Divergences

Divergences.el

Divergences is a Julia package that makes it easy to evaluate the value of divergences and
their derivatives.

Definition

A divergence between a € R™ and b € R™ is defined as
n
D(a,b) = ZV(ai/bﬂbi»
i—1
where ~y : (av, +o00) = R, a, € R is strictly convex and twice continuously differentiable on

the interior of its domain. The divergence function « is normalized as to satisfy v(1) = 0,
7'(1) =0, and v”(1) = 1.

The gradient and the hessian of the divergence with respect to a are given by

v (a1 /by)
D /
vaD(a’ b) = a (U’7 'U) — 7 (a2/b2)
du u=a,v=b :
v (ay/by,)
and ,
0 (%i/bl) 0 0
2D 7 (ag/bs) .
oudu b : 0 . 0
T ” a?L b?L
O 0 0 (bn/ )

respectively. Given the normalization 7'(1) = 0, and 7”(1) = 1, we have that

V,D(a,a) =0, V2D(a,a)=1.



The divergences implemented in the packges are given in the table below together with their
first and second order derivatives.

Divergence  7(u) Domain V., (u) H_ (u)
Kullback- ulog(u) —u+1 (0,+00)  log(u) 1/u
Leibler

Reverse log(u) +u—1 (0,400) —141 =
Kullback-

Leibler

Hellinger 2u + (2 — 4y/u) (0,400) 2 ( — ﬁ) 3z
Chi- 1(u—1)? (—00,+00) u—1 1
Squared

Cressie- % (0, +00) uaafl w1
Read

The convex conjugate conjugate of v is defined as

7 (u) = sup {uv —y(u)} .
u€eR

For continuously twice differentiable function, the convex conjugate is

7(2) = ()2 2 =7 (V) 7H(R)
where (7/)71(2) := u : 7/(x) = z. The domain of v* is (—oo, d), where

d= lim ~(u)/u.

Uu——+00

Divergences

The Cressie Read is a family of divergences. Members of this family are indexed a parameter
«. This family contains the chi-squared divergence (o = 1), the Kullback Leibler divergence
(a — 0), the reverse Kullback Leibler divergence (a — —1), and the Hellinger distance (a =

—1/2).

Since if a < 0, 7 in the Cressie Read family is not convex on (—oc0) and thus we set y(u) =
+o00.

Modified divergences



Divergence  ~*(6,b) lim, . @ lim, . “3&1)‘)
Kullback- b(e? —1) logh—1 1

Leibler

Reverse blog(1—6)+0b,06<1 1 1

Kullback-

Leibler

Hellinger b(1—2v1—0),0<1 2 0

Chi- b(0+ %) 00 2

Squared

Cressie- Depends on « Depends on « Depends on «
Read

Modified Derived from Depends on Depends on parameters
Divergence 7,7, parameters

Fully Depends on Depends on p, ¢ Depends on p, ¢
Modified Yo, YLs Py @

Divergence

For many of the divergences defined above the effective domain of their conjugate, v*, does
not span R since vy(u)/u — 1 < 400 as u — +00.

For some ¥ > 0, let uy = 1+ 9. The modified divergence 7, is defined as

Y(tg) + 7 (ug)(w— ug) + 57" (ug)(u—uy)?,  u>uy

¥(u), u € (0,uy)
Yo(u) = . v
lim,, o v(u), u=0
+ o0, u <0

It is immediate to verify that this divergence still satisfies all the requirements and normaliza-
tion of . Furthermore, it holds that
Yo (u) - uy(u)

lim ——* = +o00, and lim
u—oo U U—00 fyﬁ(u)

The first limit implies that the image of ~; is the real line and thus dom~} = (—o0,+00).
The expression for the conjugate is obtained by applying the Legendre-Fenchel transform to
obtain

9

" ayv® +byv+cy, v > (uy),
76(“) = * /
7 (v), u <9 (uyg)

where ay = 1/(27"(uy)), by = uy — 2ay7 (uy), and cy = —y(ug) + agy’(uy) — uj/ay. The
conjugate 7 (u) will have a closed form expression when so does the original divergence func-
tion.



Fully modified divergences

For some ¢ > 0 and 0 < » < 1 —a,, let uy =1+ 9 and u, = a, + ¢. The fully modified
divergence 7, 4 is defined as

Y(ug) + 7 (ug)(u—ug) + 37" (ug)(u—ug)?,  u>uy

719(“) = 7(“)7 u € (uapvuﬁ) '

W) + 7 (ug) (w —uy) + 37" (ug) (w—uy)?, u<uy,

It is immediate to verify that this divergence still satisfies all the requirements and normaliza-
tion of ~y, while being defined on all R.

Example of divergences

The following divergence types are defined by Divergences.

Kullback-Leibler divergence
D% (a,b) = ZVKLWz‘/bi)bi
=1

VEL (u) = ulog(u) —u + 1

The gradient and the hessian are given by
v?zDKL(av b) = (10g(a1/b1)a 310g<a’n’ bn)) ’ V(QzDKL(a> b) = diag(l/ala ) 1/an)

Reverse Kullback-Leibler divergence

D5 (a,b) = Z V' (a;/b;)b;
i=1

A EE () = —log(u) +u —1

The gradient and the hessian are given by

ngTKL(aH b) = (1 - bl/ah e 1— bn/an) ’ VZDTKL(aﬁ b) = diag<b1/a%7 7bn/a721)



For reverse Kullback Leibler divergence, v(u) = —log(u) +u — 1, we have that y(u)/u — 0 as
u — 00. The modified reverse Kullback Leibler divergence is given by

—log(uy) + (1 — i)u + ﬁ(u —ug)?, u>uy
—log(u) +u—1, 0<u<uy-

Yo (u) =
+ oo, u < 0.

The conjugate of v, is given by

agv® +byv+cy, v>1—-L
’Yﬁ(u = 119
—log(l—v), wv< 1— o=,

where ay = u?/2, by = uy(2 — uy), and cy = log(uy) —uy — 1 + uy(uy — 1)/2.

Chi-squared divergence
DX(ab) = 3" 7 (ay /b,
i—1
X (u) = u?/2 —u+0.5
The gradient and the hessian are given by
V2DX(a,b) = ((ay — by) /b3, ..., (a, —b,)/b2), V2DX(a,b) = diag (blf’ e b%)
Cressie-Read divergences

The type CressieRead is a family of divergences. Members of this family are indexed by a

function « indexed by parameter a:

v§R (a,b) =

The gradient and the hessian are given by

V2DSE(a,b) = <(bllo>[b1_ 1,..., (b:o)zb _ 1) ., V2DCR(a,b) = diag ((;jb)l o (;:b) )
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