y = {ar}trex)- Each block update may
be realized via Metropolis—Hastings, HMC, slice sampling, or Gibbs steps when available.
This formulation allows non-Gaussian random-effects distributions p(n;; ), p(A;;6), p(ax; 0)
and non-conjugate observation models.

SA (stochastic approximation) recursion. SAEM replaces the exact E-step expecta-
tion by a stochastic approximation updated using MCMC draws. There are two equivalent
presentations:

(i) General recursion for the auziliary function. Let

Q0 | 0V) =By, 0 [ ZE 0 [0, (be,:0)]

SAEM maintains a running approximation @(t)(H) and updates it as

@(Hl)(ﬁ) = (1 —y41) @(t)(e) + Ye+1 €C<b(t+1); 0)’ (15)

where b+ is obtained by MCMC, i.e. bgﬂ) ~ Két)(~ | bg)) for each batch C (or a subset of

batches, see below).

(1) Sufficient-statistics recursion (exponential-family case). If the complete-data model ad-

mits a representation
e(b;0) = (S(y,b), ¥(0)) — A(0) + const(y, b),
for some sufficient statistics S(y, b), then can be replaced by tracking
s ~ Epjy,000 [S(y,b)]
via the Robbins-Monro recursion

s = s 45 <S<y7 piy) — S(t)>- (16)

The M-step can then often be expressed in closed form as a function of st1). This path is
preferred when available; otherwise, one reverts to the general recursion with a numerical
M-step.

Step-size schedule. The sequence (y:);>1 is chosen according to the canonical SAEM
schedule
1 t <to,
Y = U ke(/2,1),
(t—to)_ﬁ, t > to,
where ty and k are user-adjustable hyperparameters. The standard Robbins-Monro condi-
tions, Y o, v =00 and > 77 < 00, hold for k € (1/2,1].
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M-step. The parameter update is defined as

01+ € arg max @(t+1)(0), (17)
0Dy

or, in the sufficient-statistics formulation, §*+!) = argmax, Q(f | s/*Y). When is
solved numerically, gradients can be computed with AD by treating the current MCMC
draw(s) b1 (or the current statistics s**1)) as fixed within the M-step; this avoids nested
differentiation through the MCMC kernels.

Batch-wise and parallel update schedules. Since the posterior factorizes across con-
nected components, SAEM can update batches independently. Let M; C {1,..., M} denote
the set of batches updated at iteration t. A general user-configurable scheme is:

e For each m € M,, generate one (or several) MCMC transition(s) using Kg}z to obtain
b((jtJrl).

e For m ¢ M,, set bgjl) = bgi

This framework covers fully parallel SAEM (M; = {1,..., M} for all t), minibatch SAEM
(random M, of fixed size), and deterministic schedules. The stochastic approximation up-
dates or then use the resulting global state b**1) (or the corresponding batch
contributions) to update @ or s.

Remarks on rigor and convergence. Under standard conditions—ergodicity of each
batch kernel Két) with invariant distribution Wét), regularity of the complete-data likeli-
hood, and Robbins-Monro step sizes (v;)—SAEM converges to a (local) maximizer of the
observed-data likelihood. The batch-wise factorization is particularly advantageous: it re-
duces MCMC state dimension, improves mixing, and allows scalable parallel implementations

without changing the underlying likelihood target.

Exponential-family structure of the complete-data likelihood: refined classifica-
tion. The applicability of a sufficient-statistics SAEM formulation depends on whether the
complete-data log-likelihood

Inp(y,b;0) = Inp(y | b;0) + Inp(b; )

is an exponential family in the parameter 6. This is a stronger requirement than the obser-
vation model being an exponential family in y for fixed 6. Below we classify common model
combinations accordingly.

Class A: Exponential family in 6 (closed-form or low-dimensional M-step).
Al. Gaussian outcomes with homoscedastic variance.
Yijse | b~ N(ijn(b,0), o), b~ N(0,9),

12



with 0 = (8,0%,Q). Result: Quadratic complete-data likelihood. Sufficient statistics exist
for all variance components.

A2. Gaussian outcomes with proportional (multiplicative) noise.

Yigg | b~ N (g (b,0), 0®vi (b)),

where v; ; () is known given b (e.g. v = p, log-normal error). Result: The dependence on o

enters only through Ino? and 1/0?; the complete-data likelihood remains exponential family

in o?.

A8. GLMMs with canonical links and Gaussian random effects.
e Bernoulli (logit / probit)
e Binomial (logit)
e Poisson (log)

e Gamma (inverse / log)

with Gaussian random effects. Result: Complete-data likelihood is exponential family in 6,
although the marginal likelihood is not.

A4. Conjugate hierarchical models.
e Poisson-Gamma

e Binomial-Beta

e Multinomial-Dirichlet
Result: Full conjugacy yields exponential-family structure and closed-form SAEM updates.
Ab. Survival models with Gamma frailty.
A(t | D) = bXo(t) exp(X)), b ~ Gamma(ca, ().
Result: Complete-data likelihood is exponential family in (5, «, 3).
Class B: Not exponential family in § (numerical M-step required).
B1. Gaussian outcomes with heteroscedastic variance depending nonlinearly on 6.
v b~ Np(b,0), 0*(,6)),
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with, for example,

o(b,0) =+/(a+cu®,0) or o*0b,0) =expla+ Bub,0)).

Result: The log-likelihood contains terms such as In(a + ¢ p) and (a + ¢ ) ™2, which cannot
be written in exponential-family form in #. SAEM remains valid, but the M-step must be
solved numerically.

B2. Combined additive + proportional error models.
o*(b,0) = o2 + oy (b, 0).

Result: Although common in NLME;, this variance structure breaks exponential-family struc-

ture in (07, 07); numerical M-step required.

B3. Non-Gaussian, non-conjugate random effects.
e Lognormal frailty
e Student-t random effects

e Mixture distributions

Result: No sufficient-statistics form in #; SAEM via general stochastic approximation.
Bj. Nonlinear mized-effects models with structural parameters inside nonlinear predictors.

yi = f(t:,0,m) + ;.

Result: Even with Gaussian noise, structural parameters inside f typically break exponential-

family structure; only variance components may admit closed-form updates.

B5. Models with truncation, censoring, or constraints depending on 6. Result: Normalizing
constants depend on 6 in a non-linear way; numerical M-step required.

Summary and implementation guidance.

e Exponential-family structure in § = SAEM with sufficient statistics and closed-form
or low-dimensional M-step.

e Nonlinear dependence of # inside variances, link functions, or constraints = SAEM

with numerical M-step.

e Both regimes share the same stochastic-approximation E-step and block MCMC sam-
pler.
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