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1. Purpose and Outline

Since its proposal, the fuzzy sphere regularisation has made significant contributions to the
study of 3D CFTs [1-34]. The Julia package FuzzifiED aims at simplifying the numerical
calculations on the fuzzy sphere. It supports exact diagonalisation (ED) calculations, as well as
the density matrix renormalisation group (DMRG) using the ITensor [35] library. FuzzifiED
can also apply to generic fermionic and bosonic models. This package offers the following
features :

1. Flexibility : FuzzifiED can reproduce nearly all the ED and DMRG results from fuzzy
sphere research. Its flexible design also makes it straightforward to adapt to new models.

2. Usability : The expressive Julia interface [36] simplifies coding and comprehension.
To help users get started, we provide a collection of examples.

3. Efficiency : FuzzifiED produces results on reasonable system sizes within minutes.

4. Open source : The FuzzifiED codebase is freely available under the MIT License, wel-
coming reviews and contributions from the wider community.

This documentation provides a review of the fuzzy sphere regularisation and an instruc-
tion for numerical calculations with FuzzifiED. The rest of this documentation is organised as
follows : The Part I (Sections 2—-5) is devoted to a review of the fuzzy sphere regularisation
and the numerical methods applied to it, mainly targeting at providing the necessary technical
information for those who want to get started with the research on the fuzzy sphere. The
Part IT (Sections 6—9) gives a detailed instruction for numerical calculation with the package
FuzzifiED.

* In Section 2, we briefly introduce the conformal field theories in dimensions d > 3 and
the fuzzy sphere regularisation.

* In Section 3, we review the existing works related to the fuzzy sphere.

* In Section 4, we review the set-up of fuzzy sphere, the construction of interaction
models and the extraction of CF'T data.

* In Section 5, we review the numerical methods used in the package FuzzifiED, viz. ED
and DMRG.

* In Section 6, we give an instruction for installing and using FuzzifiED.



* In Section 7, we give an instruction for performing ED calculation with FuzzifiED.
* In Section 8, we give an instruction for performing DMRG calculation with FuzzifiED.
+ In Section 9, we present a collection of practical examples that reproduce many existing

results.

* In Appendix A, we present the specialised data structures that we use in the ED cal-

culation.

* In Appendix B, we present the construction of the Landau level and pseudo-potentials

on the torus.

* In Appendix C, we give a collection of the ED and DMRG tutorial codes.

* In Appendix D, we list a glossary for all the interfaces in FuzzifiED to facilitate search-

ing.



Part 1.

Review of the Fuzzy Sphere

2. Introduction

2.1. Conformal Field Theory

Conformal field theory (CFT) is one of the central topics of modern physics. It refers to a
field theory that is invariant under conformal transformations that preserve the angles between
vectors. In space-time dimension d > 2, the global conformal symmetry transformations form a
group SO(d—+1, 1), generated by translation, SO(d) rotation,! dilatation (scale transformation),
and special conformal transformation (SCT) [37, 38]. Each CFT operator must transform
under irreducible representations of rotation and dilatation. The representations are labelled
by the SO(d) spin [ and scaling dimension A, respectively. A special kind of operators that
are invariant under SCT, called “primaries,” deserve particular attention. By acting spatial
derivatives on the primaries, their “descendants” are obtained. Each local operator in a CFT
is a linear combination of primaries and descendants. The conformal symmetry is the maximal
space-time symmetry (except supersymmetry) that a field theory can have. It gives powerful
constraints on the property of the field theory. In particular, conformal symmetry uniquely
determines the form of two-point (2-pt) and three-point (3-pt) correlation functions. The 3-
pt correlator of three primary operators ®;, @, @, contains a universal coefficient called the
OPE coefficient f‘I’iq’j‘I’k' The collection of the scaling dimensions and the OPE coefficients of
primaries {Ag , f@{qﬁ@k } is called the conformal data. Theoretically, with full knowledge of the
CFT data, an arbitrary correlation function of a CF'T can be obtained.?

CFT has provided important insights into various aspects of theoretical physics. It has
produced useful predictions about the critical phenomena [39—41] in condensed-matter phys-

ics. Many classical and quantum phase transitions are conjectured to have emergent conformal

'Here we work in Euclidean signature. In Lorentzian signature it is the Lorentz transformation SO(1,d — 1)

2The full knowledge is not often possible in practice, as the number of primaries is often infinite.



symmetry in the infra-red (IR), 7. e. at long wave-length or low energy. The universal critical
exponents are directly determined by the scaling dimensions of the primary operators. E. g., in
the 3D Ising transition that spontaneously breaks a Zs, symmetry, most critical exponents are
given by the scaling dimensions of the lowest Z,-odd operator ¢ and Z,-even operator ¢, such

as

n=24A,—1, v = (2.1)

CFT is also closely related to string theory and quantum gravity in high-energy physics. In the
string theory, CFT describes the 2D worldsheet [42] ; in quantum gravity, there is a conjectured
duality between the gravity theory in (d + 1)-dimensional anti-de Sitter (AdS) space in the
bulk and a d-dimensional CF'T on the boundary [43]. Moreover, CFT plays an important role
in understanding of quantum field theories in general. It describes many fixed points in the
renormalisation-group (RG) flow, and many QFTs can be seen as CFTs with perturbations.
It also helps us understand how physics changes under a change of scale and reveals some

fundamental structures of the RG flow [44].

In 2D CFTs, besides the global conformal symmetry SO(3, 1), there also exists an infinite-
dimensional local conformal symmetry [45, 46]. Altogether, they form the Virasoro algebra.
The infinite-dimensional conformal algebra has made many theories exactly solvable, especially
the rational theories such as the minimal models [47] and, more generally, the Wess-Zumino-
Witten (WZW) theories [48, 49]. However, going to higher dimensions, the CFTs are less
well-studied due to a much smaller conformal group. The existing methods include numer-
ical conformal bootstrap and Monte Carlo lattice simulations. Numerical bootstrap bounds the
conformal data by making use of consistency conditions such as reflection positivity and cross-
ing symmetry, together with some information of the CF'T such as the global symmetry and a
certain amount of assumptions [50, 51]. It has achieved great success in 3D Ising [52, 53],
O(N) Wilson-Fisher [54, 55], Gross-Neveu-Yukawa CFTs [56], efc. On the other hand, one
can study a CFT by constructing a lattice model that goes through a phase transition in the
corresponding universality class, and study the phase transition by Monte Carlo simulation.
This method has achieved success in many phase transitions assuming conformal symmetry,

e. g. the 3D Ising model [57]. However, the extraction of universal data usually involves com-



plicated and computation-intensive finite-size scaling [40, 58, 59], and only the lowest few CFT
operators can be accessed.

Among these higher dimensional CF'Ts, we mainly focus on three space-time dimensions.

2.2. Fuzzy Sphere

In addition to these existing approaches, the “fuzzy sphere reqularisation” has recently
emerged as a new powerful method to study 3D CFTs. It involves studying interacting electrons
moving on a sphere under the influence of a magnetic monopole at its centre.

The idea begins with putting an interacting quantum Hamiltonian on a 2-sphere S2. This
geometry preserves the full rotation symmetry (on the contrary, lattice models often only pre-
serve a discrete subgroup). Moreover, when the system is tuned to a critical point or critical
phase, combined with the time evolution direction, the system is described by a quantum field
theory living on a generalised cylinder S? X R, a manifold that is conformally equivalent to flat

space-time through the Weyl transformation
(r,7) €82 X R +— /% € R3, (2.2)

where R is the radius of the sphere and n is the unit vector corresponding to r. This conformal
transformation maps each time slice of the cylinder to a co-centric sphere in the flat space-time.

Thanks to the conformal flatness that is not owned by other manifolds (e. g., a lattice model
with periodic boundary condition lives on the torus 72, which is not conformally flat), we can
make use of some nice properties of conformal field theories. The most important one is the
state-operator correspondance [37, 38, 60]. Specifically, there is a one-to-one correspondence
between the eigenstates of the critical Hamiltonian on the sphere and the CFT operators. One
can colloquially understand the state |®) as the insertion of the corresponding operator ®(0) at
the origin point into the vacuum |0) : |P) = ®(0)]0). The state and its corresponding operator
have the same SO(3) spin and representation under global symmetry. More importantly, as the
Weyl transformation maps the Hamiltonian /7 that generates the time translation on the cylin-
der to the dilatation D on the flat space-time, the excitation energy of a state |®) is proportional
to the scaling dimension of the corresponding operator Ag

v

Eq)—E():R

A(I)’ (23)



where Ej is the ground state energy, R is the radius of the sphere, and » is the speed of light
that is dependent on the microscopic model and is the same for every state. With this prop-
erty, one can calculate the scaling dimensions simply by solving the energy spectrum of the
quantum Hamiltonian without doing complicated finite-size scalings, and one can obtain the
OPE coefficients simply by taking the inner product of a local operator.

Although the quantum Hamiltonians on a sphere enjoy the full rotation symmetry and the
property of state-operator correspondence, it is difficult to put a lattice on the sphere due to
the curvature (in particular the non-zero Euler characteristic), especially to recover an SO(3)-
symmetric thermodynamic limit [61]. An alternative way is to fuzzify the sphere [62]. We
consider charged free particles moving on a sphere with a magnetic monopole with a flux 4ws
(s € Z/2) placed at its centre. The monopole exerts a uniform magnetic field on the sphere,
which modifies the single-particle Hamiltonian and the single-particle eigenstates. Now, the
single particle eigenstates form highly degenerate spherical Landau levels [63-66]. The low-
est Landau level has a degeneracy (2s+ 1). By setting the single-particle gap to be the leading
energy scale, and projecting onto the lowest Landau level, we obtain a finite Hilbert space.
For the purpose of numerical simulation, the system is analogous to a length-(2s + 1) chain
with long-range interaction, where different Landau level orbitals behave like the lattice sites.
The difference is that the (2s + 1) orbitals form a spin-s representation of the SO(3) rotation
group, and in this way, the continuous rotation symmetry is preserved. By putting multiple
flavours on an orbital and adding interactions, various 3D CFTs can be realised. The inter-
action Hamiltonians are designed through matching the global symmetry and phase diagram.
The word “fuzzy” means the non-commutativity, in our case, due to the presence of magnetic
field [62, 66]. The non-commutativity provides a natural length scale which serves as a UV
regulator of the quantum field theory. The radius of the sphere scales as R ~ 4/s. The ther-
modynamic limit can be taken as s — oo, and we then recover a regular sphere without non-
commutativity.

The power of this approach has been first demonstrated in the context of the 3D Ising
transition [1], where the presence of emergent conformal symmetry has been convincingly
established, and a wealth of conformal data has been accurately computed. The study has

then been extended to accessing various conformal data such as the OPE coefficients [2],



correlation functions [3], entropic F'-function [10], conformal generators [14, 15] and the
cross-cap coefficients [28], developing techniques to improve the numerical precision, such
as quantum Monte Carlo [7], conformal perturbation [20] and the finite-size scaling of the
ground-state energy [31], realising various 3D CFT's such as the free scalar [24, 25], Wilson-
Fisher CFTs [8, 32, 33], SO(5) [4] and O(4) [26] deconfined criticality, Sp(/N)-symmetric
CFTs [16], multi-flavour SU(2) QCD [34], 3-state Potts model [18] and Yang-Lee non-unitary
CFT [21-23], exploring fractional quantum Hall transitions, such as the Ising CF'T on the
FQHE states [17], the confinement transition of the v = 1/2 bosonic Laughlin state [27],
the free Marjorana fermion theory [29], and the transition between bosonic Pfaffian and the
Halperin 220 state [30], studying conformal defects and boundaries such as the pinning-field de-
fect [6, 9], various conformal boundaries in the 3D Ising CFT [12, 13], and lower-dimensional
CFTs like 2D Ising on the fuzzy circle [19]. In the following sections, we shall review the

existing works, technical details and numerical methods.

3. Review of Existing Works

In this section, we review the existing works related to the fuzzy sphere.

The pioneering work [1] This work first proposes the idea of the fuzzy sphere and applies it
to a pedagogical example of the 3D Ising CFT. Zhu ef al. construct a model with two flavours
of fermions that resemble the spin-up and spin-down in the lattice transverse-field Ising model.
At half-filling, one can colloquially think that a spin degree of freedom lives on each orbital.
The Hamiltonian contains a density-density interaction® that resembles the Ising ferromag-
netic interaction and a polarising term that resembles the transverse field. By tuning the ratio
between the two terms, a transition between quantum Hall ferromagnet [67, 68] (a two-fold
degenerate state where either of the two flavours is completely occupied) and paramagnet (a
one-fold degenerate state where the superposition of the two flavours at each orbital is occupied)
occurs. This transition spontaneously breaks a Z, symmetry and falls into the Ising criticality.
They then make use of a unique feature of spherical models described by CF'T — state-operator

correspondence — at the critical point to extract the scaling dimensions of the scaling local

3Here the density operator refers to a local fermion bilinear.



operators. They find evidence for the conformal symmetry, including that (1) there exists a
conserved stress tensor with A = 3 (which is used as the calibrator), and (2) all the levels can
be classified into conformal multiplet where the spacings between operators’ scaling dimensions
are very close to integer. This is one of the first numerical evidence that the 3D Ising transition
has emergent conformal symmetry. More remarkably, the scaling dimensions of primaries such
as 0, ¢, ¢ are already very close to the most accurate known value by numerical bootstrap with
an error within 1.2% at a small system size with the number of orbitals NV,, = 16, for which
the computational cost is comparable to a 4 X 4 lattice system. The structure of the Ising CFT
operator spectrum already starts to show up at an even smaller system size N,, = 4. All these
clues point towards a curious observation that the fuzzy sphere suffers from a remarkably small
finite-size effect. The detail for the construction of models is presented in Sections 4.3 and 4.4,

and the detail for the analysis of the spectrum is presented in Section 4.5.

This seminal work opens a new avenue for studying 3D conformal field theories. After
that, most of the research on the fuzzy sphere can roughly be categorised into the following

directions :

Accessing various conformal data,
Developing techniques to improve the numerical precision,
Realising various 3D CFTs,

Exploring fractional quantum Hall transitions and

U B~ W DN =

Studying conformal defects and boundaries.

3.1. Accessing Various Conformal Data

The first direction is to develop methods to calculate various universal data of 3D CFTs
on the fuzzy sphere. Typically, these methods are tested with the simplest example of the
3D Ising CFT. For many of those CFT data, the fuzzy sphere is the first non-perturbative
method to access them ; for the others, the fuzzy sphere has achieved great consistency with
previous methods such as quantum Monte Carlo and conformal bootstrap. So far, the accessible
CFT data include operator spectrum, OPE coeflicients [2], correlation functions [3], entropic

F-function [10], conformal generators [14, 15], the cross-cap coefficients [28].



OPE coefficients [2] Apart from the operator spectrum, a wealth of CF'T data can be obtained
from the local operators. This work studies the local observables on the fuzzy sphere, including
the density operators and certain four-fermion operators. These observables can be expressed
as linear combinations of local scaling operators in the CFT. After a finite-size scaling with
the data from different system sizes, the sub-leading contribution can be subtracted, and only
the leading contribution is left. In this way, the lowest primaries in the Ising CFT in each
symmetry sector, viz. the Zy-odd ¢ and the Zy-even ¢, can be realised. The OPE coefficients
are then evaluated by taking the inner product of a fuzzy sphere local observable with two CFT
states (@ |Dqy(r)|Pg). Hu el al. compute 17 OPE coefficients of low-lying CFT primary fields
with high accuracy, including four that have not been reported before. The rest are consistent
with numerical bootstrap results. It is also worth noting that this work starts to apply DMRG
to the fuzzy sphere. The maximal system size is increased from N,, = 18 by ED to N,, = 48
by DMRG. The detail for calculating the OPE coefficient is presented in Section 4.6.

Correlation functions [3] In addition to the OPE coeflicients, the local observables can also
be used to calculate correlation functions. By taking the inner product of two local observables
(density operators) at a time displacement (@ |®q(ry)P5(r, 7)|DP,) with two CFT states, a
general 4-pt function can be calculated. In practice, this piece of CFT data cannot be derived
from the scaling dimensions and the OPEs due to the existence of infinitely many primaries.
Han et al. calculate the 4-pt functions in the 3D Ising CFT with DMRG. A non-trivial check
of conformality, the crossing symmetry, is verified for the correlator (¢666). The special case
— 2-pt functions by taking ®; = ®, = I — is also studied and compared with the expected
results by conformal symmetry. The detail for calculating the correlation functions is presented

in Section 4.6.

Entropic F'-function [10] Beyond the correlators of local operators, a wealth of information
can be learnt from the entanglement entropy and entanglement spectrum. A remarkable quant-
ity is called the F'-function, which is defined through the scaling behaviour of the entanglement
entropy [69-73]. Specifically, consider a quantum system that lives on R2. A circle with radius

R, divides the system into inner part 4 and outer part B. The entanglement entropy is defined



and expected to scale with R, as
Sy(By) = —tryplogp=aR;/0 —F, (3.1)

where ¢ is a UV-regulator. The constant piece is known as the F'-function of a 3D CFT. The
F-function is proved to be RG-monotonic, 7. e., along a RG flow from UV to IR, the value of
F-function is non-increasing, analogous to the central charge in 2D CFTs. Despite its import-
ance, it has never been calculated before through non-perturbative approaches in interacting
3D CFTs. This work has performed the first non-perturbative computation of /' function for
the 3D Ising CF'T on the fuzzy sphere. The sphere is cut in the real space into two crowns along
a latitude circle 0, and the entanglement entropy S, (0) as a function of 0 is calculated [74—-77].
The F'-function is extracted from the S,(60) in the vicinity of the equator, and the result yields
F =0.0612(5) after a finite-size scaling.

Conformal generators [14, 15] Within the generators of conformal symmetry, the SO(3)
rotation and the dilatation are manifest and act as rotation and time translation on the fuzzy
sphere. The rest two, viz. translation P* and special conformal transformation (SCT) K*, need
to be emergent in the IR at the conformal point. It is worthwhile to construct these IR generat-
ors by the UV operators on the fuzzy sphere. These works investigate such construction with
the help of stress tensor 77, The time component 77" of stress tensor equals the Hamiltonian
density 27 and it integrates into the generator A = P* + K¢ = [ d%r2n“s#. The action
of this generator sends a scaling operator to other operators in the same multiplet, with the
number of spatial derivatives increased or decreased by one. Fardelli ef al. and Fan calculate
the matrix elements of the generators A* and find good agreement with the theoretical values
in the CF'T, which is another non-trivial verification of conformal symmetry. Furthermore, the
separate generators P* and K" can be obtained by considering the commutator [H, A*], which
is useful in determining the primaries. The detail for constructing the conformal generators is

presented in Section 4.7.

The cross-cap coefficients [28] This work focuses on the 3D CFTs on the space-time manifold
of the the real projective space RP3 obtained by identifying antipodal points on S%. On RP3,

one-point functions of scalar primary fields are generally non-vanishing and encodes the “cross-

- 10 -



cap coefficients.” Dong et al. extracts the cross-cap coefficients of the 3D Ising CFT through
simulating microscopic models on the lattice models on polyhedrons and continuum models in

Landau levels and entangle the degrees of freedom at anti-podal points in Bell-type states.

3.2. Developing Techniques to Improve the Numerical Precision

There have also been techniques to improve the precision through accessing larger sys-
tem size and detailed analysis of finite-size data, such as quantum Monte Carlo simulation [7],

conformal perturbation [20], and finite-size scaling the ground-state energy [31].

Quantum Monte Carlo on the fuzzy sphere [7] Until this work, the numerical methods that
have been applied to the fuzzy sphere include exact diagonalisation (ED) and density matrix
renormalisation group (DMRG). Hofmann ef al. further present the numerical studies of the
fuzzy sphere with quantum Monte Carlo (QMC) simulation, which is known for its potential for
studying criticalities in (2 + 1) dimensions at larger system size. Specifically, they make use of
the determinant quantum Monte Carlo (DQMC) method that converts the simulation of fermions
into the simulation of bosonic auxiliary fields. To overcome the sign problem, they consider
two copies of the original model and construct the Ising CFT on a 4-flavour model. They
determine the lowest energy spectra within each symmetry sector by calculating the imaginary-
time-displaced correlation functions. They also calculate the equal-time correlation functions

and compare them with the 2-pt functions of CF'T.

Conformal perturbation [20] The energy spectrum calculated numerically at a finite size does
not coincide with that of the CFT. Part of the finite-size correction comes from the higher
irrelevant operators that are not precisely tuned to zero (e. g., in the Ising CFT, the irrelevant
operators include €, Cy, .5, T)y,,» €lc., and the lowest singlets € and ¢’ are tuned away through
the two parameters). These irrelevant operators exert perturbations on the states and their
energies. This work captures this kind of correction using the conformal perturbation theory.
By making use of the fact that the corrections from an irrelevant operator on the energy of the

primary and its descendants are not independent, the coefficients of the irrelevant operators can

be fitted and their corrections can be removed.

- 11 -



The conformal perturbation theory is first studied on the 2D CFTs [78, 79] and the icosa-
hedron [5] and then applied to the fuzzy sphere. This work opens up a new route to improving
the precision of scaling dimensions on the fuzzy sphere by making better use of the existing
data. The method to partly remove the finite-size correction through conformal perturbation

theory is widely used by the following works.

Finite-size scaling of the ground-state energy [31] This work proposes a new approach to
locate the phase-transition line from a finite-size scaling analysis of its ground-state energy
with the example of the 3D Ising CFT. Wiese performs a finite-size scaling with the ansatz
Ess = ER? + E, —|—E3/2R*1 and identify the minima of Eg 5 /E|, as the critical curve and the

“sweet spot.”

3.3. Realising Various 3D CFTs

The third direction is to study various other CFTs beyond 3D Ising. The fuzzy sphere
has revealed lots of new information about these theories ; the previously known results are
also consistent with the fuzzy sphere. So far, the accessible CFTs include the 3-state Potts
model [18], the Yang-Lee non-unitary CFT [21-23] and three widely studied classes :

1. the free-scalar [24, 25] and Wilson-Fisher CFTs realised as Heisenberg bilinear [8]
and truncated quantum rotor model [32, 33],

2. CFTs with Sp(V) global symmetry related to the non-linear ¢ models (NLSM) with a
Wess-Zumino-Witten (WZW) topological term, including SO(5) deconfined criticality [4] and
0(4) deconfined criticality [26] through a symmetry-breaking perturbation, a series of new
theories with Sp(N) symmetry [16], and the multi-flavour SU(2) QCD [34].

While the CF'Ts above are all built from quantum Hall ferromagnets at integer filling, another
class is

3. fractional quantum Hall transitions, which will be discussed in more detail in Sec-

tion 3.4.

The 3-state Potts model [18] The Potts models describe transitions that spontaneously break
S, symmetries where ¢ € Z is known as the number of states. In 2D, the transitions with ¢ <

@, = 4 are continuous and captured by CFTs [80], while @ > @, are first order. Specifically,

19 -



2D b-state Potts transition is pseudo-critical and described by a pair of complex CFTs in its
vicinity [81] in a similar manner with the conjectured SO(5) DQCP. In 3D, the 3-state Potts
model is found to be first-order [82, 83]. This work constructs a 3-flavour model on the fuzzy
sphere with Sg permutation symmetry among flavours. The interacting Hamiltonian resembles
the Ising model. Yang ef al. find out that the transition point of the 3D 3-state Potts model,
despite being probably first-order, exhibits approximate conformal symmetry, indicating that
there might be an underlying CF'T describing it. However, it is difficult to determine the nature
of the transition from the operator spectrum (specifically, from the relevance of the second

singlet ¢”) due to the complicated finite-size effect.

Yang-Lee non-unitary CFT [21-23] The Yang-Lee singularity [84—-86] is one of the simplest
non-unitary CFTs. It is a natural extension of the Ising CFT triggered by the ic deformation,
and plays an important role in understanding order-disorder transformation. While the 2D
Yang-Lee theory is described by M (2, 5) minimal model and 3D Yang-Lee CEF'T can be solved
perturbatively up to five loops, Fan et al., Arguello Cruz et al., and Elias Miro et al. present
the non-perturbative results of the Yang-Lee CFT on the fuzzy sphere. They have studied the
operator spectrum, the OPE coefficients, and the RG flow from the Ising CFT to the Yang-Lee
CFT. They have also shown how the finite-size effects can be controlled by finite-size scaling

and conformal perturbation.

3.3.1. Free-Scalar and Wilson-Fisher CFTs

The O(V) vector model is arguably the most well studied theory that describes the critical
behaviours. It can be formulated as a quantum field theory (QFT) of N interacting scalar
fields. This QFT has an ultra-violet fixed point of N free scalars. A quartic interaction term
induces a RG flow to the infra-red fixed point described by the Wilson-Fisher (WF) CFT [40,
41, 87]. It describes a transition between an ordered phase with O(V) spontaneous symmetry
breaking and an O(/N)-symmetric disordered phase. This theory has been extensively studied
using perturbative calculations, quantum Monte Carlo and conformal bootstrap. The O(2) WF
has been experimentally measured with high precision in the normal-superfluid transition of

Helium-4 [88]. Its fuzzy-sphere realisation paves the way for studying operators with certain

- 13 -



quantum numbers, multi-scalar CF'Ts, defects and boundaries, efc.

The free scalar CFT [24, 25] This work introduces a simple model to realise the free real
scalar CF'T on the fuzzy sphere that is structurally similar to the 3D Ising CFT. A weakly-
broken U(1) symmetry in the fuzzy-sphere model realises the R-shift symmetry of the free
scalar in the thermodynamic limit, so that the fix point can be accessed with only a single tun-
ing parameter. He numerically demonstrates that the model correctly reproduces the operator
spectrum, correlation functions and the harmonic oscillator algebra of the real-scalar CFT.
He generalises the Girvin-MacDonald-Platzman algebra [89] to the fuzzy-sphere algebra of
the density operators, which is potentially useful for defining quantum field theories on non-
commutative geometries. He proposes a wave-function ansatz for the ground states which
exhibit remarkable agreement with the CFT ground state wave-functions of the fuzzy-sphere

model.

The bilayer Heisenberg transition [8] This work studies the O(3) WEF CFT on the set-up of
a bilayer Heisenberg model. The construction involves two copies of SU(2) ferromagnet with
altogether four flavours. Briefly speaking, the model contains two competing terms : (1) a SU(2)
ferromagnetic interaction which favours a Heisenberg ferromagnetic phase where each of the
two copies is half-filled and the symmetry-breaking order parameter lives on a S manifold, (2)
a polarising term which favours one of the two copies being completely filled, corresponding to
a Heisenberg paramagnet. The transition between these two phases falls into the O(3) Wilson-
Fisher universality. Through the energy spectrum at the transition, Han ef al. provide evidence
that O(3) Wilson-Fisher fixed point exhibits conformal symmetry, as well as revealing a wealth
of information about the CF'T, e. g. the instability to cubic anisotropy. They also calculate

several OPE coefficients.

The general model for O(V) free-scalar and Wilson-Fisher CFTs [33] This work proposes a
general model that realises the O(V) free-scalar and Wilson-Fisher CFTs. The set-up contains
altogether (V + 1) flavours with total filling » = 1, where one flavour ¢, is O(V) singlet and

the rest N flavours ¢; transform as O(N) vector. The scalar field is realised as the bilinear ¢, =
T

¢;co+ cgci, and the Hamiltonian for the WF CFT contains (1) a particle density interaction,
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(2) a ¢ density interaction, and (3) a relative chemical potential of the singlet flavour. Tuning
the chemical potential realises a phase transition between a paramagnetic phase with ¢, fully
filled and an O(N) symmetry-breaking phase where electrons are in a superposed state between
a vector flavour and the singlet flavour. Turning to the O(V) free-scalar theory, it corresponds
to a pseudo-Goldstone phase of a PO(N) SSB.

Guo et al. provide numerical evidence for N = 2, 3, 4 such as the operator spectra and two-
point conformal correlators. They discuss several quantities that may not have a direct CF'T
interpretation, but imply that the CF'Ts become to some extent semi-classical once regularised

on the fuzzy sphere.

The detailed study of the O(3) Wilson-Fisher CFT [32] This work focuses on the O(3) WF
and fomulate the four-flavour model as a truncated rotor model. Dey et al. study the model
numerically using ED and DMRG. They locate the critical point through a careful conformal
perturbation analysis. They obtain scaling dimensions from finite-size spectra and OPE coeffi-
cients through conformal perturbation. The results are benchmarked with conformal bootstrap

and perturbative calculations.

3.3.2. NLSM-WZW with Symplectic Symmetry

One route to realise many CF'Ts is through the non-linear sigma model (NLSM) with a

Wess-Zumino-Witten (WZW) term. The NLSM on a Grassmannian

G(V)
G(M) X G(N — M)’

GV) = Sp(§), O(V), UV), ...

captures a symmetry breaking pattern of fully filling M out of N flavours of fermions with a
global symmetry G(N). The NLSM often allows a topological WZW term with a quantised
level. On the Landau level, a WZW term naturally appear [34, 90]. While the 3D NLSM in its
renormalisable region can only flow to the SSB phase, the symmetry and anomaly of the NLSM-
WZW can be matched with critical gauge theories with critical scalars or fermions coupled to
a dynamic gauge field [91]. These gauge theories can either serve as the UV completion of the
NLSM, or has the same UV completion with the NLSM. The simplest ones to construct on the

fuzzy sphere are the NLSM on symplectic Grassmannians (¢. e. with G(V) = Sp(%)) with a
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level-1 WZW term.* They can be constructed by considering N flavours of fermions and break

the flavour symmetry to Sp(%). This construction can be used to realise various 3D QCDs.

The SO(5) deconfined eriticality [4] Deconfined quantum critical point (DQCP) is one of
the pioneering examples of phase transitions beyond Landau paradigm [92-94]. It has led to
numerous theoretical surprises, including the emergent SO(5) symmetry [95] and the duality
between interacting theories [96]. Despite extensive studies over the past two decades, its
nature remains controversial. Numerical simulations have shown no signal of discontinuity,
but abnormal scaling behaviours have been observed [94]. A plausible proposal to reconcile
the tension is that DQCP is pseudo-critical, . e. a weakly first-order phase transition that has
approximate critical behaviour, and is controlled by a pair of complex fixed points very close to
the pseudo-critical region [96, 97].

The DQCP can be conveniently studied on the fuzzy sphere by constructing a NLSM on
S* with WZW level-1, which serves as a dual description of the DQCP with an exact SO(5)
symmetry [95, 96]. The idea is to construct a 4-flavour model with symmetry Sp(2)/Z, =
SO(5) (Zy means to project the pseudo-real representations). At half-filling, it can be described
by a NLSM on the Grassmannian % =~ S* and the WZW level can be matched [98,
99]. This work provides evidence that the DQCP exhibits approximate conformal symmetry.
Zhou et al. have identified 19 conformal primaries and their 82 descendants. Furthermore,
by examining the RG flow of the lowest symmetry singlet, they demonstrate that the DQCP is
more likely pseudo-critical, with the approximate conformal symmetry plausibly emerging from

nearby complex fixed points. Several works [100, 101] appear later to follow up.

The O(4) deconfined eriticality [26] Apart from the SO(5) deconfined criticality, one can
reach the O(4), or easy-plane DQCP by adding a perturbation in the SO(5) symmetric tensor
representation that breaks the global symmetry to O(4). The O(4) DQCP appears in several

lattice models and has several gauge theory descriptions, e. g. QED with two flavours of Dirac

4The construction for U or O faces the difficulty that their centres U(1) or Zs, as the electric charge conservation
or its subgroup, must be decoupled ; the construction for SU or SO faces the difficulty in realising the topological

U(1) or Zy symmetry.
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fermions [96]. This work studies the RG flow from the SO(5) to the O(4) DQCP and traces
the O(4) operators back to the SO(5) theory.

A series of new Sp(N)-symmetric CFTs [16] The quest to discover new 3D CFTs has been
intriguing for physicists. A virgin land on this quest is the parity-breaking CFTs. In 3D, the
Chern-Simons-matter theories stand out as the most well-known and possibly the only known
type of parity-breaking CFTs. The fuzzy sphere is a promising platform for studying these the-
ories. This work makes a concrete construction by generalising the DQCP to the WZW-NLSM

on the target space of a general symplectic Grassmannian SP(M)SP(N )

SpaD < Sp(N—I) * Several candidate

Chern-Simons-matter theories are known to exist on its phase diagram with N flavour of gap-
less bosons or fermions coupled to a non-Abelian (viz. Sp(1), Sp(2), etc.) Chern-Simons gauge
field [91]. On the fuzzy sphere, this WZW-NLSM can be realised by a 2V layer model with
Sp(V) flavour symmetry, and 2/ out of the 2N layers are filled. Zhou ef al. numerically verify
the emergent conformal symmetry by observing the integer-spaced conformal multiplets and

studying the finite-size scaling of the conformality.

Multi-flavour SU(2) QCD [34] The conformal window is an outstanding problem for 3D
gauge theories. For a given gauge field, when the number of flavours coupled to it exceeds
some critical value N > N,, the field theory flows to a conformal fixed point ; otherwise the
gauge field is confined and the field theory flows to SSB. The conformal windows of QEDj,
and SU(2) QCDy are directly related to the nature of deconfined criticality and the Dirac spin
liquid. However, results beyond perturbative calculations for certain gauge groups are still hard
to access.

On the fuzzy sphere, the SU(2) QCDg with N flavours of fermions can be realised with the
Sp(N) model at half-filling M = N /2. The model is free of sign problem and thus accessible
through quantum Monte Carlo. Notably, N is treated as a parameter instead of the number of
fermions simulated, so the calculation can reach arbitrarily large number of flavours.

This work shows that the phase diagram at N > 4 has a stable conformal fixed point
corresponding to the QCD4 through examining the RG flow. Huffmann ef al. extracts the various
scaling dimensions from the equal-time and imaginary-time two-point correlation functions and

finds agreement with conformal symmetry and large-N expansion result.
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3.4. Exploring Fractional Quantum Hall Transitions

The models above are all built from quantum Hall ferromagnets at integer filling. Specific-
ally, in the absence of the interaction, an integer number of lowest Landau levels are fully occu-
pied. The lowest Landau level at fractional filling realises various topological orders (TO) with
long-range entanglement and anyon excitations. E. g., the Laughlin states [102] with filling
v = 1/k realise the Abelian topological orders captured by Chern-Simons theories U(1)_,, the
Jain sequence [103] with v = p/(mp + 1) realises the Abelian topological orders with com-
posite fermion descriptions, and the Read-Rezayi sequence with v = p/(mp + 2) [104], as a
natural extension of the Moore-Read states [105], realises in general a series of non-Abelian
topological orders. These states have finite charge gaps as well that guarantees that the gap-
less spin degree of freedom can decouple from the strongly non-commutative charge degree of
freedom.

The fuzzy sphere provides a suitable platforms to study the transitions between or out of
these fractional quantum Hall (FQH) states. Theoretically, these transitions are often described
by Chern-Simons theories coupled to matter, many of which are conjectured to be conformal
with enhanced symmetries and field theory dualities [106—-108]. The Moiré materials [109-
111] provide an experimental platform to realise? these transitions. The critical points can be
conveniently reached by tuning many knobs like potential amplitude.

The exploration starts at realising the Ising CF'T on the background of a FQHE state [17],
for which the topological order stays the same across the transition. The transition between
v = 1/2 bosonic Laughlin state and a v = 2 fermionic Laughlin state, realising the confinement
transition of v = 1/2 bosonic Laughlin state [27], is the first fractional quantum Hall transition
on the fuzzy sphere. Umsing similar strategy, the phase diagram between fermionic integer
quantum Hall and bosonic Laughlin state realising two transitions of free Majorana fermion
and gauged Ising CFT [29], and the transition between bosonic Pfaffian and Halperin 220

state [30], are also studied.

Ising CFT from FQHE state [17] Voinea ef al. explore the possibility of constructing CFTs
on the Haldane-Laughlin states that capture the fractional quantum Hall effect (FQHE) [63,
112]. Specifically, they study the fermionic LLL at fillings of » = 1/3 and 1/5. The model
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Hamiltonian contains (1) a dominant projection term that puts the ground state on the Haldane-
Laughlin state, and (2) an interaction term as a perturbation that drives the Ising-type phase
transition. They show that the energy spectra at the critical point exhibit conformal symmetry.

Notably, they also make the construction with respect to the bosonic LLL at a filling of v = 1/2.

The confinement transition of v = 1/2 bosonic Laughlin state [27] This work studies
one of the simplest instances of Chern-Simons-matter theories : one complex critical scalar
coupled to a U(1)s Chern-Simons gauge field and its three other dual Lagrangian descrip-
tions [108, 113, 114]. They describe the transition between a v = 1/2 bosonic Laughlin state
and a trivially gapped phase. This transition appears in various contexts in condensed-matter
physics, viz. Kalmeyer-Laughlin chiral spin liquid [115, 116], anyon superconductivity [117—
119], Feshbach resonance [120, 121], efec.

Zhou et al. realise this theory on a set-up with fermion-boson mixture containing two fla-
vours of fermion and one flavour of bosons carrying electric charge ¢, = 2¢,. Tuning the
relative chemical potential induces a transition between a v, = 2 fermionic integer quantum
Hall state and a v, = 1/2 bosonic fractional quantum Hall state. They show that the transition
is continuous and has emergent conformal symmetry. The operator spectrum has exactly one
relevant singlet with scaling dimension Ag = 1.52(18), signature of a critical point. This work
opens up the route of using the fuzzy sphere to study transitions between distinct topological

order.

The free Majorana fermion theory [29] The CFTs realised on the fuzzy sphere until this
work contains only bosonic CF'T operators. The microscopic fermions on the fuzzy sphere have
strong non-commutativity, transform under projective representations of the sphere rotation
symmetry, and thus cannot flow to CFT operators. This work overcomes this challenge by
constructing a boson-fermion mixed set-up with both microscopic bosons b and fermions / with
the same electric charge and let their angular momenta differ by 1/2. Their bilinears bTf or
£Tb can be used to realise fermionic local operators in a CFTs.

Zhou et al. allow conversion between two bosons and two fermions and set the total filling
v = 1. On the phase diagram, there are three gapped phases, »iz. a fermionic integer quantum

Hall phase, an f-wave chiral topological superconductor, and a bosonic Pfaffian phase [105].
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They are separated by two continuous transitions described respectively by a massless free
Majorana fermion and a gauged Ising CF'T. Notably, the Hamiltonian that realises the free
Majorana fermion is analogous with the field theory Hamiltonian in addition to a density-density

interaction.

The transition between bosonic Pfaffian and Halperin 220 [30] The fuzzy sphere can be used
to answer long-standing questions on fractional quantum Hall transitions. An example is the
transition between the bosonic Moore-Read Pfaffian [105] and the Halperin 220 state [122] on
a bilayer bosonic system, which has been predicted to be described by a massless free Majorana
fermion with the fermion parity Z, symmetry gauged [123], but lacks simulations. This work

identifies the low-energy spectrum with the gauged Majorana fermion.

3.5. Studying Conformal Defects and Boundaries

Apart from the bulk CFTs, the fuzzy sphere can also be used to study their conformal de-
fects and boundaries. Deforming a CF'T with interactions living on a sub-dimensional defect
may trigger a RG flow towards a non-trivial interacting IR fixed point. A defect IR theory with
a smaller conformal symmetry is called a defect CF'T (dCFT) [124, 125]. The dCFTs have rich
physical structures, such as defect operators and bulk-to-defect correlation functions. Moreover,
a bulk CFT can flow to several different dCFTs. Similarly, deformation on the boundary may
trigger a flow towards a boundary CFT (bCFT). So far, the accessible defects/boundaries in-
clude the pinning-field defect of the 3D Ising CF'T, in particular, its defect operator spectrum,
correlators [6], g-function, defect-changing operators [9], its cusp [11], and the conformal
boundaries of the 3D Ising CFT [12, 13]. Besides the defects and boundaries of 3D CF'Ts, one
can also studying lower dimensional bulk CF'Ts on a (2 4 1)D set-up, like the on a fuzzy thin
torus [19].

Conformal pinning-field defect [6] This is the first work that studies conformal defects with
the fuzzy sphere. The simplest example of conformal defect is the pinning-field defect of the
3D Ising CFT [126-129], where the defect line is completely polarised and the Zs, symmetry
is explicitly broken. A defect line along z-direction that passes the origin point, after the radial

quantisation, corresponds to the north and south poles of the sphere being polarised. Hence, to
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realise the pinning-field defect on the fuzzy sphere, one only needs to apply a pinning magnetic
field to the north and south poles (Since only the m = +s orbital has non-zero amplitude at the
north pole and m = —s at the south pole due to the locality, one only need to pin the m = =
orbitals).

This work demonstrates that the defect IR fixed point has emergent conformal symmetry
SO(2,1) X O(2) : in the operator spectrum, there exists a displacement operator as the non-
conservation of stress tensor at exactly A; = 2, and the defect primaries and descendants have
integer spacing ; the bulk-to-defect 1-pt and 2-pt correlation functions follow a power law. Hu
et al. have identified six low-lying defect primary operators, extracted their scaling dimensions,

and computed the 1-pt function of bulk primaries and 2-pt bulk-to-defect correlators.

The g-function and defect-changing operators [9] This work studies the g-function of con-
formal defects and the defect-creation and changing operators. Similar to the central charge
and the F'-function in bulk CF'Ts, there exists a RG-monotonic quantity called the g-function
for the line defects that is non-increasing along the flow [130, 131]. It is defined as the ra-
tio between the partition functions of the defect CF'T and the bulk CFT. On a different note,
consider two semi-infinite pinning-field defects pinned towards opposite directions joint at one
point, a defect-changing operator (also known as the domain wall operator) lives at the joining
point [132, 133]. Similarly, a defect-creation operator lives at the end-point of a semi-infinite
line defect. The relevance of the defect-changing operator is related to the stability of spontan-
eous symmetry breaking (SSB) on the line defect.

Zhou et al. realise the defect-creation and changing operators for the Ising pinning-field de-
fect by acting a pinning field at the north pole, and opposite pinning fields at the north and south
poles, respectively. The scaling dimensions are calculated through state-operator correspond-

ence A = 0.108(5), A = 0.84(5), indicating the instability of SSB on the Ising

creation changing

pinning-field defect. Moreover, they show that the g-function and many other CFT data can
be calculated by taking the overlaps between the eigenstates of different defect configurations.

Notably, this work has given the first non-perturbative result for the g-function ¢ = 0.602(2).

Cusp [11] A cusp is two semi-infinite defect lines joined at one point at an angle. This can be

realised on the fuzzy sphere through pinning fields at two points at an angle. Cuomo ef al. study
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the cusps through various theoretical and numerical approaches. In particular, on the fuzzy
sphere, they calculate the cusp anomalous dimension as a function of the angle for the Ising
pinning-field defect, and verify its relation with the Zamolodchikov norm of the displacement

operator.

Conformal boundaries of 3D Ising CFT [12,13] Apart from line defects, boundaries are also
important extended objects in CFT. For the Ising CFT, there exist several conformal boundar-
ies : normal bCF'T with explicitly broken Z, symmetry, ordinary bCF'T that is stable and has
preserved Zy symmetry, extraordinary bCFT with spontaneously broken Z, symmetry, and
special bCF'T as the transition between ordinary and extraordinary bCFTs [134-136]. These
works focus on the normal and ordinary bCFTs and show that they can be realised by acting
a polarising field on a hemisphere. By noting that the LLL orbitals are localised along latit-
ude circles, the hCFTs can equivalently be realised by pinning the orbitals with m < 0. By
studying the operator spectrum, Zhou et al. and Dedushenko et al. show numerical evidence
for conformal symmetry and estimate the scaling dimensions of the conformal primaries. They
also calculate the bulk-to-boundary 1-pt and 2-pt functions and extract the corresponding OPE
coeflicients. Interestingly, Zhou el al. notice a certain correspondence between the boundary

energy spectrum and bulk entanglement spectrum through the orbital cut.

Fuzzy cirele [19] Besides the fuzzy sphere S2, the regularisation with the lowest Landau
level can also be used for other manifolds or dimensions. This work studies the 2D CFT on a
“fuzzy circle.” Although Landau levels can only be defined on even space dimensions [137], one
can reach odd space dimensions by compactifying one of the even dimensions. Specifically, Han
et al. construct the LLL on a thin torus 7'2 and sends one of the lengths to infinity while fixing
the other. In this way, a circle S? is recovered in the thermodynamic limit. They construct
the 2D Ising and 3-state Potts CF'Ts on the fuzzy circle and compare the operator spectrum
and OPE coefficients with the Virasoro multiplet structure and the known results in the exactly

solvable minimal models.
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4. Model Construction

In this section, we review the process of constructing a model on the fuzzy sphere and
extracting the conformal data. We aim to provide the necessary technical information for those
who want to get started with the research on the fuzzy sphere, especially the aspects rarely

covered by other literature.

4.1. Projection onto the Lowest Landau Level

To build the set-up of the fuzzy sphere, we consider a sphere with radius R and put a 4mws-
monopole at its centre. Consider free electrons moving on the sphere. The monopole modifies

the single particle Hamiltonian [63—-66]

1

HO — m(au _|_ l’A#)Z’ (41)

where u = 0, ¢ and the gauge connexion is taken as

S

ctg 0. (4.2)

The eigenstates of the Hamiltonian are the monopole spherical harmonics

L

P,,,(r) = &

YOm), n=0,1,.., l=n+s m=—l..,[—1, (4.3)

where 11 is the unit vector of the point on the sphere specified by angular co-ordinates 6 and ¢,
and the energies are

1

Each level, known as a Landau level, has a degeneracy (2/+1). Specifically, the wave-functions
on the lowest Landau level (LLL) n = 0,/ = s are easy to write out :

1 S) (i S) /A
Do, (1) = HYa (), Yi)(0) =0

‘ 0 0
€7 cossH 5 sin®™ " B (4.5)

where C,, = 1/4/47B(s +m + 1,s — m + 1) is the normalising factor, and B is the Euler’s
beta function. The LLL has a degeneracy N,, = 2s + 1.

We now consider N, flavours of fermions moving on the sphere, characterised by the

second-quantised fermion operator ¢,(r), with a flavour index f = 1,...,N,. We partially
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fill the lowest Landau level and set the single energy gap to be much larger than the scale of
interaction Hy > H;, so that the quantum fluctuation can be constrained on the lowest Landau
level. In practice, we often fill integer number of flavours N, = kN,, (k € Z) so that a quantum
Hall ferromagnet (i. e. the state where integer number of LLLs are fully filled) is preferred in
the absence of interaction, for which the charge degree of freedom is gapped and decouples from
the gapless CFT degree of freedom when the interactions are introduced.’

We then project the system onto the LLL. Technically, this can be done by writing the

fermion operators in terms of the annihilation operators of the LLL orbitals®

S 1 S s .
P = 3 Do, (e =5 D5 Y, (4.6)

m—=—=s m—=—s

where cf;r; annihilates/creates an electron with L?-quantum number m at the f-th flavour of the

lowest Landau level. Hereafter, we will omit the hats on the operators.

After the projection, we obtain a finite Hilbert space on which numerical simulations can
be carried out. For this purpose, the system is analogous to a length-(2s + 1) spin chain with
long-range interaction, where different Landau level orbitals behave like the lattice sites. The
difference is that the (2s+ 1) orbitals form a spin-s representation of the SO(3) rotation group,
and in this way the continuous rotation symmetry is preserved. The exact rotation symmetry
shortens the RG flow from the UV to the IR and reduces the finite-size effect, so that the
numerical results are considerably accurate even at a small system size.

The word “fuzzy” means non-commutativity [62]. Here, the magnetic field results in the

non-commutativity of the co-ordinates. More concretely, we write the co-ordinate operators as

®The charge degree of freedom cannot flow to any gapless CFT local operator because the charged operators
carry projective representations of the rotation group due to the non-commutativity while the CFT operators carry
linear prepresentations.

6Tn the old version, we used a different convension
S
qpf(ﬁ)(old) = Z Ysﬁfz)(ﬁ)cmf'
m——=s

In the old convension, the components of density operator ny, ;,, are extensive and their action decreases the angular
momentum L? by m ; in the current convension, ny, ;,, is intensive and its action increases the angular momentum

L? by m. In the code, two parameters ObsNormRadSq and ObsMomIncr control the convension.
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a matrix on the lowest Landau level

Y ) v
Xf,‘”mz:/dzrx” é(r) fzi(r) (4:7>

These matrices X* (u = x, y, 2) satisfy relation [4, 66]

s
s+ 1

1
u 2 @ XV AUV p
X, Xt = RL X0, X'] = ——ic"’RX,, (4.8)

The first equation involves a renormalised radius R of the sphere, and the second equation

involves the magnetic length /5 that determines the non-commutativity.
X, X¢ = R?IL (X4, X"] = [ie"?(X,/R).
Their ratio scales with the square root of the number of orbitals
R/ly = [s(s +1)]Y/* ~4/N,,. (4.9)

We can take /[ = 1 as the unit length. In this way, the thermodynamic limit can be taken

as N,, — oo, where a regular sphere is recovered. Hereafter we take the radius of the sphere
R=+/N,
4.2. Density Operator

Having constructed the single-particle states, we then consider the interacting many-body

Hamiltonian. The simplest building block is the density operator, 7. e., local fermion bilinear

ny (r) = ¢,’[, (0)M 7 pp (). (4.10)

Here, the matrix insertion J puts the density operators in a certain representation of the flavour
symmetry. E. g., for a 2-flavour system, J can be taken as the Pauli matrices I, 6%, 6%, 6° ; for
a system with N, flavours in the fundamental representation of SU(XV,) flavour symmetry, one

can put ny; in the singlet or adjoint representation

ns(r) =l (r)p*(r)
n (1) = Pl (r) — L0, 9l (r)ye (r). (4.11)
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Like the fermion operator, the density operator can also be expressed in the orbital space

/I’ZM(I') - Z Iflm(ﬁ)n]ll,lm' (412>

Im

Conversely,

1
nM,lm:RQ/dZPYZm(n)nM(P)

N $) /a 1 O w6 n
- / d* ¥y, (1) <R Z Ys(m)l (n)clz1f1>Mf1f2 <R Z Ys(m)z (n)cm1f2>

mq mo

1 s
- ? Z CIzlfl Mfl fo le fo / i Ylm(n) Ifém1 (l’l) Ys(mz (n)

myqmgo

1
_ T
T R Z 07711}"1Mf1f20m—m17f2

mq

204+1( L s s l
X (1) 2m @s 4 1)y S . (4.13)
L - my —my +m)\0 —ss
Here, we have used the properties of the monopole spherical harmonics [138, 139]
lm _ ( 1)8+mY(—2 (414&)
/ d2n Yfé Zm - (Sll/amm/ (414b>
d2n Y61 y ) yrlss) (2L + 121+ 1)l +1) ly ly g Lyl
lymy = lgmg ngg A7 )
My Mg Mg |\ —81 —Sg — 53
(4.14¢)

where (: : .)isthe 37-symbol [140], and we denote the common spherical harmonics by Yl;?

Y,,,- In this way, we have fully expressed the density operator in terms of the operators in the

orbital space c(T;

4.3. Density-Density Interaction

The most straightforward way to construct an interaction term is to add a density-density

interaction with a potential function”

H, = / 0121'1 d21'2 U(lry —ro|)ng (ry)ny (ry). (4.19)

"Computationally, this is not the simplest construction and we will present the simpler construction in terms of

pseudo-potentials in the next section.
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The interacting potentials can be expanded in terms of the Legendre polynomials
470,
Umw—wamw—;mlﬁmmmw, (4.16)
where the cordial distance r{g =r; —ry and |ry5| = 2R sin 0,,/2. Conversely
F . 20+1
U= / sin 0y5d0;9 TU(|1’12|)P1(COS 012)- (4.17)
Specifically, for local and super-local interactions

Ulryal) = god(ry) U= 321+ 1)

U(ltys]) = g, V28(ry5), 0y = =211+ 120+ 1. (4.18)
Here we make use of the conversion relations

1.
or) = ﬁé(n), VZ = ?VE
for r = Rf. By expanding the density operators into the orbital space and completing the

integrals,

47TR Ul ¥
Hint - % 9l 4+ 1 Ny lmnM Im* (419>

With these ingredients, we can now consider how to construct models. This comes down to
matching the symmetry and phase diagram. E. g., for the Ising model [1], the Z, global sym-
metry is realised as the exchange of the two flavours 4,(r) < 9(r). We need a phase diagram
with a paramagnetic (PM) phase where the Zsy symmetry is conserved and a ferromagnetic
(FM) phase where the Zy symmetry is spontaneously broken. The PM phase is favoured by a

polarising term that resembles a transverse field

—h / d2rn,(r)

and the FM phase where either of the two flavours is fully filled is favoured by a repulsion

between the two flavours
/ d®ry d®ry U(|ryg)n(r)n(rg),

where the density operators are defined as

n,(r) = I, (r) + 9T P (), ny () =PIy, (0),  ny(r) =yl (), (),
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and the potentials can be most conveniently taken as a combination of local and super-local

interactions. Altogether, the model Hamiltonian reads

Hint:/dzr1 dry U(|r12|)n1(r1)nl(r2)—h/ d2rn,(r). (4.20)

By tuning the ratio between & and U(|r|), a phase transition described by the Ising CFT is

realised.

4.4. Interaction in Terms of Pseudo-Potentials

Another way that is computationally more convenient to construct the four-fermion inter-
action terms is through Haldane pseudo-potential [63, 141]. To explain the idea, we take the
3D Ising model as an example. We first classify all the fermion bilinears 4,, r ..o o€y £y Cmofs -

To simplify the discussion, we can take a specific flavour index 1, The fermion

mqmg Cmq1Cmgl
bilinears can be classified into irreducible representations (irreps) of SO(3) rotation symmetry.
Since ¢,, ¢ carries the spin-s representation, the spin of its bilinear ranges from 0 to 2s and takes
integer values. The spin-(2s — [) combination reads

Alm = Z<8m1a s(m — m1)|(2s - l)m>cmﬁcm—mll’ (4.21)

my
where m = —(2s — (), ..., (2s — [), and the Clebshbar-Gordan coefficients [140] is related to

the 3j-symbol by

I 1y 1

(Iymy, lymg|lm) = (—1)~+e—my/2] 1 1 (4.22)

My Mg —m

A four-fermion interaction term is formed by contracting these pairing operators with its con-
jugate

H= ZZ: UH, H =) AlA,. (4.23)

Putting these together, the interaction Hamiltonian can be expressed as

— l oo T
H = Z Uloml1n2m3m4cmlTcmzlcmg,l(‘,m‘ﬂ —h Z(CmTle + h. C')v (424>
m

l,mqmgmgmy

where the matrix elements are

cl =9

mymomgmy m1+mz,m3+m4<sm1’ SMg |(28 - l)(ml + m2)><(28 _ l)(m?, -+ m4)|8m3> Sm4>-

(4.25)
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The coupling strengths U, of the spin-(2s—1) channel are called the Haldane pseudo-potentials.

We also need to consider the constraint that the two fermions must be anti-symmetrised :
for even [, the orbital index is symmetrised, so the spin index must be anti-symmetrised, so
the two fermions form a spin-singlet which is invariant under the SU(2) transformation ; for
odd /, the orbital index is anti-symmetrised, so the spin index is symmetrised, breaking the
flavour symmetry from SU(2) to Zs. Hence, an odd-/ pseudo-potential must be added (This
fact escapes the construction by density-density interaction).

The fermion bilinears with other flavour configurations 4,, ,,, (¢ =+, Cmy) CAN be

m11Cmg1
analysed in a similar way. After that, we have enumerated all possible four-fermion interaction
terms.

Each pseudo-potential corresponds to a profile of interaction potential functions. The con-
version between the pseudo-potentials U, and the Legendre expansion coefficients of the poten-
tial function U,

Uﬂmﬂ%=%3@ﬂ@%9m) (4.26)
is §

, (4.27)

2s—1s s s ks

U=, U(—1)(2s+ 1)
k

ssl\—s0s

where {:: .} is the 6j-symbol. Specifically, a local interaction d(ry5) contains only pseudo-
potential Uy ; a superlocal interaction of form (V2)!d(rs) contains Uy, Uy, ..., U,. Here we

explicitly give the expressions for the lowest pseudo-potentials

o _ (2s+ 1)2
U([ryg]) = d(ry0), Uo= "4y
- o s(@s+ 1)2 - s(2s+ 1)2
U(lriz]) = V2o(ry3), Uo=—"401 Ui==1 1 (4.28)

More details are given in Ref. [15]. We also note that the construction for interaction Hamilto-
nian for LLL with pseudo-potentials is not restricted to sphere. E. g., on a torus, the inter-
action can also be parametrise by pseudo-potentials [142—144]. More details are presented in
Appendix B.

For systems with more complicated continuous flavour symmetries, classification in terms

of representation of flavour symmetry must also be considered, and the indices must be overall
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anti-symmetrised. We explain that through the example of a 2N-flavour system with Sp(V)
symmetry [16]. The maximal flavour symmetry is SU(2/N), so interactions must be added to

break the symmetry from SU(2N) to Sp(N). The fermion operators ¢,,, live in the Sp(V)

ma

fundamental representation, where a is the Sp(V) index. We shall show that all the allowed

terms are
— l T
H= Z Ulcmlm27n3WL4cmlacmzbcwlgbcrn4a
I€Z
mqmomgny
. Ve Qo Ly ! (4.29)
) 1~ mymgomgmy “aa’ bb/leacmza’c7113b/crn4b' .
€27

Mmqmomgniy

0 Iy

—Iy O
To find out all the four-fermion interactions allowed by the rotation symmetry SO(3) and

where Q =

flavour symmetry Sp(N), we classify all the fermion bilinears ¢ into irreps of SO(3) X

myaCmgb
Sp(N). For each irrep, by contracting the bilinear with its Hermitian conjugate, we obtain an
allowed four-fermion interaction term. Each fermion carries SO(3) spin-s and Sp(V) funda-
mental. For the rotation symmetry SO(3), the bilinears can carry spin-(2s — [)(l = 0, ..., 2s)
represetation ; for even /, the orbital indices are symmetrised ; for odd /, the orbital indices are
anti-symmetrised. For the flavour symmetry Sp(V), the bilinears can carry singlet S, traceless
anti-symmetric rank-2 tensor 4 and symmetric rank-2 tensor 7' representation ; for S and 4,
the flavour indices are anti-symmetrised ; for 7', the flavour indices are symmetrised. As the
two fermions altogether should be anti-symmetrised, the allowed combinations are
1. Sp(N) singlet and SO(3) spin-(2s — /) with even /, the bilinears are
A, = Z (smq, smy|(25 — l)m)Qc(;/c,nlcc7n26/6,wnl+,nz. (4.30)

myqmo

The corresponding interaction term Hg;, = 3, A;mAlm is the even-/ pseudo-potential for the
V -term.

2. Sp(N) anti-symmetric and SO(3) spin-(2s — [) with even [, the bilinears are

— 1
Alm,[ab] - Z <8m1’8m2|(28 - l)m>(cmlacmzb  CmybCmga — NQachc’lec’ angc)§7n,7n1 “+mg

mqmo
(4.31)
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The corresponding interaction term H, ; = 3, A;rm (ab)Bim,[ap) 18 the even-/ pseudo-potential for
the U-term.
3. Sp(N) symmetric and SO(3) spin-(2s — /) with odd /, the bilinears are
Alm,(ab) - Z <Sm178m2|(2‘9 _ l>m><cmlacmzb + lebcmza)am,m1+m2' (432>
myqmg

The corresponding interaction term Hy ; = 3, A;rm (ab)Dim,(ap) 18 the odd-/ pseudo-potential for

the U-term.
In summary, by classifying all the bilinears, we show that all allowed interactions are the

U, terms with both even and odd /, and the V/; terms with only even /.

4.5. Operator Spectrum and Search for Conformal Point

Having introduced the construction of an interacting model on the fuzzy sphere, we now
turn to the verification of the conformal symmetry and the extraction of the CFT data. The most
straightforward approach is to extract the scaling dimensions from the energy spectrum through
the state-operator correspondence. Specifically, there is a one-to-one correspondence between
the eigenstates of the Hamiltonian and the CFT operators. The state and its corresponding
operator has the same SO(3) spin and representation under flavour symmetry, and the excitation
energy of a state |P) is proportional to the scaling dimension of the corresponding operator Ag

v

E‘I)_EOZR

Ag, (4.33)

where E is the ground state energy, R is the radius of the sphere (here we take R = \/TW),
and » is a model-dependent speed of light. The constant /R can be determined through a
calibration process, 7. e. comparing the spectrum to some known properties of a CFT spectrum.
The criteria to determine the conformal symmetry include

1. The existence of a conserved stress tensor 7%”. The stress tensor is the symmetry cur-
rent of the translation transformation. It is known to be a singlet under the flavour symmetry,
have spin-2 under SO(3) rotation and scaling dimension exactly Apuw = 3.

2. The existence of a conserved flavour symmetry current J* if there is a continuous fla-
vour symmetry. The symmetry current typically lives in the anti-symmetric rank-2 tensor rep-

resentation of the flavour symmetry. E. g., if the flavour symmetry is U(1), then the symmetry
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current has charge-0 ; if the flavour symmetry is O(3), then the symmetry current has spin-1
and is odd under the improper Zy transformation ; if the flavour symmetry is O(n) (n > 4) or
SU(n) (n > 3), then the symmetry current lives in the anti-symmetric rank-2 tensor repres-
entation.

3. The organisation of the operator spectrum into conformal multiplets. All the levels in
the spectrum of a CFT can be organised into the conformal primaries and their descendants.
The descendants live in the same representation under the flavour symmetry as the primary,
and the difference between the scaling dimensions of a primary and its descendant is an integer.

Specifically, for a scalar primary @, its descendants have the form®
0"t gtz ., 91D — (trace) (n,l=0,1,2,...)
with SO(3) spin-/ and scaling dimension
A=Ay +2n+1,

where L = d,d". For a spinning primary @“1--#s, its descendants have two forms :

O"g"r ... 8””18p1 8/016(1)/’1"'/”1«”1"'”8716 (k=0,...,8, n,m=0,1,...)
with scaling dimension and SO(3) spin

A=Ay +Fk+m—+2n, [ =s—Fk—+ m,

and

09" ...9"nd,, ...,

6 v N7/ A R N
€007 PP Al (k

0,....s—1, n,m=0,1,...)
with
A=Ay +k+m—+2n+1, l=s—k—+m.

For the second form, the fully anti-symmetric tensor e alters the parity. For conserved currents

only m = 0 descendants exist due to the conservation d, @1 = 0.

8Hereafter, we will presume the subtraction of trace and omit the terms.
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The most convenient way of determining the coefficient »/R is by utilising criteria 1 or 2 :

2 _ ET;LJ} _EO or EJH _EO

7 . 5 (4.34)

Alternatively, one can define a cost function that depends on the tuning parameter and the
speed of light and compares the scaling dimensions obtained from the fuzzy sphere and the
prediction by conformal symmetry. E. g., for the Ising CFT, the tuning parameters are the
pseudo-potentials {U,} and the transverse field #. The criteria for conformal symmetry we use
include the stress tensor 77“” and the descendants 0“e, 00", Oo, d%c. The cost function is
the root-mean-square of the deviations of these criteria from the expectation of the conformal

symmetry

1
Q*({U;}, hyv; N,,) = 7 [(A(jﬁﬁ) 32 ¢ (Afﬁ? AT 2

+(Afugry — ATV — 1)2 4 (AEY — AT — 1) + A% — APV —1)?] (4.35)

where N, = 5 is the number of criteria, the scaling dimension of an operator @ on the fuzzy

sphere is determined as
Lo — Ey

R (4.36)

ASY (UL, by o3 N,,) =

The optimal conformal point and calibrator are determined by minimising this cost function for
each system size NV,,. Note that this optimal point depends on the system size. In order to do
finite-size scaling, if the CF'T describes a phase transition, one could fix all but one parameters at
the optimal point in the largest accessible system size and tune the last parameter to determine

the critical point through a finite-size scaling.

4.6. Local Observables

We have introduced how to determine the scaling dimensions from the energy spectrum.
Beyond that, evaluating other CF'T quantities requires realising local CFT operators on the
fuzzy sphere. Any gapless local observables &'(r) on the fuzzy sphere can be written as the

linear combination of CF'T operators that live in the same representation of flavour symmetry
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and parity? [2]
o, 1) =Y 2, (r, 7). (4.37)

Here special care should be taken for the CF'T operator <I)((fyl‘)(r, 7) on the cylinder. A conformal
transformation produces a scale factor A(r)®® to a primary operator ®. The scale factor is
A(r) = r/R for the Weyl transformation from the flat space-time to the cylinder. Hence,'°

/R
R

€

Ap,
q>g°Y‘->(r,r)=< > ® (). (4.38)

For descendants, certain other factors may be produced, but the conversion factors still scale
with the radius of the sphere as R~ where A is the scaling dimension of the descendants. For
simplicity, hereafter we focus on the equal-time correlators with ¢ = 0, for which CDE{CYI')(P) =
R @, pfiat (z). The operator with larger system size decays faster when increasing system
size.

The simplest local observable is the density operator defined in Eq. (4.10), and its decom-
position into angular modes is given in Eqs. (4.12) and (4.13). From the CFT perspective,
the density operators are the superpositions of scaling operators with corresponding quantum
numbers, 7. e. with the same representation under flavour symmetry and parity.

Take the Ising model as an example. Consider the density operators »* and »* with mat-
rix insertion M/ = ¢*,6°. In the leading order, they can be used as UV realisations of CF'T

operators ¢ and e.

nx(l') == A‘O -+ /166(1') -+ /13#63”6(1') -+ lT‘uw TW’(I') -+ ... €pg =

1 () = A 6(F) + Agugd e(r) - Agugn 049”6 (r) + ... Opg = — + ... (4.39)

where the coefficients 1, 1,, 4,, ... are model-dependent and need to be determined, and all the

operators on the right-hand side are defined on the cylinder.

9The realisation of CFT operators in the microscopic model has been investigated in more detail in 2D in

Ref. [145].

10We need to clarify some of the notations : & represents an operator in the microscopic model, and @ represents
a CFT operator ; the arguments ®(r) or ®@(r, 7) by default mean the operator is defined on a cylinder, and ®(x) by

default on flat space-time.
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We first consider the insertion of a single operator (@ |®Py(r)|P5). It helps us produce the

OPE coefficients. For the simplest example of three scalars,
. —2Ap, (flat)
[o,0505 = 1M 700 1Py (20) P (2)P3(0)) a) = (Py| Py ™ (2)[Ps) (4.40)

where z, is a point on the sphere with radius ., = is a point on the unit sphere, the states are

obtained from acting the operator at the origin point on the vacuum state
|@3) = ©3(0)]0) (4.41)
and its Hermitian conjugate is defined as
T _ o 2hey _ T
Py (00) = (@1(0)" = lim 700 Py (x0), (] = (0[P} (c0). (4.42)

After the Weyl transformation from the flat space-time to the cylinder, we obtain the expression

on the fuzzy sphere
fo,aym, = B2 (D5 (1)]Dy). (4.43)
The UV realisation of @, contains many other operators with different spins. By integrating

the correlation function against different spherical harmonics, i. e. take the angular modes of

the operator inserted

[T @@, 0,00 = (@0, , ), (4.44)

we can filter out the sub-leading contributions with different spins. For the spinning operators,
this also tells us about different OPE structures. By taking ®3 = I, we can recover the 2-pt

functions

(P | Py 0l0) = R—%2

Dy (1)|0) = R~P2 [ |Dy) + 4,(1)[04Dy) + A" (1)|[ODy) + A7, (1)[340"Dy) . (4.45)

It is worth noting that acting a primary ®,(r) on the vacuum also produces various descendants
in the multiplet.
In the example of Ising CF'T, we first use the insertion of a single operator to determine

the coefficients 1¢, 4., 4,

1 . RAF . RA(; .
Ao = 7m<0|”00|0>’ A= E@Woom% Ay = 7ﬂ<5|noo|o>- (4.46)
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Take the OPE coefficient f,,, as an example. It can be expressed either as an inner product of

oore
_pA, _ (elngolo) 7
— RA‘<6|€(1‘)|6> _ <6|7’&(x)0|(7> _ <0|n60|0> + ﬁ(R_(?’_AE>)_ (447>
(elngol0)

For the first line, the sub-leading contribution comes from the contribution of the descendant

Oo to n5o. As o(r) scales as R—% and Oo(r) as R4 2,

(e[ngylo) = focheB 2 (1 +c;R72 4 ...)

(e|ngylo) = A,R2(1 + ¢/ R™2 + ...)

<€|"60|6>

— —2

Here ¢, and ¢{ are constant factors that represent the contribution of (e and do not scale with
system size. Hence, the sub-leading contribution scales as R—2. For the second line, the sub-
leading contribution comes from the stress tensor 77*”. Similarly, the power of the scaling is
the difference of the scaling dimension R—(Arw—4) — R—B—4),

‘We then proceed to the insertion of two operators. This can help us determine up to a 4-pt
function [3]. Through conformal transformation, any 4-pt function can be expressed in the
form of
Ap,7/R

e

(eyl.) (eyl) s _
(@ |Dy" (r, 1) Dy (2)|Dy) = m

(D] (00) Dy (2) D3(2)P4(0)), (4.49)
where the time-displaced operator can be defined as
Dy (r,7) = e HTDy(r)e!". (4.50)

As a sanity check, By taking ®; = ®, =1I, &, = @4 and v = 0, the 2-pt function on the unit

sphere is recovered

(0] DY (1) DS (2)|0) = R™24P2 (D (1) Dy ()

1 1
prm— — . 4.51
R%A@; [r — Z|2A¢’2 R%A@; (1 — cos G)A‘I’? ( )
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4.7. Conformal Generators

So far, in the conformal group, we know that the rotation and the dilatation are manifest
on the fuzzy sphere. The rest, viz. translation and SCT, are emergent. In this section, we con-
sider how to express the generators of these emergent symmetries in terms of the microscopic
operators [14, 15].

A general Noether current and corresponding generator of the infinitesimal space-time

transformation a2 — xz + e!(x) can be expressed in terms of the stress tensor

@) = e @T @), Q, — / N (4.52)
%

where for the second equation, the integral is evaluated on a closed surface X. Specifically, for

the generators P*, K" of translation and SCT in the embedded sphere
Pt = / d2r (T +iT%),
Kt = / d2r (rT0y — T ). (4.53)

Hence, the conformal generator A = P* 4 K" is the [ = 1 component of the Hamiltonian

density # = TO,!!
16 9 &
A,=P,+K, = = d°r Y,,,(n)2(r). (4.54)

By acting it on the states, the number of derivatives is increased or decreased by 1, e. g., for a
primary @
A¥| D) = const. X |0 D)
A”|8H<ID> = const. X |®P) + const. X |d*3” D) + const. X |OP). (4.55)
The derivation of the expression and the constant factors are calculated and given in Refs. [14,
15].
We then need to find the expression for the Hamiltonian density. £. g., for the Ising model,

it is the local density operator and density-density interactions with some full derivatives

A () =n, (9o + 91 V%) n, — hn, + gp 1V, + gp 2 V202 + ..., (4.56)

"Here the indices ¢ and m are two equivalent way to express the components
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where gp, ; are undetermined constants that does not affect the Hamiltonian H = [ d2r 7. We
have only listed a few examples of the allowed full derivatives.

To determine those constants, we consider another strategy by considering all the possible
two-fermion and four-fermion operators that are singlet under flavour symmetry and spin-1
under SO(3). We consider the example of Ising CFT. The two-fermion terms include the density

operators

0
1m*

ni,, and n
Similar to what we have done for Hamiltonian, the four-fermion operators can be obtained by
combining the fermion bilinears A,,, defined in Eq. (4.21)
X UipAL Ay (25 — L )my, (25 — L) (—mg)|1m) (4.57)
lylogmymg
For [, € 27, the spin index in the pairing operator is anti-symmetrised ; For /; € 2Z + 1, the

spin index in the pairing operator is symmetrised. Therefore, [; —l5 € 27Z for non-zero results.

And since |l; — ly| < 1, we conclude [; = l5. so

. 2s —12s—1 1 -
Am - Z UlA;nlAlmz + hn?m + (dn?m (458>
Imymg —my mey m
Here, UZ, 7&, @ are tuning parameters.
After obtaining A* = P* + K", the separate P* and K" can be obtained by considering

the commutator with the dilatation generator D, which is proportional to the Hamiltonian. As

[D,P*] = P* and [D, K"] = —K*,
Pt = JA* + L[D, A¥]

K¢ = LAv — 1[D, A"]. (4.59)

5. Numerical Methods

In this section, we briefly review the numerical methods supported in FuzzifiED. The nu-
merical methods that have been applied to the fuzzy sphere include exact diagonalisation (ED),
density matrix renormalisation group (DMRG) and determinant quantum Monte Carlo (DQMC).
Among these, ED and DMRG have been implemented in FuzzifiED.
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5.1. Exact Diagonalisation (ED)

Exact diagonalisation (ED) might be the most straightforward method for solving a quantum
many-body Hamiltonian. In ED, one constructs a many-body basis and writes down all the
non-zero elements of the Hamiltonian as a sparse matrix on this basis. The eigenstates of
the Hamiltonian with the lowest energy can be solved without finding the full eigensystem by
Arnoldi or Lanczos algorithm.

Briefly speaking, the Arnoldi algorithm [146] is an iterative method. Each iteration con-
structs an orthonormal basis of the Krylov subspace from an initial vector and finds an approx-
imation to the eigenvector on that basis. This approximate eigenvector is then used as the initial
vector for the next iteration. An example of Krylov subspace is spanned by acting the matrix

H repeatedly on the initial vector |)
J(H, i) = span {[i), H|i), H?[), ..., H' "' [i)] . (5.1)

The ED calculation can be optimised in several ways. The storage of the Hamiltonian mat-
rix may be compressed by data structure tailored for sparse matrix such as compressed sparse
column (CSC). The Hamiltonian matrix is usually block diagonal due to the symmetry of the
Hamiltonian. The Hilbert space is divided into several sectors that carry different representa-
tions under the symmetry, and acting the Hamiltonian on a state in a sector results in a state in
the same sector. E. g., in the ED calculation for the Ising model on the fuzzy sphere, the sym-
metries we can use include two U(1) symmetries, viz. the conservation of particle number and
the angular momentum in the z-direction, and three Zy symmetries, viz. the Ising Zy flavour
symmetry, the particle-hole symmetry and the m-rotation along the y-axis!?

The ED method enjoys several advantages, including (1) the full knowledge of the eigen-
state wave-function and (2) the ability to access relatively high excited states. However, despite
these optimisations, the dimension of the Hilbert space scales exponentially with the number of
orbitals. This results in exponentially growing space and time complexity. E. g., for the Ising
model on the fuzzy sphere, for N,, = 14, the dimension of Hilbert space dim 2# = 1.8 x 10°

and the number of elements in the Hamiltonian is N, = 1.1 X 107 ; for N,, = 16, the numbers

1280 far, FuzzifiED only supports U(1) and Z, symmetries.
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have already grown to dim 7 = 2.2 X 105 and N,, = 2.1 X 108, which translates to a memory
demand of 3.1 gigabytes.
In FuzzifiED, we use the Fortran library Arpack [147] to perform the Arnoldi algorithm.

5.2. Density Matrix Renormalisation Group (DMRG)

To overcome the size limit of ED, the density matrix renormalisation group (DMRG) is a
powerful method to calculate the ground state of a quasi-one-dimensional system. It was first
invented by White [148] as an improvement to the numerical renormalisation group (NRG)
used in the Kondo problem. Since its proposal, it has been proven potent in various prob-
lems in condensed-matter physics, such as the static and dynamic properties of one-dimensional
models such as the Heisenberg, {—J and Hubbard models [149]. Later, Schollwick has dis-
covered a new point of view that implements the DMRG in the language of matrix product states
(MPS) [150].

Briefly speaking, in this language, DMRG is a variational method that optimises the fidelity
between the exact ground state and the variational MPS. During each “sweep,” DMRG solves a
local eigenvalue problem for the active tensors to improve the approximation. To find the excited
states, one needs to add projection [0)(0| of the ground state |0) to the Hamiltonian by hand.

Although the fuzzy sphere deals with (2 + 1)-dimensional quantum systems, the basis of
the lowest Landau level provides a natural way to express it as a quasi-1D problem. Therefore,
DMRG has been a powerful numerical method for the fuzzy sphere. However, like other (2+4-1)D
models, the DMRG on the fuzzy sphere also suffers from the divergence of the required maximal
bond dimension with system size. One should thus be careful with the convergence of the results
when doing DMRG.

In FuzzifiED, we use the ITensor library [35] in Julia to perform the DMRG calculations.
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Part II.

Numerical Calculation with FuzzifiED

6. Installation and Usage

The package FuzzifiED is implemented in the Julia language [36].'® Some useful links are
given in Table 1. To install the package, enter julia to enter the Julia REPL (read-eval-print

loop), and then run the following command.

using Pkg ; Pkg.add("FuzzifiED")

To use the package, include at the head of the Julia seript.
using FuzzifiED

Un"

To obtain the documentation for an interface, type followed by the keyword in the Julia

REPL, e. g. “?Confs.”

Installation for Julia https://julialang.org/downloads

Homepage https://www.fuzzified.world

Documentation https://docs.fuzzified.world

Julia source code https://github.com/FuzzifiED /FuzzifiED.jl

JLL wrapper https://github.com/FuzzifiED/FuzzifiED_jll.jl
Fortran source code https://github.com/FuzzifiED /FuzzifiED_Fortran
Registry of the package | https://juliahub.com/ui/Packages/General/FuzzifiED

Table 1. Some useful links.

3The most intensive core functionalities are written in Fortran and wrapped by Julia interfaces, but the users

are not required to have any interaction with or knowledge of the Fortran part of the source code.
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7. [Exact Diagonalisation

In this section, we briefly describe the procedure for exact diagonalisation (ED) calculation
and give an instruction for using FuzzifiED for ED.

Practically, the ED calculation can be divided into four steps, which will be described in
detail in the following sections :

1. To construct a many-body basis that respects a given set of quantum numbers (Sec-
tions 7.2 and 7.3). Specifically, in FuzzifiED we support quantum numbers of commuting U(1)
or discrete Z, symmetries.

2. To construct the sparse matrix corresponding to the Hamiltonian on the basis above (Sec-
tions 7.4 and 7.5).

3. To find the lowest eigenstates of the sparse matrix and their corresponding eigenener-
gies (Section 7.6).

4. 'To make measurements on the eigenstates (Sections 7.7, 7.8 and 7.9). This includes
the total angular momentum, density operators, entanglement, efc.

To demonstrate the usage of FuzzifiED interfaces, in this section, we use an example that
calculates the eigenstates for the Ising model on the fuzzy sphere. Specifically, it

1. calculates the lowest eigenstates in the symmetry sector 7 = 0 and (¥, 2%, %) =
(+,+,+),

2. measures their total angular momenta, and

3. calcultes the OPE coefficient £, = (6|ngyle)/(c]n{|0).

The full code is collected in Appendices C.1 and C.2.

7.1. Set-up

Before starting the calculation, we need to input the set-up for the system, including the
number of flavours Ny, orbitals V,, and sites N,. Here we specify some of our notations.

* A “flavour” is labelled by /. The number of flavours is N.

* An “orbital” is specified by the magnetic quantum number labelled by m. The number

of orbitals is V,, = 2s + 1.
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+ A “site” is specified by both the flavour and the orbital index 0 = (f, m). The number
of sites is N, = N, N,. In practice, we label the sites with an integer from 1 to N,. We store
the sites in an ascending order of first m and then /' : 0 = (m + s)N, + f.

In the example of the Ising model with s = 5.5,

nm = 12
nf = 2
no = nm * nf

FuzzifiED also provides three environment parameters :

*  FuzzifiED.ElementType — the type of the matrix elements by default, either Float64
or ComplexF64.

*  FuzzifiED.NumThreads — an integer to define how many threads OpenMP uses by
default.

*  FuzzifiED.SilentStd — a bool that determines whether logs of the FuzzifiED should
be turned off by default.

7.2. Construeting the Configurations

The first step for the ED calculation is to construct the basis that respects the symmetries
of the Hamiltonian. This is divided into two procedures : (1) to generate the “configurations”
that carry the diagonal quantum numbers, and (2) to generate the “basis” that also carries the
off-diagonal quantum numbers (under discrete transformations). The “configurations” are the
collection of states that can be written as direct products of occupied |1) or empty |0) on each
site and carry certain diagonal quantum numbers (QNDiag).

The QNDiags supported by FuzzifiED are the charges of U(1) or Z, symmetry in the form
of

Q= Z 9Ny U(1) symmetry
Q= Z q,m, mod p, Z,, symmetry, (7.1)

where n, = ¢] ¢, is the particle number on each site, and g, is the charge that each site carries.
FuzzifiED restricts ¢, to be integer-valued. In FuzzifiED, the QNDiags are recorded in the
mutable type QNDiag.
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QNDiag — Type

The type contains the fields

*  name :: String — the name of the diagonal quantum number.'*

* charge :: Vector{Int64} — the symmetry charge ¢, of each site.

*  modul :: Vector{Int64} — the modulus p, set to 1 for U(1) QNDiags.
and can be initialised by the method

QNDiag([name :: String, Jcharge :: Vector{Int64}[, modul :: Int64])

where the arguments in the brackets are facultative.

Several useful QNDiags are built-in'®

*  GetNeQNDiag(no) — the number of electrons ;

*  GetLz2QNDiag(nm, nf) — twice the angular momentum 27, ;

* GetFlavQNDiag(nm, nf, qf[, id, modul]) — alinear combination of number of elec-
trons in each flavour @ = X, ¢,n/, where {g,} is stored in qf in the format of either an array
or a dictionary.'6

* GetZnfChargeQNDiag(nm, nf) —a ZN/-charge Q= E]f\.ll(f — 1)nf mod Nf.

*  GetPinOrbQNDiag(no, pin_o[, id]) — the number of electrons in the subset of sites
pin_o. This QNDiag is useful for defects and boundaries.

The collection of configurations is generated from the QNDiags. It is recorded in the mut-

able type Confs.

Confs — Type

The mutable type contains the fields

* no :: Int64 — the number of sites.
* ncf :: Int64 — the number of configurations.
* conf :: Vector{Int64} — an array of length ncf containing all the configurations.

!4The name is only needed for conversion into quantum numbers in [Tensor.
5For a more detailed description of the interfaces, refer to the documentation at https://does.fuzzified.world.
YE. g., for Q = n;_y —n,_g in a 4-flavour system, both qf = [1, 0, -1, 0] and gf = Dict(1 => 1, 3

=> -1) are acceptable.
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* nor :: Int64, 1id :: Vector{Int64} and rid :: Vector{Int64} contain the in-
formation of Lin table that is used to inversely look up the index from the configuration.

and can be constructed by the method

Confs(no :: Int64, secd :: Vector{Int64}, gnd :: Vector{QNDiag})

where gnd is the array of QNDiags, and secd is the array of charges @ of each QNDiag.!”

Here, each configuration is stored as a binary number with N, bits. If the o-th site in the
configuration is occupied, the (o — 1)-th bit of the configuration is 1; if the site is empty, then
the bit is 0. Besides the storage of the configuration, we also need a reverse look-up process
that returns the index from the binary string. This is realised by a Lin table stored in 1id and
rid. The details are given in Appendix A.1.

In the example of Ising model Eq. (4.20), there are two QNDiags, viz. the particle number

and the angular momentum

Ql :Ne’ 91,mf =1

Q2 — 2LZ’ quf = 2m. (7.2)

The code for generating the configurations in the L, = 0 sector is

agnd = [

QNDiag(fill(1, no)),

QNDiag([ 2 * m - nm - 1 for m = 1 : nm for f = 1 : nf ])
1
cfs = Confs(no, [nm, 0], gnd)

Alternatively, using the built-in models,

gnd = [
GetNeQNDiag(no),
GetLz2QNDiag(nm, nf)

1
cfs = Confs(no, [nm, 0], gnd)

17Tn general, many methods in FuzzifiED admits keyword arguments num_th :: Int64 that specifies the number
of threads and disp_std :: Bool that specifies whether or not the log shall be displayed. Hereafter, we will omit

these two arguments.
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7.3. Constructing the Basis

Having constructed the configurations, we now construct the basis of the Hilbert space.
The “basis” is the collection of states that are linear combinations of the configurations carrying

certain diagonal and Z, off-diagonal quantum numbers (QNOffd).
The QNOffds supported by FuzzifiED are the Z, symmetries in the form of

Lo, — aj,‘ci,o”), el — (xoc/%_p”), (7.3)

where we use a notation ¢!’ = ¢T and ¢(® = ¢ for convenience, 7, is a permutation of the
sites 1,...N,, e, is a coefficient, and p, specified whether or not particle-hole transformation is
performed for the site. Note that one must guarantee that all these transformations commute
with each other and also commute with the diagonal quantum numbers. In FuzzifiED, the

QNOffds are recorded in the mutable type QNOffd.

oNoffd — Type

The mutable type contains the fields

* perm :: Vector{Int64} — a length-N, array that records the permutation =,.
* ph :: Vector{Int64} — a length-N, array that records p, to determine whether or
not to perform a particle-hole transformation on a site.

* fac :: Vector{ComplexF64} — a length-N,

, array that records the factor «, in the

transformation.
* cyc :: Int64 — the cycle p.

It can be initialised by the methods

QNOffd(perm :: Vector{Int64}[, ph :: Vector{Int64}][, fac :: Vector{
ComplexF64}][, cyc :: Int64])
QNOffd(perm :: Vector{Int64}, ph_q :: Bool[, fac :: Vector{ComplexF64}])

By default, ph is set to all 0, fac is set to all 1 and cyc is set to 2. If ph_q is set to be true, ph

issettoall 1.

Several useful QNOffds are built-in
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*  GetParityQNOffd(mm, nf[, permf, fac]) — the particle-hole transformation & :
c:;f = Qs with the permutation of flavours 77, and the factors «, stored in permf and fac
as either an array or a dictionary.

*  GetFlavPermQNOffd(nm, nf, permf[, fac][, cyc]) — the flavour permutation trans-
formation & : cjnf — cxfc);ﬂf, with the permutation of flavours 7, and the factors a, stored in

permf and fac as either an array or a dictionary, and the cycle stored in cyc.

*  GetRotyQNOffd(nm, nf) — the m-rotation with respect to the y-axis %’y : c;f —
__ 1 \ym+s,T
(=1)" e,y
After implementing the QNOffds, a state on the new basis should look like
|]> — li]l |?:]1> _|_ li]2 |Z.]2> _|_ _|_ lilmj |7’.Iml>7 <74>

where the |i)’s are configurations, and |7) is a linear combination of them. In other words, the
configurations are organised into groups of size m;. In FuzzifiED, the basis {|/)} is recorded in

the mutable type Basis.

Basis — Type

The mutable type contains the fields

* cfs :: Confs — the configurations {|¢)} that respect the QNDiags.

* dim :: Int64 — the dimension of the basis.

*  szz :: Int64 — the maximum size max m; of groups.

* cfgr :: Vector{Int64} — an array of length cfs.ncf and records which group |I)
each configuration |¢) belong to.

* cffac :: Vector{ComplexF64} — an array of length cfs.ncf and records the coeffi-
cients 1, of each configuration.

* grel :: Matrix{Int64} — a szzXdim matrix that records the configurations in each
group lip,) (k=1,...,my).

* grsz :: Vector{Int64} — an array of length dim that records the size m; of each
group.
It can be constructed by the methods

Basis(cfs :: Confs, secf :: Vector{ComplexF64}, gqnf :: Vector{QNOffd})
Basis(cfs :: Confs)
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where secf records the eigenvalue of each transformation, typically in the form ’274/? where

p is the cycle and ¢ is the Z, charge.

In the example of Ising model Eq. (4.20), There are three Z, symmetries, viz. the particle-
hole transformation &, the m-rotation along the y-axis #,, and the flavour (Ising) symmetry

Z

. T

P Com — 0C_gm
. T

Z: Copy C—6,m

Ry el (7.5)

The code to generate the basis in the all-positive sector is

gnf = [
QNOffd([ (m - 1) = nf + [2, 1][f] for m =1 : nm for f = 1 : nf ], true,
ComplexF64[ [-1, 1][f] for m = 1 : nm for £ =1 : nf ]),
QNOffd([ (m - 1) * nf + [2, 1][f] for m =1 : nm for £ =1 : nf ]),
QNOffd([ (nm - m) * nf + f for m = 1 : nm for £ = 1 : nf],
ComplexF64[ iseven(m) ? 1 : -1 for m = 1 : nm for £ = 1 : nf ])
1
bs = Basis(cfs, [1, 1, 1], qgnf)

Alternatively, using the built-in functions

gnf = [
GetParityQNOffd(nm, 2, [2, 1], [-1, 1]),
GetFlavPermQNOffd(nm, 2, [2, 1]),
GetRotyQNOffd(nm, 2)

1
bs = Basis(cfs, [1, 1, 1], gnf)

7.4. Recording the Many-Body Operator Terms

Having constructed the basis, we now construct the many-body operators. A general many-

body operator can be written as

o= ZUtc(p“ o2 o2, (7.6)

on Coy,
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where ¢(© = ¢ and ¢V = ¢, In FuzzifiED, this is recorded as an array of Term, and each Term

records the building block Uc(pl)co(gz) c((f;l).

01

Term — Type

The mutable type contains the fields

* coeff :: ComplexF64 — the coefficient U.

* cstr :: Vector{Int64} — alength-2/array {p{, 0, ps, 09, ... p;, 0;} recording the op-
erator string.

It can be initialised by the method

Term(coeff :: ComplexF64, cstr :: Vector{Int64})

The addition and multiplication of terms are supported, and the terms can be simplified by the

method

SimplifyTerms(tms :: Vector{Term})

After the simplification, the resulting terms satisfy

1. Each term is normal-ordered — the creation operators are in front of the annihilation
operators ; the site index of the creation operators are in ascending order and the annihilation
operators in descending order.

2. Like terms are combined, and terms with zero coefficients are removed.

In FuzzifiED, several useful operator terms are built-in :
*  GetDenIntTerms(nm, nf[, ps_pot][, mat_a[, mat_b]]) — thenormal-ordered den-

sity-density interaction term in the Hamiltonian

l A B T T
Z Ulle7”2”?3’"4Mf1f4Mf2f3cmlflszfzc’"3f3cm4f4 (7.7)
Hom;i 73
where Cfn1m2m3m4 is given in Eq. (4.25).
* GetPairIntTerms(nm, nf, ps_pot, mat_a[, mat_b]) — the normal-ordered pair-

pair interaction term in the Hamiltonian

l A B .t T
Z{Zf } UiChnymamma My 1y Mg 1, €y 1 Cm o Omafa Cmafy (7.8)
m; [y
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*  GetPolTerms(nm, nf[, mat]) — the polarisation term in the Hamiltonian

+
Z Cmf1Mf1fzcmf2' (7.9)
mf1fe

*  GetL2Terms(nm, nf) — the total angular momentum.

* GetC2Terms(nm, nf, mat_gen[, mat_tr]) — the quadratic Casimir

T . + .
(Cmfl G;‘l fo Cmf2 )(Cm/fg (G;3f4 )Tcm’f4)

— (trace 7.10
oG (trace) (7.10)

Co= )

imm/ {f;}

where GG are the generator matrices.

In the example of the Ising model, the code that records the Hamiltonian Eq. (4.20) is

using WignerSymbols
ps_pot = [ 4.75, 1.0 ] * 2.
h = 3.16
tms_hmt = Term[ ]
m = zeros(Int64, 4)
for m[1] =0 : nm - 1, m[2] =0 : nm - 1, m[3] =0 : nm - 1
m[4] = m[1] + m[2] - m[3]
(m[4] < 0 || m[4] >= nm) && continue
f=1[0, 1, 1, 0]
o=m .xnf .+ f .+ 1

mr =m .- S

val = ComplexF64(0)
for 1 in eachindex(ps_pot)
(abs(mr[1] + mr[2]) > nm - 1 || abs(mr[3] + mr[4]) > nm - 1) && break
val += ps_pot[l] * (2 * nm - 2 *x 1 + 1) * wigner3j(s, s, nm - 1, mr
[1], mr[2], -mr[1] - mr[2]) * wigner3j(s, s, nm - 1, mr[4], mr[3],
-mr[3] - mr[4])
end
tms_hmt += Terms(val, [1, o[1], 1, o[2], O, o[3], O, o[4]])
end
form =0 : nm - 1
o=mx* nf .+ [1, 2]
tms_hmt += Terms(-h, [1, o[1], O, o[2]])
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tms_hmt += Terms(-h, [1, o[2], O, o[1]])

end

Alternatively, using the built-in functions

sgl =[10; 00 ]

sg2 [60;01]

sgx = [ 01 ;10]

sgz = [ 10 ;0 -1 ]

ps_pot = [ 4.75, 1.0 ] * 2.0
fld_h = 3.16

tms_hmt = SimplifyTerms(

GetDenIntTerms(nm, nf, ps_pot, sgl, sg2)
- fld_h * GetPolTerms(nm, 2, sgx)
)

We also need to construct the total angular momentum. It is defined as
L? =LTL~ + (I7)? — L~ (7.11)

As ¢, carries the SO(3) spin-s representation,

L7 = ;mcﬁ;cm, L* = Zf:x/(@ m)(s =m~+1)ef e, (7.12)

We can first construct its building blocks and use the addition and multiplication of the terms

tms_1lz = [ Term(m - s - 1, [1, (m - 1) * nf + f, O, (m - 1) * nf + f]) for m
=1 :nm for f =1 : nf ]
tms_1lp = [ Term(sqrt((nm - m) * m), [1, m * nf + £, O, (m - 1) * nf + f])
form =1 : nm - 1 for £ =1 : nf ]
tms_1m = tms_1p'
tms_12 = SimplifyTerms(tms_1lz * tms_lz - tms_lz + tms_lp * tms_1lm)

Alternatively, using the built-in functions,

tms_12 = GetL2Terms(nm, nf)

7.5. Generating Sparse Matrix

Having obtained the terms in the many-body operator, we need to generate the matrix

elements given the initial and final basis and find their eigenstates.

—bHh1 —



In FuzzifiED, the mutable type Operator records the terms together with information about

its symmetry, the basis of the state it acts on, and the basis of the resulting state.

Operator — Type

The type can be initialised with the method

Operator(bsd :: Basis[, bsf :: Basis], terms :: Vector{Term} ; red _q ::
Int64, sym_q :: Int64)

where the arguments

* bsd :: Basis — the basis of the initial state.

*  bsf :: Basis — the basis of the final state. Facultative, the same as bsd by default.

* terms :: Vector{Term} — the terms.

* red_g :: Int64 — aflag that records whether or not the conversion to a sparse matrix
can be simplified : if bsd and bsf have exactly the same set of quantum numbers, and the
operator fully respects the symmetries, then red_q = 1 ; otherwise red_q = 0 ; Facultative, if
bsf is omitted, 1 by default, otherwise O by default.

* sym_q :: Int64 — the symmetry of the operator : if its corresponding matrix is Her-
mitian, then sym_q = 1;if it is symmetric, then sym_q = 2;otherwise sym_q = 0. Facultative,

if bsf is omitted, 1 by default, otherwise O by default.

The sparse matrix is recorded in the compressed sparse column (CSC) format, which is

described in detail in Appendix A.2. In FuzzifiED, the sparse matrix is stored in the mutable

type OpMat{T}

opMat{T} — Type

where T is the type of the elements, it can either be ComplexF64 or Float64. It contains the
fields

 dimd :: Int64,dimf :: Int64,nel :: Int64, symq :: Int64 — Parameters of the
sparse matrix, the number of columns, rows, elements and the symmetry of matrix, respectively.

* colptr :: Vector{Int64} with length dimd :: Int64 + 1.

* rowid :: Vector{Int64} with length nel.

* elval :: Vector{T} with length nel.
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It can be generated from the method

OpMat[{T}](op :: Operator)

7.6. Finding Eigenstates

After generating the sparse matrix, the method GetEigensystem uses the Fortran Arpack

package to calculate its lowest eigenstates.

GetEigensystem — Method

GetEigensystem(
mat :: OpMat{T}, nst :: Int64 ;
tol :: Float64, ncv :: Int64, initvec :: Vector{T}
) :: Tuple{Vector{T}, Matrix{T}}
The arguments are
* mat :: OpMat{T} — the matrix.
* nst :: Int64 — the number of eigenstates to be calculated.
*  tol :: Float64 — the tolerence for the Arpack process. The default value is 1078,
* ncv :: Int64 — an auxiliary parameter needed in the Arpack process. The default
value is max(2 * nst, nst + 10).
* initvec :: Vector{T} — the initial vector. If empty, a random initialisation shall be
used. Facultative, empty by default.
The output is a tuple that includes two elements :
* A length-nst array recording the eigenvalues, and

* A dimd Xnst matrix where every column records an eigenstate.

In the example of the Ising model, the code to calculate the lowest N, = 10 eigenstates

from the basis and the Hamiltonian terms is
nst = 10
hmt = Operator(bs, tms_hmt)
hmt_mat = OpMat(hmt)
enrg, st = GetEigensystem(hmt _mat, nst)
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7.7. Inner Product of States, Operators and Transformations

Having obtained the eigenstates, we need to make measurements on them. The simplest
kind of measurement is the inner product of a many-body operator with two states (j|&|).
FuzzifiED supports the inner product and vector product of Operator and OpMat{T} with vectors
that represent the state

(op :: Operator) * (st_d :: Vector{T}) :: Vector{T}
(mat :: OpMat{T}) * (st_d :: Vector{T}) :: Vector{T}

(st_f :: Vector{T}) * (op :: Operator) * (st_d :: Vector{T}) :: T
(st_f :: Vector{T}) * (mat :: OpMat{T}) * (st_d :: Vector{T}) :: T

where T is the type of the elements. E. g., the code to measure the angular momenta of each
state is

tms_12 = GetL2Terms(nm, 2)

12 = Operator(bs, tms_12)

12_mat = OpMat(12)

12_val = [ st[:, i]' * 12_mat * st[:, i] for i in eachindex(enrg)]

One might also need to act transformations on the state 2°|¢). In FuzzifiED, the mutable

type Transf records the transformation together with the basis of the initial and final states

Transf — Type

The type can be initialised from a QNOffd by

Transf(bsd :: Basis[, bsf :: Basis], gnf :: QNOffd)

where the arguments
* bsd :: Basis — the basis of the initial state.
* bsf :: Basis — the basis of the final state. Facultative, the same as bsd by default.
* gnf :: QNOffd — records the transformation ¢, — ajc%").

It can act on a state by

(trs :: Transf) % (st_d :: Vector{T}) :: Vector{T}
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7.8. Measuring Local Observables

Local observables are a particularly useful kind of operators on the fuzzy sphere. Their
value at a point on the sphere can be decomposed into spherical components, and the multiplic-

ation of the components follows the triple integral formula of monopole spherical harmonics
o(r) = )Y, (1)0),
Im

(ﬁl ﬁZ)Zm - Z (ﬁl)llml(ﬁ2)12m2

111277%17%2
y (_DHM\/(zz1 + 1)@+ DR+ 1) [ L b 1y 1
4 my Mg —m |\ —s; —89 8
(7.13)
In FuzzifiED, they are stored in the type SphereObs.
SphereObs — Type
The type contains the fields
* s2 :: Int64and12m :: Int64 — is twice the spin 2s and twice the maximal angular
momentum 2/, of the observable.
* get_comp :: Function — a function that sends the component specified by a tuple of

integers (2/, 2m) to a list of terms that specifies the expression of the component.

* stored_q :: Bool — a boolean that specifies whether or not the components of the
observable are stored.

* comps :: Dict{Tuple{Int64, Int64}, Terms} — each component of the observable
stores in the format of a dictionary whose keys are the pairs of integers (2/, 2m) and values are
the lists of terms that specifies the expression of the component.

and can be initialised by the methods

SphereObs(s2 :: Int64, 12m :: Int64, get_comp :: Function)
SphereObs(s2 :: Int64, 12m :: Int64, comps :: Dict)

Their adjoint, addition and multiplication are supported. The related functions are
*  StoreComps(obs) calculates and stores each component of the observable.

* Laplacian(obs) takes the Laplacian of an observable.
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*  GetComponent(obs, 1, m) returns a spherical component of the observable &,,,.
* GetPointValue(obs, theta, phi) returns an observable at one point &'(r).
*  GetIntegral(obs) returns the uniform spatial integral of an observable.

* FilterComponent(obs, flt) filters a certain set of modes ofan observable.

Several important types of spherical observables are built-in in FuzzifiED'®

* GetElectronObs(nm, nf, f) — electron annihilation operator ¢ (r).

*  GetDensityObs(nm, nf[, mat]) — density operator n,(r) = fo/ Q/J;(P)Mff/gbf/ (r).
* GetPairingObs(nm, nf, mat) — pair operator Ay (r) = fo/ ¢f(r)Mff/¢f/.

In the example of Ising model, to calculate the OPE coefficient f,,. = (a|ng,le)/(c|ng,l0),

one need to first calculate the eigenstates in the Zy-odd sector

bs_m = Basis(cfs, [1, -1, 1], gnf)
hmt_m = Operator(bs_m, bs_m, tms_hmt ; red_ q = 1, sym_q = 1)
hmt_mat_m = OpMat(hmt_m)
enrg m, st_m = GetEigensystem(hmt_mat_m, 10)

st0 = st[:, 1]

ste = st[:, 2]

sts = st_m[:, 1]

and then construct the density operator

obs_nz = GetDensityObs(nm, 2, sgz)

tms_nz00 = SimplifyTerms(GetComponent(obs_nz, 0.0, 0.0))
nz00 = Operator(bs, bs_m, tms_nz00 ; red q = 1)

f_sse = abs((sts' * nz00 * ste) / (sts' * nz00 * stO))

Besides the spherical observable, we also provide a type AngModes that superposes under

the rule of angular momentum superposition instead of spherical harmonics triple integral

(9)1 = Do () my (T gy Lm0y lyms| ). (7.14)

l17n1l27n2

The interfaces are similar.

18Two parameters ObsNormRadSq and ObsMomIncr control how the components are normalised and whether

they increase or decrease 1.°.
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7.9. Measuring the Entanglement

A non-local quantity that bears particular significance is the entanglement. To calculate
the entanglement, we divide the sphere into two parts 4 and B. The reduced density matrix of

part 4 is obtained by tracing the density matrix over the part B
() = tr [W)(W] (7.15)

The entanglement entropy is S = — tr p, log p, and the entanglement spectrum is the collection
of eigenvalues of p, taken negative logarithm.

Here we sketch the process of the calculation. More detail is given in Ref. [74]. The
creation operator in each orbital is divided into the creation on A part and the creation on B

part

CI - a()CI’A -+ ﬁmcllp (716)

where |a,|2 + |3,]2 = 1. For the cut in orbital space m,,
Cpp = ®(mc o m)

where 0 is the Heaviside function ; for the cut in real space along latitude circle 0,,

Bcoszec/z(s—m+1,s+m+1)
mf = Bls—m+1,s+m—+1)

where B, (a, b) is the incomplete beta function.
To calculate the reduced density matrix, we decompose the state into the direct-product

basis of two subsystems

W) = D ok |Ko) = 33 My, L)W p), (7.17)
Ko I4Jp

where the indices K, € J¢,1, € 5, Jp € Fp are in the overall Hilbert space and the Hilbert

space of subsystem A4 and B. The density matrix is then

04 = MMT (7.18)
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and the entanglement spectrum can be obtained from the SVD decomposition of the M matrix.
Like the Hamiltonian, the M matrix is block diagonal, and each block carries different quantum
numbers of the Hilbert spaces of A and B subsystem.!?

In FuzzifiED, the decomposition of state vector vg, into matrix M ; is done by the func-
tion StateDecompMat, and the calculation of entanglement spectrum is done by the function

GetEntSpec

GetEntSpec — Function

GetEntSpec (
st :: Vector{<:Number}, bsO :: Basis,
secd_1st :: Vector{Vector{Vector{Int64}}},
secf_1st :: Vector{Vector{Vector{<:Number}}} ;
gnd_a :: Vector{QNDiag}[, gqnd_b :: Vector{QNDiag}],
gnf_a :: Vector{QNOffd}[, gqnf_b :: Vector{QNOffd}],
amp_oa :: Vector{<:Number}[, amp_ob :: Vector{<:Number}]
) :: Dict{@NamedTuple{secd_a, secf_a, secd_b, secf_ b}, Vector{Float64}}

The arguments are

* st :: Vector{<:Number} — the state to be decomposed into the direct-product basis
of two subsystems.

*  DbsO :: Basis — the basis of the original state.

*  secd_lst :: Vector{Vector{Vector{Int64}3}} — the list of QNDiag sectors of sub-
systems to be calculated. Each of its elements is a two-element vector ; the first specifies the
sector for subsystem A, and the second specifies the sector for subsystem B

* secf_lst :: Vector{Vector{Vector{ComplexF64}3}} — the list of QNOffd sectors of
subsystems to be calculated. Each of its elements is a two-element vector ; the first specifies
the sector for subsystem A, and the second specifies the sector for subsystem B.

* qgnd_a :: Vector{QNDiag}, gnd_b :: Vector{QNDiag}, gnf_a :: Vector{QNOffd
} and gnf_b :: Vector{QNOffd} — the diagonal and off-diagonal quantum numbers of the
subsystems A and B. By default gnd_b = gnd_a and gqnf_b = gnf_a.

A
wv

"The «, and M;; in our convention is equivalent to .7, , and R, in the convention of Ref. [74], the conversions

are am/' = ym,A and MIJ = Rﬁy/\/ﬁ
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* amp_oa :: Vector{ComplexF64} and amp_ob :: Vector{ComplexF64} — the arrays
that specify the amplitudes e, and f,. By default f, = 1/1 — «2.
and the output is a dictionary whose keys are named tuples that specify the sector containing
entries secd_a, secf_a, secd_b, secf_b and values are lists of eigenvalues of the density matrix

in those sectors.

In the example of the Ising model, to calculate the entanglement entropy cut from the
equator, we first need to specify the quantum numbers of the subsystems : the conservation of
N,, L, and the Zy symmetry.

gnd_a = [ GetNeQNDiag(no), GetLz2QNDiag(nm, nf) ]
gnf_a = [ GetFlavPermQNOffd(nm, nf, [2, 1]) ]
we then specify the sectors to calculate : The number of electrons in subsystem A run from O

to N,, ; the angular momenta in subsystem 4 can take all permitted values®’ ; for subsystem B,

N,

o8 =N, — N, 45 L, g =—L, 4 ; the Zy sectors of the two subsystems are the same.

secd_1st = Vector{Vector{Int64}}[]
for nea = 0 : nm

neb = nm - nea

for 1lza = -min(nea, neb) * (nm - 1) : 2 : min(nea, neb) * (nm - 1)
1zb = -1za
push! (secd_lst, [[nea, lza], [neb, 1zb]])
end
end

secf_1st = [ [[1], [1]], [[-1], [-11] ]

Finally, we specify the list of amplitudes «,.
amp_oa = [ sqrt(beta_inc(m, nm - m + 1, 0.5)) for m = 1 : nm for £ = 1 : nf
]
To calculate the entanglement spectrum,
ent_spec = GetEntSpec(st_g, bs, secd_lst, secf_lst ; gnd_a, gnf_a, amp_oa)
The entanglement entropy can be calculated by collecting all the eigenvalues of the density

matrix.

20The sectors with no allowed configurations are automatically ignored

—5Hh9 —



eig_rho = vcat(values(ent_spec)...)

ent_entropy = -sum(eig_rho .* log.(eig rho))

7.10. Fuzzifino — Module for Boson-Fermion Mixture

Fuzzifino is a module for ED calculation on the fuzzy sphere for systems with both bosons
and fermions. The procedure is similar to FuzzifiED. We define several new types SQNDiag,
SQNOffd, SConfs, SBasis, STerm and SOperator that is parallel to the original versions QNDiag,
QNOffd, Conf, Basis, Term and Operator. Here we note several points.

*  For each configuration, a boson part and a fermion part are stored. The boson con-
figurations are indexed in ascending order from the last site to the first site. A maximal total
occupation should be given. The details are given in Appendix A.3.

*  The operator string in a term is still stored in the form {py, 01, py, 09, ...,p;,0;}, but
now positive o represents fermions, and negative o represents boson with site number |o|.
The bosonic creation and annihilation operator acts with an additional factor, e. g., bfin) =
vVn—+1|n+ 1), bln) = 4/n|n — 1) for a single site.

+  Several QNs and terms for purely bosonic models are built-in.

7.11. FuzzyManifolds — Module for Other Geometries

Apart from the sphere, FuzzifiED also supports the calculation for interacting particles
on the lowest Landau level on a torus. The procedure is similar to sphere, except for two
differences :

*  The orbitals are now labelled by a Zy number m =1,..., N,

md

and m and m+N,, are
identified. Correspondingly, the conservation of angular momentum L? is now modified into a
Ly, translation symmetry with ¥, - mN,,. mod N,, conserved. The GetTorusLz2QNDiag func-
tion implemented the corresponding QNDiag. The translation in the other direction permutes
m and is implemented in GetTorusTrans1QNOffd.

*  The interacting potentials are still parametrised by the pseudo-potentials in a sim-
ilar sense, but the matrix Cfnlmzm?)m , is different. The functions GetTorusDenIntTerms and

GetTorusPairIntTerms generate the density-density interaction terms and the pair-pair inter-

action terms from the pseudo-potentials.
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The detail of the set-up is given in Appendix B.

8. Density Matrix Renormalisation Group

Having introduced ED, we now turn to density matrix renormalisation group (DMRG) that
deals with larger systems. We briefly describe its procedure and give an instruction for using

FuzzifiED for DMRG.

8.1. DMRG with ITensor

Practically, the dmrg function in ITensor package automatically uses DMRG to optimise a
matrix product state (MPS) to be the lowest eigenstate of a Hermitian Hamiltonian represented
as a matrix product operator (MPO). To generate the input of the function, one needs to

1. construct a set of sites that carries a certain set of QNDiags,

2. construct a MPO representing the Hamiltonian on the sites from a set of terms (or
OpSum in ITensor), and

3. construct an initial MPS on the sites in the desired symmetry sector.

In FuzzifiED, to use this extension for I'Tensor, one needs to use the packages ITensors

and ITensorMPS. A new SiteType "FuzzyFermion" is defined that behaves similarly to the

built-in "Fermion" type, and a single site can be generated from the QNDiags

siteind("FuzzyFermion" ; o :: Int64, gnd :: Vector{QNDiag})

The set of sites can be generated from the QNDiags (cf. Section 7.2) by

GetSites(qnd :: Vector{QNDiag})

In the example of the Ising model, for convenience, we exchange the Pauli matrices ¢ and

6° so that the two flavours carry Zy-charge O and 1. The sites can be constructed by

nm = 12

nf = 2

no = nm * nf

sites = GetSites([
GetNeQNDiag(nm * nf),
GetLz2QNDiag(nm, nf),
GetZnfChargeQNDiag(nm, nf)
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In I'Tensor, the MPO is generated from an OpSum and the sites. The OpSum can be directly

converted from the terms (¢f. Section 7.4). In the example of the Ising model,

sgx = [ 01 ;10 ]

sgz = [ 10 ;0 -1]

ps_pot = [4.75, 1.0] ./ 2

tms_hmt = SimplifyTerms(
GetDenIntTerms(nm, nf, ps_pot) -
GetDenIntTerms(nm, nf, ps_pot, sgx) -OF
3.16 * GetPolTerms(nm, nf, sgz)

)

os_hmt = OpSum(tms_hmt)

hmt = MPO(os_hmt, sites)

To calculate the Zqy-even L7 = 0 sector, the initial state can be taken as all the Z,-even

sites being filled and all the Zy-odd sites being empty.>!

[ [1, O]J[f] for m =1 : nm for f = 1 : nf ]
sti_p = MPS(sites, string.(cfi_p))

cfi p

Having these ingredients ready, we can call the dmrg function. To ensure performance, the
maximal bond dimension should be increased gradually, and the noise decreased gradually to

0. An example that deals with maximal bond dimension 500 is

EO, stO® = dmrg(hmt, sti_p ;
nsweeps = 10,
maxdim = [10,20,50,100,200,500],
noise = [1E-4,3E-5,1E-5,3E-6,1E-6,3E-7],
cutoff = [1E-8])

To generate a Zy-odd initial state, we can simply flip the spin on the first orbital

cfim=[[m==17? [0, 1]J[f] : [1, O]J[f] for m =1 : nm for £ =1 : nf ]
sti_m = MPS(sites, string.(cfi_m))
Es, sts = dmrg(hmt, sti_m ;

nsweeps = 10,

2INote that ITensor takes the string "1'" instead of the number 1 as occupied and "Q" instead of O as filled.
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maxdim = [10,20,50,100,200,500],
noise = [1E-4,3E-5,1E-5,3E-6,1E-6,3E-7],
cutoff = [1E-8])

The first excited Zs-even state can be generated by adding a projector w|0)(0| to the MPO

Ee, ste = dmrg(hmt, [stO@], sti_p ;
nsweeps = 10,
maxdim = [10,20,50,100,200,500],
noise = [1E-4,3E-5,1E-5,3E-6,1E-6,3E-7],
cutoff = [1E-8],
100)

weight

The inner product can be measured by the I'Tensor function inner. E. g., to measure the

angular momentum L? of the ground state,

tms_12 = GetL2Terms(nm, 2)
12 = MPO(OpSum(tms_12), sites)
val 120 = inner(st0', 12, st0)

To measure the OPE coefficient £, = (a|n&|e)/{a|ng,0)*2

obs_nx = GetDensityObs(nm, 2, sgx)
tms_nx00 = SimplifyTerms(GetComponent(obs_nx, 0.0, 0.0))
nx00 = MPO(OpSum(tms_nx00), sites)

f_sse = abs(inner(sts', nx00, ste) / inner(sts', nx00, st0))

8.2. The Easy-Sweep Extension

The extension Easy-Sweep facilitates the management of the DMRG process. It automat-
ically records the intermediate results and recover the run from these intermediate results if
a job is stopped on HPC. It also manages the gradual increase of maximal bond dimensions
and the determination of convergence by the criteria of energy. This extension contains the
following functions :

*  GetMPOSites returns the MPO and sites for given operator terms and a Hilbert space
with given quantum numbers. The function first checks if the MPO and sites are already stored

in a specified file. If they are already stored, they are read and returned. Otherwise, the sites

22Note that the indices x and 2 have already been exchanged here.
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are generated from the quantum numbers, and the MPO is generated from the terms. The MPO
and sites are then written into the file and returned.??

*  GetMPO returns the MPO for given operator terms and a given set of sites. The function
first checks if the MPO is already stored in a specified file. If it is already stored, it is read and
returned. Otherwise, MPO is generated from the terms and the sites. The MPO and sites are
then written into the file and returned.

*  SweepOne performs one round of DMRG sweeps for a given maximal bond dimensions
Ymax and returns the energy and the MPS. The function first checks if the calculation has already
been done and the results are already stored in a specified file. If they are already stored, they
are read and returned. Otherwise, the DMRG process is performed with a specified maximal
bond dimension and the number of sweeps. The sweeps end if the energy difference is less than
a tolerence or alternative criteria. The resulting energy and MPS are written into the file and
returned.

* EasySweep automatically performs several rounds of DMRG sweeps with increasing
bond dimensions and returns energy and MPS. The function first checks whether the calculation
has been partly done and the intermediate results have been stored in a specified file. The
calculation is then picked up from the round that was previously stopped. The entire process
is stopped if the energy difference between two rounds is less than a certain tolerence or the
bond dimension of the result is less than 0.9 times the maximal bond dimension. The resulting
energy and MPS are written into the file and returned.

To use this extension for ITensor, one needs to use the packages ITensors, ITensorMPS
and HDF5. As the set-up, a path needs to be created to store the result HDF'5 files, and a method
that converts OpSum and sites to MPO needs to be defined.

function MyMPO(os, sites)
operatorNames = [ "I", "C", "Cdag'", "N" ]
opCacheVec = [ [OpInfo(ITensors.Op(name, n), sites[n]) for name in
operatorNames] for n in eachindex(sites) ]
return MPO_new(os, sites ; basis_op_cache_vec = opCacheVec)

end

2We recommend the package ITensorMPOConstruction stored at https://github.com/ITensor/

ITensorMPOConstruction.jl to construct MPOs.
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path = "nm_$(am)_tmp/"
mkpath(path)

After specifying the terms for the Hamiltonian tms_hmt and the QNDiags gnd like in the previ-

ous section, the sites and Hamiltonian MPO can be generated with the function GetMPOSites.

hmt, sites = GetMPOSites("hmt', tms_hmt, gqnd ; path, mpo_method = MyMPO)

To generate the initial MPS that respects the Z, symmetry, we can use a direct product state.

cfip=1[[1, O]J[f] for m =1 : nm for £ = 1 : nf ]

sti_p = MPS(sites, string.(cfi_p))

cfim=[m==17? [0, 1][f] : [1, OJ[f] for m = 1 : nm for £ = 1 : nf ]
sti_m = MPS(sites, string.(cfi_m))

The lowest eigenenergies and the eigenstate MPSs |0), |6), |€) can be easily generated by the

function EasySweep.
EO, stO® = EasySweep("0", hmt, sti_p ; path)
Ee, ste = EasySweep("e'", hmt, sti_p ; path, proj = ["0"])
Es, sts = EasySweep("s'", hmt, sti_m ; path)
To measure the angular momentum L? of the ground state, we generate the MPO for L2.

tms_12 = GetL2Terms(nm, 2)
12 = GetMPO("12", tms_1l2, sites ; path, mpo_method = MyMPO)
val_120 = inner(st0', 12, st0)

Similarly, to measure the OPE coefficient f,,, = (6|n{yle)/{c]ng,|0)

obs_nx = GetDensityObs(nm, 2, sgx)
tms_nx00 = SimplifyTerms(GetComponent(obs_nx, 0.0, 0.0))
nx00 = GetMPO('"nx00", tms_nx00, sites ; path, mpo_method = MyMPO)

f_sse = abs(inner(sts', nx00, ste) / inner(sts', nx00, st0))

9. Practical Examples

FuzzifiED can help reproduce almost all the ED and DMRG results in the fuzzy-sphere
works. We offer a series of such examples to help the users get started with the package. The

code can be found in the examples directory of the source code repository.
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1. ising_spectrum. jl calculates the spectrum of the 3D Ising model on the fuzzy sphere
at N,, = 12. For each (&, Z,Z) sector, 20 states are calculated. This example reproduces
Table I and Figure 4 in Ref. [1].

2. ising_phase_diagram. j1 calculates the phase diagram of the fuzzy sphere Ising model
by calculating the order parameter (M?2). This example reproduces Figure 3 in Ref. [1].

3. 1ising_ope.jl calculates various OPE coefficients at N,, = 12 by taking overlaps
between CFT states and density operators and composite. This example reproduces Figure 2
and Table I in Ref. [2].

4. ising_correlator.jl calculates the 66 2-pt function on sphere and the ¢o6e 4-pt
function of 0 and oo and two points on sphere. This example reproduces Figures 1¢ and 2a in
Ref. [3].

5. 1ising_optimisation.jl defines a cost function as the square sum of the deviations
of descendants and stress tensor to evaluate the conformal symmetry for the Ising model and
minimises this cost function to find the best parameter.

6. ising_full_spectrum.jl calculates the full spectrum of the 3D Ising model on the
fuzzy sphere at N,, = 10 for sector (#, 2, %) = (+,+,+).

7. 1ising_space_entangle.jl calculates the entanglement entropy of the Ising ground
state along the real space cut of 0 = 0.5007 and 0.4997 respectively, and use these two
data to extract finite-size F'-function without subtracting the IQHE contribution. This example
reproduces Figure 3 in Ref. [10].

8. ising_orbital_entangle. jl calculates the entanglement entropy of the Ising ground
state along the orbital space cut at m = 0, and also the entanglement spectrum in the half-filled
[, = 0,1 and both Zy sectors.

9. 1ising_generator.jl examines the quality of conformal symmetry at N, = 12 by
calculating the matrix elements of conformal generators P? -+ K* and compare the states (P* +
K?)|®) with the CFT expectations. This example reproduces Figure 7 in Ref. [14].

10. defect_spectrum. j1 calculates the spectrum of pinning-field defect in the 3D Ising
model in /, = 0, % = +1 and [, = 1 sectors, calibrated by bulk 7'. This example reproduces
Table I in Ref. [6].

— 66 —


https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_phase_diagram.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_ope.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_correlator.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_optimisation.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_full_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_space_entangle.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_orbital_entangle.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_generator.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/defect_spectrum.jl

11. defect_correlator. j1 calculates the 1-pt function ¢ and 2-pt function 645 of pinning-
field defect in the 3D Ising model. The normalisation of the correlators requires extra bulk data.
This example reproduces Figure 4 in Ref. [6].

12. defect_changing. j1 calculates the spectrum of the defect-creation and changing op-
erators of the pinning-field defect in the 3D Ising model. This example reproduces Table 2 and
Figure 5 in Ref. [9].

13. defect_overlap. jl calculates the g-function of pinning-field defect in the 3D Ising
model using the ovelaps between the bulk, defect ground state and the lowest defect-creation
state. This example reproduces Figure 6 in Ref. [9].

14. cusp_dim. j1 calculates the scaling dimension of the cusp of the pinning-field defect in
the 3D Ising model as a function of the angle 6. This example reproduces Table 2, upper panel
in Ref. [11].

15. surface_ordinary_spectrum. jl calculates the spectrum of ordinary surface CFT in
the 3D Ising model calibrated by surface displacement operator D in the orbital boundary
scheme. This example reproduces Figures 3 and 4 in Ref. [12].

16. surface_normal_spectrum. jl calculates the spectrum of normal surface CFT in the
3D Ising model calibrated by surface displacement operator D in the orbital boundary scheme.
This example reproduces Figure 5 in Ref. [12].

17. hsb_21_spectrum. j1 calculates the spectrum of O(3) Wilson-Fisher CFT using the
bilayer Heisenberg model. This example reproduces Table I and Figure 2 in Ref. [8].

18. so5_spectrum. j1 calculates the spectrum of SO(5) DQCP on the fuzzy sphere. This
example reproduces Table IT in Ref. [4].

19. sp3_spectrum. j1 calculates the spectrum of Sp(3) CFT on the fuzzy sphere. This
example reproduces Table I in Ref. [16].

20. ising_frac_fermion. j1l calculates the spectrum of the 3D Ising model on the fuzzy
sphere for fermions at fractional filling v = 1/3. This example reproduces Figure 10 in
Ref. [17].

21. ising_frac_boson. j1 calculates the spectrum of the 3D Ising model on the fuzzy

sphere for bosons at fractional filling v = 1/2 with the module Fuzzifino. This example repro-
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https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/defect_overlap.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/cusp_dim.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/surface_ordinary_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/surface_normal_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/hsb_2l_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/so5_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/sp3_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_frac_fermion.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/ising_frac_boson.jl

duces Figure 12a, b in Ref. [17].

22. potts_spectrum. j1 calculates the spectrum of 3D Potts model on the fuzzy sphere.
This example reproduces Table I and Figure 4 in Ref. [18].

23. circle_ising. j1 calculates the spectrum of 2D Ising CF'T on a fuzzy thin torus. This
example reproduces Figure 4 and Tables I-III in Ref. [19].

24. yang_lee_spectrum. j1 calculates the spectrum of 3D non-unitary Yang-Lee CFT on
the fuzzy sphere. This example reproduces Figure 11 in Ref. [22].

25. free_scalar_spectrum. j1 calculates the spectrum of free real scalar. This example
reproduces Figure 2 in Ref. [24].

26. free scalar_correlator. jl calculates the correlator of #’ for ?, gbz and 7 of free real
scalar. This example reproduces Figure 3 in Ref. [24].

27. 04_dqcp_spectrum. j1 calculates the spectrum of O(4) DQCP on the fuzzy sphere.
This example reproduces Figure 4 and Table I in Ref. [26].

28. su2_1_scal_spectrum. j1 calculates the spectrum of the U(1)y coupled to a complex
scalar Chern-Simons matter CFT on the fuzzy sphere. This example reproduces Figures 2d
and 3 in Ref. [27].

29. free_majorana_spectrum. j1 calculates the spectrum of free Majorana fermion. This
example reproduces Figure 5 in Ref. [29].

30. free_majorana_correlator.jl calculates the 2-pt correlator of free Majorana fer-
mion. This example reproduces Figure 7 in Ref. [29].

31. bpf_220_spectrum. j1 calculates the spectrum of the transition between bosonic Pfaf-
fian and Halperin 220 described by gauged Majorana fermion CFT. This example reproduces
Figure 4a in Ref. [30].

32. o3_wf_spectrum. j1 calculates the spectrum of O(3) Wilson-Fisher CF'T. This example
takes the model from Ref. [32] and reproduces partly Tables I and II, Figures 1 and 2.

33. o2_wf_spectrum. j1 calculates the spectrum of O(2) Wilson-Fisher CFT. This example
reproduces Figure 3, upper panel in Ref. [33].

34. 02_free_spectrum. j1 calculates the spectrum of O(2) free scalar CF'T. This example

reproduces Figure 4, upper-left panel in Ref. [33].
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https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/potts_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/circle_ising.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/yang_lee_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/free_scalar_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/free_scalar_correlator.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/o4_dqcp_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/su2_1_scal_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/free_majorana_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/free_majorana_correlator.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/bpf_220_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/o3_wf_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/o2_wf_spectrum.jl
https://github.com/FuzzifiED/FuzzifiED.jl/blob/main/examples/o2_free_spectrum.jl

35. o4_wf_spectrum. j1 calculates the spectrum of O(4) Wilson-Fisher CFT and demon-
strates the general set-up for O(N) vector models. This example reproduces Figure 3, lower
panel in Ref. [33].

36. ising_spectrum_krylov.jl calculates the spectrum of the 3D Ising model on the
fuzzy sphere by calling the eigsolve function in KrylovKit. j1 instead of Arpack.

37. ising_spectrum_cuda. j1 calculates the spectrum of the 3D Ising model on the fuzzy

sphere for one sector by performing the sparse matrix multiplication on CUDA.
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A. Data Structures in Exact Diagonalisation

In this appendix, we describe several data structures used in the exact diagonalisation (ED)
process, viz. the Lin table for the reverse look-up process that returns the index from the bin-
ary string, the compressed sparse column (CSC) format to store the sparse matrices, and the

indexing of boson configurations.

A.1. Construction of Lin Table

In this appendix, we describe the construction of the Lin table used for a reverse look-up
process that returns the index ¢ from the binary string conf; mentioned in Section 7.2.

Each binary string conf; is divided into a left part I(conf;) from the N .-th bit to the (V,—1)-
th bit and a right part »(conf;) from the O-th bit to the (V,, — 1)-th bit from the right. The
cut N,, is typically taken as N,/2. Two arrays lid and rid with length 2Vo=Nor and 2Nor are

constructed, such that

@ = lidyeongy + Tl ooy (A.1)

c lid, wrid, | i confy L vy ldy  rid, | 1 conf; L r; ld, rid,
0 1 0 1 000111 0 7 1 0 |11 100011 4 3 11 0
1 2 0 2 001011 1 3 2 0 |12 100101 4 5 11 1
2 5 1 3 001101 1 5 2 1 13 100110 4 6 11 2
3 8 0 4 001110 1 6 2 2 |14 101001 5 1 14 0
4 11 2 5 010011 2 3 5 0 |15 101010 5 2 14 1
5 14 1 6 010101 2 5 5 1 16 101100 5 4 14 2
6 17 2 7 010110 2 6 5 2 |17 110001 6 1 17 0
7 20 O 8 011001 3 1 8 0 |18 110010 6 2 17 1

9 011010 3 2 8 1 19 110100 6 4 17 2

10 011100 3 4 8 2 (20 111000 7 O 20 0

Table 2. An example of explicit construction of the Lin table in the configurations on 6 sites filled with

3 particles. Here we use a shorthand notation /; = I(conf;) and r; = r(conf;)
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As a simple example, consider the configurations on 6 sites filled with 3 particles. The

construction is listed in Table 2.

A.2. Compressed Sparse Column (CSC) Sparse Matrix

In this appendix, we describe the storage of sparse matrices in the format of compressed
sparse column (CSC) mentioned in Section 7.5.

In the CSC format, the matrix is stored in three arrays. We first index elements from 1
to the number of elements N, in the ascending order from the column to column, and in each
column from row to row.

1. The array colptr records the column index of each element. It is of length N +1 where
N is the number of columns. The first N elements record the index of the first element in each
column ; the last element records N, + 1, so that the elements that belong to the i-th column
have indices from colptr; to colptr, , ; — 1.

2. The array rowid records the row index of each element and is of length NV,.

3. The array elval records the value of each element and is of length N,,.

We give a simple example in Table 3.

1040 0 O
20 0 70 80
M={0 0 0 90
3050 0 100
0600 O

i 12 3 4 5 6 7 8 9 10
colptr, | 14 7 8 11
rowed;, | 1 2 4 1 4 5 2 2 3 4
elval; | 10 20 30 40 50 60 70 80 90 100

Table 3. An example of the storing a 4 X 5 matrix into the CSC format.
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A.3. Indexing the Boson Configurations

In this appendix, we describe the indexing of the bosonic configurations with N, sites and

a maximal total occupation NV, ,, mentioned in Section 7.10. This is equivalent to the common

max
procedure indexing N, 4 1 sites with a fixed occupation N, = N, .. The boson configurations
are indexed in ascending order from the last site to the first site. E. g., for 3 sites with maximal
occupation 2, the configurations for ngnyn, are 000, 001, 002, 010, 011, 020, 100, 101, 110,
200 numbered from 1 to 10.

The total number of configurations is the number of non-negative integer solutions to the
Diophantine equation ny + ng + -+ ny +ny 4 = Ny, Which is

( ) — (N _'_ max)
of 0? max N IN

rnax

(A.2)
The index of the
wd(ny ny, g w13 Niay) = Np(0) + Np(1) + -+ 4+ Nig(ny, — 1)
4 Neg(ny 1) + Nep(ny, 2) + -+ =4 Neg(ny (ny, 1 — 1))
+ Neg(ny, ... 150) 4 Neg(ny ... ngl) 4+ Ny(ny ...ngny), (A.3)

where N (ny ny _q ...n,) is the number of configurations that begin with ny ny 4 ... n,

[(0_1)+( max — "N ——7’&0)]'
Ny(ny ny _yq .oom,) = s (A.4)
PN, N, —1 (0 — DIV pax — N, — n,)!
Hence, the index of each configuration is
N, n N,
. 5 (0 o 1) + max 20/0_0 (Y !
id(ny, my g o my3 Niay) Z > | W L) (A.5)

0=17=0 (071) ( max / 0 />
The reverse look-up is realised by a similar Lin-table, with the left part and right part taken

as

l(in,}) = dd(ny ny _y ..ny, 13 Npex)  and  r(in,}) =id(ny ny _q...nq5 Ny, (AL6)

B. Landau Levels and Pseudo-Potentials on the Torus

In this appendix, we describe the construction of Landau levels and pseudo-potentials on

the torus [142-144], mentioned in Sections 4.4 and 7.11.
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B.1. Lowest Landau Level

The torus is nothing more than a /, X [, rectangle with periodic boundary conditions,
i.e.x ~x+ 1, and y ~ y—+1[,. We adopt the Landau gauge 4, = 0,4, = xB and set the
magnetic length as the unit length /5 = 1. In this way, the number of orbitals is N,, = [,{, /2.

The lowest Landau level wave-functions are labelled by the momenta along y direction m

8, (x,y) = const. X Y exp|—4(@— X, +nl,)? +iX,(y+kl)], (B.1)

N——00
where m =1, ..., N,,, and

X, = 2am/l,.

Each orbital is localised in the vicinity of a stripe x = X,,. We can then similarly project the

fermion operators onto the lowest Landau level
Prr) =)l v =(z,y) (B.2)

B.2. Many-Body Interaction

The simplest many-body interaction term is the density-density interaction with a potential

function. Omitting the flavour index, it can be expressed as

1
H, = N

/ d%r d%ry U(ry — ro)n(ry)n(ry), n(r) = PT(r)p(r) (B.3)
The interaction potential can be expanded into Fourier modes
U(r) =) Uy, (B.4)
q
where the allowed momenta are labelled by two integers s and ¢

Q= (2ms/l,, 2xt/l,) (B.5)

After performing the spatial integrals, the Hamiltonian is expressed in the orbital space as?*

U. .
_ 4 i (X, —Xng) ,—q2/2 s / Tt
Hint - Z Z ON e male 5f,ml—m46m1+m2,m3+m40m1szc7n3cm4’ <B6>
m

mymomgmy (q

24Tn many literatures, the summation excludes the origin point ¢ = (0, 0), but here the interaction of background

charge in fact plays certain role.
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where the Kronecker delta is defined in the sense of mod N,,

1, m=mn modN,
’ m
6m,n -

0, otherwise.

The interactions can alternatively be organised into pseudo-potentials Uj, describing the energy

cost of a pair of electrons with relative angular momentum /.

d%q

U= e

quiqul(qz),

where L, is the Laguerre polynomial. Finally, the interaction Hamiltonian reads

— l T ot
Hint _ Z Ulcmlmzmg,m4 le CWZ2 Cmg Cm4
Imymomgmy
1 ; 2
l — lQm(Xm —Xn ) —q©/2 2y 8/ /
Cmﬂngmym; - N Z e ! 3e Ll(q )§t,W11—M4677L1+WL2,WZ3+WL4'
m q

C. Tutorial Code

(B.7)

In Sections 7 and 8, we demonstrate the usage of FuzzifiED interfaces with an example

that

1. calculates the lowest eigenstates in the symmetry sector L = 0 and (¥, &, %) =

(+,+,+) (for DMRG, & = —+ only),

2. measures their total angular momenta (for DMRG, the ground state only), and

3. calcultes the OPE coefficient f,,, = (a|ngyle)/(6]n{y|0).

In this appendix, we collect the full version of the codes, including
1. the ED code that uses only the core functions,
2. the ED code that uses the built-in models,
3. the DMRG code that converts the format into I'Tensor, and
4. the DMRG code that uses the EasySweep extension.

C.1. ED Using Core Functions

1 using FuzzifiED

2 using WignerSymbols
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S Ot s~ W

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

let
nf = 2
nm = 12

no = nf * nm

gnd = [

QNDiag(fill(1l, no)),
QNDiag([ 2 * m - nm - 1 for m = 1 : nm for f = 1 : nf ])
1
cfs = Confs(no, [nm, O], gnd)
gnf = [
QNOffd([ (m - 1) * nf + [2, 1][f] for m =1 : nm for f = 1 : nf ], true,
ComplexF64[ [-1, 1][f] for m = 1 : nm for £ =1 : nf ]),
QNOffd([ (m - 1) * nf + [2, 1][f] for m =1 : nm for £ =1 : nf ]),
QNOffd([ (nm - m) * nf + f for m = 1 : nm for £ = 1 : nf],
ComplexF64[ iseven(m) ? 1 : -1 for m = 1 : nm for £ = 1 : nf ])
1
bs = Basis(cfs, [1, 1, 1], gnf)

ps_pot = [ 4.75, 1.0 ] = 2.
h = 3.16
tms_hmt = Term[]
m = zeros(Int64, 4)
for m[1] =0 : nm - 1, m[2] =0 : nm - 1, m[3] =0 : nm - 1
m[4] = m[1] + m[2] - m[3]
(m[4] < 0 || m[4] >= nm) && continue
f =10, 1, 1, 0]
o=m .xnf .+ f .+ 1

mr =m .- S
val = ComplexF64(0)

for 1 in eachindex(ps_pot)
(abs(mr[1] + mr[2]) > nm - 1 || abs(mr[3] + mr[4]) > nm - 1) && break
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38

39
40
41
42
43
44
45
46
47
48
49
50
51
52

53

54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

val += ps_pot[l] * (2 * nm - 2 * 1 + 1) * wigner3j(s, s, nm - 1, mr
[1], mr[2], -mr[1] - mr[2]) * wigner3j(s, s, nm - 1, mr[4], mr[3],
-mr[3] - mr[4])
end
tms_hmt += Terms(val, [1, o[1], 1, o[2], O, o[3], O, o[4]])
end
for m = 0 : nm - 1
o=mx* nf .+ [1, 2]

tms_hmt += Terms(-h, [1, o[1], O, o[2]])
tms_hmt += Terms(-h, [1, o[2], O, o[1]])
end

hmt = Operator(bs, tms_hmt)
hmt_mat = OpMat(hmt)
enrg, st = GetEigensystem(hmt_mat, 10)

tms_1z = [ Term(m - s - 1, [1, (m - 1) * nf + £, O, (m - 1) * nf + f]) for m
=1 :nm for f =1 : nf ]
tms_1p = [ Term(sqrt((nm - m) * m), [1, m * nf + f, O, (m - 1) * nf + f])
form =1 : nm - 1 for £ =1 : nf ]

tms_1m = tms_1p'

tms_12 = SimplifyTerms(tms_1lz * tms_lz - tms_lz + tms_lp * tms_lm)
12 = Operator(bs, tms_12)

12_mat = OpMat(12)

12_val = [ st[:, i]' % 12_mat * st[:, i] for i in eachindex(enrg)]

bs_m = Basis(cfs, [ 1, -1, 1 ], gnf)

hmt = Operator(bs_m, bs_m, tms _hmt ; red q = 1, sym q = 1)
hmt_mat = OpMat(hmt)

enrg m, st_m = GetEigensystem(hmt_mat, 10)

st = st[:, 1]

ste = st[:, 2]

sts = st_m[:, 1]

tms_nz00 = Term[]

form =0 : nm - 1
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70
71
72
73
74
75
76
77

[ S e

N

o=mx* nf .+ [1, 2]
tms_nz00 += Terms( 1 / nm, [1, o[1], O, o[1]])
tms_nz00 += Terms(-1 / nm, [1, o[2], O, o[2]])

end

nz00 = Operator(bs, bs_m, tms_nz00 ; red q = 1)

f sse = abs((sts' * nz00 * ste) / (sts' * nz00 * st0))

end

C.2. ED Using Built-in Models

using FuzzifiED

sgl =[10; 00 ]
[00; 01]
[01;10]
[10;0-1]

sg2

sSgx

sgz

nm = 12

8 qnd = [

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

GetNeQNDiag(2 * nm),
GetLz2QNDiag(nm, 2)
1

cfs

Confs(2 * nm, [nm, 0], gnd)

gnf = [
GetParityQNOffd(nm, 2, [2, 1], [-1, 11),
GetFlavPermQNOffd(nm, 2, [2, 1]),
GetRotyQNOffd(nm, 2)

]
bs = Basis(cfs, [1, 1, 1], qgnf)

tms_hmt = SimplifyTerms(
GetDenIntTerms(nm, nf, 2 .* [4.75, 1.0], sgl, sg2) -
3.16 * GetPolTerms(nm, 2, sgx)

hmt = Operator(bs, tms_hmt)
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27 hmt_mat = OpMat(hmt)

28 enrg, st = GetEigensystem(hmt_mat, 10)

29

30 tms_12 = GetL2Terms(nm, 2)

31 12 = Operator(bs, tms_12)

32 12_mat = OpMat(12)

33 12_val = [ st[:, i]' * 12_mat * st[:, i] for i in eachindex(enrg)]

34

35 bs_m = Basis(cfs, [1, -1, 1], gnf)

36 hmt = Operator(bs_m, bs_m, tms_hmt ; red_ q = 1, sym_q = 1)

37 hmt_mat = OpMat (hmt)

38 enrg m, st _m = GetEigensystem(hmt_mat, 10)

39 stO = st[:, 1]

40 ste = st[:, 2]

41 sts = st_m[:, 1]

42

43 obs_nz = GetDensityObs(nm, 2, sgz)

44 tms_nz00 = SimplifyTerms(GetComponent(obs_nz, 0.0, 0.0))

45 nz00 = Operator(bs, bs_m, tms_nz00 ; red_q = 1)

46 f_sse = abs((sts' * nz00 * ste) / (sts' * nzOO * st0))
C.3. DMRG Using Format Conversion into I'Tensor

1 using FuzzifiED

2 using ITensors, ITensorMPS

3 FuzzifiED.ElementType = Float64

4sgx=[01;10]

5 sgz=[10 ;0 -11]

6

7 nm = 12

8 nf = 2

9 no = nm * nf

10

11 sites = GetSites([

12 GetNeQNDiag(nm * nf),

13 GetLz2QNDiag(nm, nf),

14 GetZnfChargeQNDiag(nm, nf)
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15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

D

ps_pot = [4.75, 1.0] ./ 2

tms_hmt = SimplifyTerms(
GetDenIntTerms(nm, nf, ps_pot) -
GetDenIntTerms(nm, nf, ps_pot, sgx) -
3.16 * GetPolTerms(nm, nf, sgz)

)

os_hmt = OpSum(tms_hmt)

hmt = MPO(os_hmt, sites)

cfi p

sti_p = MPS(sites, string.(cfi_p))

cfim=[[m==17? [0, 1]J[f] : [1, O][f] for m

sti_m = MPS(sites, string.(cfi_m))

EO, stO = dmrg(hmt, sti_ p ;
nsweeps = 10,
maxdim = [10,20,50,100,200,500],

noise = [1E-4,3E-5,1E-5,3E-6,1E-6,3E-7],

cutoff = [1E-8])

Ee, ste = dmrg(hmt, [stOQ], sti_p ;
nsweeps = 10,
maxdim = [10,20,50,100,200,500],

noise = [1E-4,3E-5,1E-5,3E-6,1E-6,3E-7],

cutoff = [1E-8],
weight = 100)
Es, sts = dmrg(hmt, sti_m ;
nsweeps = 10,
maxdim = [10,20,50,100,200,500],

noise = [1E-4,3E-5,1E-5,3E-6,1E-6,3E-7],

cutoff = [1E-8])
tms_12 = GetL2Terms(nm, 2)

12 = MPO(OpSum(tms_12), sites)
val 120 = inner(st0', 12, st0)
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N

obs_nx = GetDensityObs(nm, 2, sgx)
tms_nx00 = SimplifyTerms(GetComponent(obs_nx, 0.0, 0.0))
nx00 = MPO(OpSum(tms_nx00), sites)

f_sse = abs(inner(sts', nx00, ste) / inner(sts', nx00, st0))

C.4. DMRG with Easy-Sweep

using FuzzifiED

using ITensors, ITensorMPS, HDF5
using ITensorMPOConstruction

sgx = [ 01 ;10]

sgz = [ 10 ;0 -1]

function MyMPO(os, sites)
operatorNames = [ "I", "C", "Cdag'", "N" ]
opCacheVec = [ [OpInfo(ITensors.Op(name, n), sites[n]) for name in
operatorNames] for n in eachindex(sites) ]

return MPO_new(os, sites ; basis_op_cache_vec = opCacheVec)

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

end
nm = 12
nf = 2

no = nm * nf

path = "nm_$(am)_tmp/"
mkpath(path)

ps_pot = [4.75, 1.0] ./ 2

tms_hmt = SimplifyTerms(
GetDenIntTerms(nm, nf, ps_pot)
GetDenIntTerms(nm, nf, ps_pot,
3.16 * GetPolTerms(nm, 2, sgz)

)

qnd = [
GetNeQNDiag(no),
GetLz2QNDiag(nm, nf),
GetZnfChargeQNDiag(nm, nf)

sgx) -
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30 ]
31 hmt, sites = GetMPOSites('hmt", tms_hmt, gnd ; path, mpo_method = MyMPO)
32
33 cfi_p =1[ [1, OJ[f] for m =1 : nm for f = 1 : nf ]
34 sti_p = MPS(sites, string.(cfi_p))
35 cfim=[m==17? [0, 1][f] : [1, O]J[f] for m =1 : nm for f = 1 : nf ]
36 sti_m = MPS(sites, string.(cfi_m))
37
38 EO, st® = EasySweep("0", hmt, sti_p ; path)
39 Ee, ste = EasySweep("e", hmt, sti_p ; path, proj = ["0"])
40 Es, sts = EasySweep("s'", hmt, sti_m ; path)
41
42 tms_12 = GetL2Terms(nm, 2)
43 12 = GetMPO("12", tms_12, sites ; path, mpo_method = MyMPO)
44 12 _val = stO' * 12 * stg
45
46 obs_nx = GetDensityObs(nm, 2, sgx)
47 tms_nx00 = SimplifyTerms(GetComponent(obs_nx, 0.0, 0.0))
48 nx00 = GetMPO("nx00", tms_nx00, sites ; path, mpo_method = MyMPO)
49 f _sse = abs(inner(sts', nx00, ste) / inner(sts', nx00, st0))
D. Glossary for interfaces in FuzzifiED
AngModes GetBosonDenIntSTerms GetComponent
Basis GetBosonFlavSQNDiag GetConfId
Confs GetBosonFlavPermSQNOffd GetConfWeight
ContractMod GetBosonL2STerms GetDenIntTerms
CuSparseMatrixCSC GetBosonLpLzSTerms GetDensityMod
EasySweep GetBosonLz2SQNDiag GetDensityObs
FuzzifiED.ElementType GetBosonPairIntSTerms GetEigensystem
FilterComponent GetBosonPolSTerms GetEigensystemCuda
FilterL2 GetBosonRotySQNOffd GetEigensystemKrylov
GetBosonC2STerms GetC2Terms GetElectronMod
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https://docs.fuzzified.world/models/#FuzzifiED.AngModes
https://docs.fuzzified.world/core/#FuzzifiED.Basis
https://docs.fuzzified.world/core/#FuzzifiED.Confs
https://docs.fuzzified.world/models/#FuzzifiED.ContractMod-Tuple%7BAngModes,%20AngModes,%20Dict%7D
https://docs.fuzzified.world/extension/#CUDA.CUSPARSE.CuSparseMatrixCSC-Tuple{OpMat{ComplexF64}}
https://docs.fuzzified.world/itensors/#FuzzifiED.EasySweep-Tuple{String,%20MPO,%20MPS}
https://docs.fuzzified.world/core/#FuzzifiED.ElementType
https://docs.fuzzified.world/models/#FuzzifiED.FilterComponent-Tuple{SphereObs,%20Any}
https://docs.fuzzified.world/models/#FuzzifiED.FilterL2-Tuple{AngModes,%20Number}
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonC2STerms
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonDenIntSTerms
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonFlavSQNDiag
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonFlavPermSQNOffd
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonL2STerms
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonLpLzSTerms
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonLz2SQNDiag
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonPairIntSTerms
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonPolSTerms
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetBosonRotySQNOffd
https://docs.fuzzified.world/models/#FuzzifiED.GetC2Terms-Tuple{Int64,%20Int64,%20Vector{%3C:AbstractMatrix{%3C:Number}}}
https://docs.fuzzified.world/models/#FuzzifiED.GetComponent-Tuple{SphereObs,%20Number,%20Number}
https://docs.fuzzified.world/core/#FuzzifiED.GetConfId-Tuple{Confs,%20Int64}
https://docs.fuzzified.world/core/#FuzzifiED.GetConfWeight-Tuple{Basis,%20Union{Vector{ComplexF64},%20Vector{Float64}},%20Int64}
https://docs.fuzzified.world/models/#FuzzifiED.GetDenIntTerms
https://docs.fuzzified.world/models/#FuzzifiED.GetDensityMod-Tuple{Int64,%20Int64,%20Matrix{%3C:Number}}
https://docs.fuzzified.world/models/#FuzzifiED.GetDensityObs-Tuple{Int64,%20Int64,%20Matrix{%3C:Number}}
https://docs.fuzzified.world/core/#FuzzifiED.GetEigensystem-Tuple{OpMat{ComplexF64},%20Int64}
https://docs.fuzzified.world/extension/#FuzzifiED.GetEigensystemCuda-Tuple{OpMat{ComplexF64},%20Int64}
https://docs.fuzzified.world/extension/#FuzzifiED.GetEigensystemKrylov-Tuple{OpMat{ComplexF64},%20Int64}
https://docs.fuzzified.world/models/#FuzzifiED.GetElectronMod-Tuple{Int64,%20Int64,%20Int64}

GetElectronObs GetTorusLz2QNDiag QNOffd
GetEntSpec GetTorusTrans1QNOffd RelabelOrbs
GetFlavPermQNOffd GetTorusPairIntTerms RemoveOrbs
GetFlavQNDiag GetZnfChargeQNDiag SAngModes
GetIntegral Laplacian SBasis
GetIntMatrix FuzzifiED.Libpath SConfs
GetL2STerms Fuzzifino.Libpathino FuzzifiED.SilentStd
GetL2Terms Matrix SimplifyTerms
GetLpLzTerms NormalOrder SOperator
GetLz2QNDiag FuzzifiED.NumThreads SparseMatrixCSC
GetMPO FuzzifiED.ObsMomIncr SphereObs
GetMPOSites FuzzifiED.ObsNormRadSq SQNDiag
GetNeSQNDiag FuzzifiED.OpenHelp! SQNOffd
GetNeQNDiag Operator SSphereObs
GetPairingMod OpMat StateDecompMat
GetPairingObs OpSum STerm
GetPairIntTerms PadAngModes STerms
GetParityQNOffd PadQNDiag StoreComps
GetPinOrbQNDiag PadQNOffd StoreComps!
GetPointValue PadSphereObs STransf
GetPolTerms PadSQNDiag SweepOne
GetQNDiags PadSQNOffd Term
GetRotyQNOffd PadSTerms Terms

GetSites PadTerms Transf
GetTorusDenIntTerms ParticleHole TruncateQNDiag
GetTorusIntMatrix QNDiag

ZHere each symbol represents a specific type : amd is a AngModes, obs is a SphereObs, op is a Operator, sop
is a SOperator, mat is a OpMat, gnd is a QNDiag, sqnd is a SQNDiag, gqnf is a QNOffd, sqnf is a SQNOffd, trs is
a Transf, strs is a STransf, vec is a Vector, ## is a number. In general, al - a2 is supported where al + a2

is supported ; a *x ##,a / ## and -a are supported where ## * a is supported.
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https://docs.fuzzified.world/models/#FuzzifiED.GetElectronObs-Tuple{Int64,%20Int64,%20Int64}
https://docs.fuzzified.world/core/#FuzzifiED.GetEntSpec-Tuple{Vector{%3C:Number},%20Basis,%20Vector{Vector{Vector{Int64}}},%20Vector{Vector{Vector{Int64}}}}
https://docs.fuzzified.world/models/#FuzzifiED.GetFlavPermQNOffd
https://docs.fuzzified.world/models/#FuzzifiED.GetFlavQNDiag
https://docs.fuzzified.world/models/#FuzzifiED.GetIntegral-Tuple{SphereObs}
https://docs.fuzzified.world/models/#FuzzifiED.GetIntMatrix-Tuple{Int64,%20Vector{%3C:Number}}
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetL2STerms-Tuple%7BTuple%7BVector%7BSTerm%7D,%20Vector%7BSTerm%7D%7D%7D
https://docs.fuzzified.world/models/#FuzzifiED.GetL2Terms-Tuple{Int64,%20Int64}
https://docs.fuzzified.world/models/#FuzzifiED.GetLpLzTerms
https://docs.fuzzified.world/models/#FuzzifiED.GetLz2QNDiag-Tuple%7BInt64,%20Int64%7D
https://docs.fuzzified.world/itensors/#FuzzifiED.GetMPO-Tuple{String,%20Union{Sum{Scaled{ComplexF64,%20Prod{Op}}},%20Vector{Term}},%20Vector{%3C:Index}}
https://docs.fuzzified.world/itensors/#FuzzifiED.GetMPOSites-Tuple{String,%20Union{Sum{Scaled{ComplexF64,%20Prod{Op}}},%20Vector{Term}},%20Vector{QNDiag}}
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.GetNeSQNDiag
https://docs.fuzzified.world/models/#FuzzifiED.GetNeQNDiag-Tuple{Int64}
https://docs.fuzzified.world/models/#FuzzifiED.GetPairingMod-Tuple{Int64,%20Int64,%20Matrix{%3C:Number}}
https://docs.fuzzified.world/models/#FuzzifiED.GetPairingObs-Tuple{Int64,%20Int64,%20Matrix{%3C:Number}}
https://docs.fuzzified.world/models/#FuzzifiED.GetPairIntTerms
https://docs.fuzzified.world/models/#FuzzifiED.GetParityQNOffd
https://docs.fuzzified.world/models/#FuzzifiED.GetPinOrbQNDiag
https://docs.fuzzified.world/models/#FuzzifiED.GetPointValue-Tuple{SphereObs,%20Float64,%20Float64}
https://docs.fuzzified.world/models/#FuzzifiED.GetPolTerms-Tuple{Int64,%20Int64,%20Matrix{%3C:Number}}
https://docs.fuzzified.world/itensors/#FuzzifiED.GetQNDiags-Tuple{Vector{Index{Vector{Pair{QN,%20Int64}}}}}
https://docs.fuzzified.world/models/#FuzzifiED.GetRotyQNOffd-Tuple{Int64,%20Int64}
https://docs.fuzzified.world/itensors/#FuzzifiED.GetSites-Tuple{Vector{QNDiag}}
https://docs.fuzzified.world/manifolds/#FuzzifiED.FuzzyManifolds.GetTorusDenIntTerms
https://docs.fuzzified.world/manifolds/#FuzzifiED.FuzzyManifolds.GetTorusIntMatrix-Tuple{Int64,%20Number,%20Vector{%3C:Number}}
https://docs.fuzzified.world/manifolds/#FuzzifiED.FuzzyManifolds.GetTorusLz2QNDiag-Tuple{Int64,%20Int64}
https://docs.fuzzified.world/manifolds/#FuzzifiED.FuzzyManifolds.GetTorusTranslQNOffd-Tuple{Int64,%20Int64}
https://docs.fuzzified.world/manifolds/#FuzzifiED.FuzzyManifolds.GetTorusPairIntTerms
https://docs.fuzzified.world/models/#FuzzifiED.GetZnfChargeQNDiag-Tuple{Int64,%20Int64}
https://docs.fuzzified.world/models/#FuzzifiED.Laplacian-Tuple{SphereObs}
https://docs.fuzzified.world/core/#FuzzifiED.Libpath
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.Libpathino
https://docs.fuzzified.world/extension/#Base.Matrix-Tuple{OpMat}
https://docs.fuzzified.world/core/#FuzzifiED.NormalOrder-Tuple{Term}
https://docs.fuzzified.world/core/#FuzzifiED.NumThreads
https://docs.fuzzified.world/models/#FuzzifiED.ObsMomIncr
https://docs.fuzzified.world/models/#FuzzifiED.ObsNormRadSq
https://docs.fuzzified.world/core/#FuzzifiED.OpenHelp!-Tuple{}
https://docs.fuzzified.world/core/#FuzzifiED.Operator
https://docs.fuzzified.world/core/#FuzzifiED.OpMat
https://docs.fuzzified.world/itensors/#ITensors.Ops.OpSum-Tuple{Vector{Term}}
https://docs.fuzzified.world/models/#FuzzifiED.PadAngModes
https://docs.fuzzified.world/core/#FuzzifiED.PadQNDiag
https://docs.fuzzified.world/core/#FuzzifiED.PadQNOffd
https://docs.fuzzified.world/models/#FuzzifiED.PadSphereObs
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.PadSQNDiag
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.PadSQNOffd
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.PadSTerms
https://docs.fuzzified.world/core/#FuzzifiED.PadTerms
https://docs.fuzzified.world/core/#FuzzifiED.ParticleHole-Tuple{Vector{Term}}
https://docs.fuzzified.world/core/#FuzzifiED.QNDiag
https://docs.fuzzified.world/core/#FuzzifiED.QNOffd
https://docs.fuzzified.world/core/#FuzzifiED.RelabelOrbs-Tuple%7BVector%7BTerm%7D,%20Dict%7BInt64,%20Int64%7D%7D
https://docs.fuzzified.world/core/#FuzzifiED.RemoveOrbs-Tuple%7BVector%7BTerm%7D,%20Vector%7BInt64%7D%7D
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.SAngModes
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.SBasis
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.SConfs
https://docs.fuzzified.world/core/#FuzzifiED.SilentStd
https://docs.fuzzified.world/core/#FuzzifiED.SimplifyTerms-Tuple{Vector{Term}}
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.SOperator
https://docs.fuzzified.world/extension/#SparseArrays.SparseMatrixCSC-Tuple{OpMat}
https://docs.fuzzified.world/models/#FuzzifiED.SphereObs
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.SQNDiag
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.SQNOffd
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.SSphereObs
https://docs.fuzzified.world/core/#FuzzifiED.StateDecompMat-Tuple{Vector{%3C:Number},%20Basis,%20Basis,%20Basis,%20Vector{%3C:Number},%20Vector{%3C:Number}}
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.STerm
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.STerms
https://docs.fuzzified.world/models/#FuzzifiED.StoreComps-Tuple{SphereObs}
https://docs.fuzzified.world/models/#FuzzifiED.StoreComps!-Tuple{SphereObs}
https://docs.fuzzified.world/fuzzifino/#FuzzifiED.Fuzzifino.STransf
https://docs.fuzzified.world/itensors/#FuzzifiED.SweepOne-Tuple{String,%20MPO,%20MPS,%20Int64}
https://docs.fuzzified.world/core/#FuzzifiED.Term
https://docs.fuzzified.world/core/#FuzzifiED.Terms
https://docs.fuzzified.world/core/#FuzzifiED.Transf
https://docs.fuzzified.world/itensors/#FuzzifiED.TruncateQNDiag-Tuple{Vector{QNDiag}}

Operations

amd + amd®®
obs + obs
gnd + gnd
sqnd + sqgnd
tms + tms
stms + stms
## * amd
## * obs

## * gqnd
#t# * sqgnd

## * tms

## * stms
amd * amd
obs * obs
qnf * gnf
sgnf * sqnf
tms * tms
stms * stms
mat * vec
op * vec
Sop * vec

trs * vec
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strs * vec

vec' * mat * vec
vec' * op * vec
vec' * sop * vec
amd'

obs'

tms'

stms'

tms " it#

stms " ##


https://docs.fuzzified.world/models/#Base.:+-Tuple{AngModes,%20AngModes}
https://docs.fuzzified.world/models/#Base.:+-Tuple{SphereObs,%20SphereObs}
https://docs.fuzzified.world/core/#Base.:+-Tuple{QNDiag,%20QNDiag}
https://docs.fuzzified.world/fuzzifino/#Base.:+-Tuple{SQNDiag,%20SQNDiag}
https://docs.fuzzified.world/core/#Base.:+-Tuple{Vector{Term},%20Vector{Term}}
https://docs.fuzzified.world/fuzzifino/#Base.:+-Tuple{Vector{STerm},%20Vector{STerm}}
https://docs.fuzzified.world/models/#Base.:*-Tuple{Number,%20AngModes}
https://docs.fuzzified.world/models/#Base.:*-Tuple{Number,%20SphereObs}
https://docs.fuzzified.world/core/#Base.:*-Tuple{Int64,%20QNDiag}
https://docs.fuzzified.world/fuzzifino/#Base.:*-Tuple{Int64,%20SQNDiag}
https://docs.fuzzified.world/core/#Base.:*-Tuple{Number,%20Vector{Term}}
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https://docs.fuzzified.world/core/#Base.:*-Tuple{Vector{Term},%20Vector{Term}}
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https://docs.fuzzified.world/core/#Base.:*-Tuple{OpMat{ComplexF64},%20Vector{ComplexF64}}
https://docs.fuzzified.world/core/#Base.:*-Tuple{Operator,%20Vector{ComplexF64}}
https://docs.fuzzified.world/fuzzifino/#Base.:*-Tuple{SOperator,%20Vector{ComplexF64}}
https://docs.fuzzified.world/core/#Base.:*-Tuple{Transf,%20Vector{ComplexF64}}
https://docs.fuzzified.world/fuzzifino/#Base.:*-Tuple{STransf,%20Vector{ComplexF64}}
https://docs.fuzzified.world/fuzzifino/#Base.:*-Tuple{Adjoint{ComplexF64,%20Vector{ComplexF64}},%20OpMat{ComplexF64},%20Vector{ComplexF64}}
https://docs.fuzzified.world/core/#Base.:*-Tuple{Adjoint{ComplexF64,%20Vector{ComplexF64}},%20Operator,%20Vector{ComplexF64}}
https://docs.fuzzified.world/fuzzifino/#Base.:*-Tuple{Adjoint{ComplexF64,%20Vector{ComplexF64}},%20SOperator,%20Vector{ComplexF64}}
https://docs.fuzzified.world/models/#Base.adjoint-Tuple{AngModes}
https://docs.fuzzified.world/models/#Base.adjoint-Tuple{SphereObs}
https://docs.fuzzified.world/core/#Base.adjoint-Tuple{Vector{Term}}
https://docs.fuzzified.world/fuzzifino/#Base.adjoint-Tuple{Vector{STerm}}
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