Quasipotential approximation

The general form of the BSE for the scattering amplitude is in a from
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where V is the potential kernel and G is the propagators for two constituent particles. Here the momentum of the system P = ky +
ke = ki + kb, = kY + Kj. It can be abbreviated as

2 V(K k), k| Ky; PG (k| kY3 P)M(K[ Ky, kiks; P), (1)

M =V +VGM. (2)

The Gross form of proposed quasipotential propagators for particles 1 and 2 with mass m1 and mys written down in
the center of mass frame where P = (W, 0) with particle 2 being on shell are
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where k1 = (k?,k) = (El, k), ko = (kg, —k) = (W — FEy, —k) with B = 4/ m% + |k5|2
With the define of Gy = g/(2mt), the four-dimensional BSE can be reduced to a three-dimensional equation in center of mass frame
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Note: the iM and ) are usually real. In the center of mass frame. We choose ko = k and k1 = —k.
Partial-wave expansion
To reduce the equation to one-dimensional equation, we apply the partial wave expansion,
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where Ny = 4/ 2H, [ dQD{* /\Q(gb,G,O)D‘]’ X, (¢,6,0) = 57, and f d/\ X(G’)d/\ x(0') = 57507 are used. The momenta are
chosen as ky = (Eg, 0,0,k), ky = (W — E»,0,0,—k) and k = (E5,k’sin 6 1, 0,k' cos O ), k = (W —
Es, —k’sin 914:,14:’7 0, —k’ cos 9k7kr) with k = ‘k| and k’ = |k"

NOTE: Which particle is chosen to parallel to z axis is related to the order of A and X' in d3,, (6 1/), so it can not be chosen arbitrarily.
And the definition of helicity is also dependent of the definition of k1 2. Here, A = Ay — Aj and Ay = —51, Ay = 3. The scattering
amplitudes M has analogous relations.

Now we have the partial wave BS equation,
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Fixed parity

For a helicity state |J, A\) = |J, A1 A\2) fulfill the party property,

P|J,A) = P[J,\de) = mmp(—=1)7 72T, =X = Xo) = 7i|lJ — A) (6)

The construction of normalized states with parity & is now straightforward:
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with n = PP Py(—1)/1+2~) = p(—1)1/2+/,
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The potential Vi,/\ has analogous relations.
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As shown in Eq.~(9), the amplitudes are not independent. If we only keep the independent amplitudes, the equation for definite parity can

be written as
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where 1, j, k are the indices for the independent amplitudes. And we redefine
JP
flf]./\/lxA — M;;
with fy = % and fizo = 1 with O for the amplitudes with \; = Ay = 0.
The Bethe-Saltpeter equation for partial-wave amplitude with fixed spin-parity JP reads ,
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Note that here the sum extends only over ndices for the independent amplitudes. The partial wave potential is defined as
ZV)\/)\( ) — 27T/dCOS0 [C‘li}\r(9)'1/]},\’)\(’€5l7 k) + nd{)\/\/(a)/LV)\’_)\(k,, k)], (12)
Or, with the independent amplitudes as
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Note here the fifjis also incorporated. Additionally, the form factors for the interacting particles are also included in the potential,
modifying itas YV — f(k:’)Vf(k) Consequently, the resulting amplitude M also includes these form factors.

Transformation to a matrix equation

Now We have a integral equation with singularity in Gy = ) at W = E; + Ej. This singularity can be isolated as,
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It suggests the unitary is satisfied if the potential 7} is real.
~TtpT = 2T ImG T = 2T (—ImT )T = 2TT%(TT—1 —T YT =4(T - T (16)

where T' = M.

With the Gauss discretization, the one-dimensional equation can be transformed as a matrix equation as
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where g = ﬁ\/[W2 — (m1 4+ m2)?|[W? — (m1 — m2)?]. The indices i, j, k is for discrete momentum values, independent
helicities, and coupled channels.

The default dimension is [G] = 1. Recalling that a factor of 2m should be included if a constituent particle is a fermion, we have [G| =
GeV" — [V] = [M] = GeV ™", with ns being the number of fermions. Therefore, under our convention where @ = 1, the
dimension of the potential must satisfy the above requirements. This criterion can be employed to verify the consistency of the Lagrangian
and the derived potential.

Hence, for the channels above its thresholds, the matrix have an extra dimension.
We take two channel as example to explain the coupled-channel equation. The region of W is divided as
W <miy,m <W <mgand W > ms.
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Code

Attention: The following details are specific to the old version of the code, which includes Fortran code and Julia code versions prior to
v0.2.4. In the new version, the treatment described below is obsolete.

In old code, we choose V7" = f(k')V?" f(k)/4r, G = 4xG, and M[?" = f(k')M" f(k)/4x. The form factors are also included in
to the ampltudes and the potential kernel. Hence, the gBSE becomes

M’ =V v e (21)
Such convention is consistent with that in the chiral unitary approach.
V" = V7 Jam = V{5 (0, 0") /AT = fif iV (', p) /AT
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Physical observable

After extend the energy in the center of mass frame W into complex energy plane as z, the pole can be found by variation of z to satisfy

11— V(2)G(2)| = 0 (23)

with z = Eg +il'g/2.
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With the obtained amplitude M7 , we can also calculate the physical observable. Note that all physical observable are at real axis, we
choose the onshell momentum as

M;;(z) ={[1-VG) |V} (24)

with 7 and k chosen as the onshell momentum, that is, 0 dimension for GG, and extra dimension for V.

The cross section for the channel considered

For the open channel, the cross section can be obtained as

do 1 1 ! .
a5, 60 k D liMax (K k) (25)
AN

where j; and js is the spin of the intitial particles, and we definej =27+ 1.

The total cross section can be written as
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Here, k' and k are onshell momenta, so we only choose %j for the onshell momenta. In the last step the MJP is replaced by the matrix
obtained in code with relation M7 = f(k')MJPf(k)/47r. The form factors vanish due to onshelness for initial and final states of a
scattering.

NOTE: 4 M M’ should be multiplied if convention @u = 1 adopted.
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Argand plot
The amplitudes can be written as
_ 8my/s 2J+1
iM(k) = —8m/5f (k) iy Z — D (6, —®)as (k) D3y (.6, —¢). (28)

where a/ = — Sjrk\‘/gM(]k\), which can be displayed as a trajectory in an Argand plot.




Three body decay

kinematics

Lorentz boost

Here, we consider an process Y — m1 X — mimoms.
To study a 1 — 3 decay with the gBSE, we need consider the center of mass frame (CMS) of Y (which is also the laboratory frame in this
issue) and the mymy where the gBSE is applied. The momenta of initial and final particles in the CMS of Y, remarked as lab, are

Plab (W O 0 0), lab (Elab7 pllab)7 lab (_Eéab’plab)7 lab (E:l)’ab, plab (29)

The Lorentz boost from (m, 0) to (E, k),
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With the Lorentz boost the momenta for particle 23 in the laboratory frame (Eé%b, —pllab) can be written with the momenta in the CMS of

particles 23 (Mgg, 0) as plab — A(Eé%b’ _pllab)pcm,

plab _ pcm o pllab _pllab ) pcm + p0cm
Myz |[W — Eleb(plt?) + Moy ’
1
p()lab M23 [(W Elab( lab))p0cm _ pllab . pcm] , (30)
where the py3 + p; = P is applied, and M3 = \/( lab | plab)2 — . /(ps™ 4+ pi™)2 = /(P — p1)>.

The momenta in CMS of 23 can also be written with the momentum in laboratory frame as p“"* = A(Eé‘gb, pl“b)pl“b

pcm _ plab + pllab pllab i plab + pOZab
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For the outgoing particles 2 and 3, the pcm should be set along the z axis, hence, an additional rotation is adopted as p =

R(_ecm’ _¢cm)pcm

1 0 0 0
_ 1| 0 cosfcos¢ cosflsing —sinf
R(-0,-¢) = 0 —sing cos ¢ 0
0 sinfcos¢ sinfsing cosf

As described above, we perform both a Lorentz boost and a rotation. Through the Lorentz boost, the momentum plab in the lab frame
transforms into p in the center-of-mass system (CMS) of particles 2 and 3. The value of p{"”* depends on plab and Ms3, and the lab-
frame energy Eiab can also be derived from May3. Thus, p{™ is ultimately dependent only on Qllab and Ms3. The momenta pgf’g depend on

pé"é’ and Q4% and can be expressed in terms of Ma3 and the spherical angle Q§™.

After rotation, p®™ becomes p in the new CMS frame of particles 2 and 3. The momenta p 3 of the final particles are aligned along the z-

axis and depend solely on Ms3. However, for intermediate particles, they are functions of pg and Q'3 Finally, p; depends on Qllab, M3,
and Q5™.



Amplitude

Because the |./\/l|2 is invariant in different reference frame, the amplitude for the direct decay can be written with the momenta in cm
frame of partilces 1 and 2 obtained with Lorentz boost and rotation, as
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Note: when consider the rescattering of different particles, the different cm frames should be adopted.

Decay width

The case with one rescattering

Phase space

The phase space is given by

) d*py d®ps d®ps

d® = (2m)**(P —p1 — py —
(@) 0P =P = P2 = P3) 5 o 55 O, (3)8 2B (2

(33)

To study the invariant mass spectrum of the particles 2 and 3, it is convenient to rewrite the Lorentz-invariant phase space d® by taking
as integration variables the direction of the momentum of particle 2 p5™ in the center-of-mass (cm) frame of particles 2 and 3. Thus, we
first rewrite the phase factor as

dS pll ab d3 pgm d3 pgm

— (2 4 cm 3
A% = (2m) o (BE" + B§" = Waa)8"(pE" + S )2E{ab(27r)3 2E5™(27)3 2E5™ (2)?

(34)



3
where W = (M — E!9)? — |ple®|2. Here the Lorentz invariance of the ﬁd@%ﬁ and 6*(P — p; — py — p3) is used.

Here, we use the momentum of the particle 3 in the center of mass system of two rescattering particles.

The momentum of the particle 3 has a relation ps™ = 2M23 A(M. 23, m3, m%)

Owing to the three-momentum § function, the integral over PS5 can be eliminated. Next, the quantity d3p§m is converted to dM>3 by the

relation,
cm cmpcm
d3p§m _ 2 3 3 dM23d gm,
Mos

where Moz(= E5™ + E5™) is the invariant mass of the 23 system. We would like to integrate over the magnitude of the neutron

momentum p1, which is related to Wa3. Hence, the energy-conserving § function is substituted as,

W23

O( Moz — Wys) = ——————
My /B

5(B1 — pi)

where the b, satisfies Mg = (M — E;)? — p?.

Performing the integral over pl“b we obtain the final expression of the decay width,

1 Dips™ i 1 pips"” lab
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Here, independence of the qbll“b and ¢5™ on the integrand is applied.

Differential decay width

Here, we consider the rescattering of particles 2 and 3. The distribution can be obtained as

dl P1P3 - iab
- QL 4O
M /2M /\ZZA;A’ZM,\Z,AB,A’ @)y )5 sar Whdils

If the Y is not scalar, there shoold be an additional factor 1/3}/. Here we
use the distribution above in the frame with Lorentz boost but without rotation. However,

we calculate the \iMAW\?’;)\P in the frame with both Lorentz boost and rotation due to it is independent on the frames.

If the reflection effect is absent, for example, the wD D* final state. The results can be simplified further.
The amplitude can be written as
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Inserting the above amplitude to the definition of the invariant mass spectrum, we have
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Now we consider the amplitude with fixed parity,

1> NID{ o, () DS, (Q5)iM, 0 (Mas)[PdQds

(35)

(37)

(38)

(39)



i o J i o qd o eoadJ . J .
iMigpn = ZA)\zs o T T, GotAy, s M = AT+ 10T GOlAA’Zs;A
1. It cAJ Al P
= z/\/l/\23 2= .A/\23 N zT/\ZS Ny G()Z.A/\/ 2= z.A/\23 o T T x, Gt Ay z.A/\23 N 27'/\23,)\,236’02./4/\,23;)\ (40)

JP _TJ J _7J 1J
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NOTE: For parity conserving interaction, we have TX)\ = 77( ) 17'—)\'/\, which can be checked in the code by different definitions of
T
We summarize the results as following,
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M (Mas) = A% (Mas) +Z/ p3p3 L (D, Ma3)Go(ph) AL (D, Mas), (41)

where % and j denote the independent )\2’3 and A, and the factors fi_g = 1/\/5 and f#g = 1 are inserted. The above equation can be
abbreviated as M = A% + TG A, where T is solved by the Bethe-Salpeter equation T' = V + V GT'. NOTE: The T should be
multiplied by 47 to be used as 7, and G should be divided by 47 to be used as Gy, which is cancelled by each other.

The case with more than one rescattering

In the case with more than one resacttering, we should conisder Monte-Carlo method to generate the

event.
1 Z 2 1 Z 2 4-3
Here we consider a process with direct, 23 rescattering, 13 rescattering.
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The GEN pacakge can generate the events with (pllab, plz"b, pé"b) in the frame of Y.

P
The Mij can be obtained as (piab + pé-“b)2, and used to solve the Tikj;/\;’/\; (p;., Mij) with qBSE. Here, the p;- is generated by the
Gauss discretization.
With Lorentz boost and rotation, the momentum of p; in the cernter of mass frame of partilces 25 can be calculated. However, for the
. . . . JNji
intermediate particles,the D{ji’)\% (£2}) is used to calculate A)\k;]/\gv\;;)\(ﬂﬁc“b, pj, Mij).
Because only | M|? has the same value in different frames, the M for rescatterings of particles 23 and 13 can not be summed up
directly.



