
Divergences

Divergences.el

Divergences is a Julia package that makes it easy to evaluate the value of divergences and
their derivatives.

Definition

A divergence between 𝑎 ∈ ℝ𝑛 and 𝑏 ∈ ℝ𝑛 is defined as

𝐷(𝑎, 𝑏) =
𝑛

∑
𝑖=1

𝛾(𝑎𝑖/𝑏𝑖)𝑏𝑖,

where 𝛾 ∶ (𝑎𝛾, +∞) → ℝ+, 𝑎𝛾 ∈ ℝ is strictly convex and twice continuously differentiable on
the interior of its domain. The divergence function 𝛾 is normalized as to satisfy 𝛾(1) = 0,
𝛾′(1) = 0, and 𝛾″(1) = 1.

The gradient and the hessian of the divergence with respect to 𝑎 are given by

∇𝑎𝐷(𝑎, 𝑏) ≡ 𝜕𝐷(𝑢, 𝑣)
𝜕𝑢 ∣

𝑢=𝑎,𝑣=𝑏
=

⎛⎜⎜⎜⎜
⎝

𝛾′(𝑎1/𝑏1)
𝛾′(𝑎2/𝑏2)

⋮
𝛾′(𝑎𝑛/𝑏𝑛)

⎞⎟⎟⎟⎟
⎠

and

∇2
𝑎𝐷(𝑎, 𝑏) ≡ 𝜕2𝐷(𝑢, 𝑣)

𝜕𝑢𝜕𝑢 ∣
𝑢=𝑎,𝑣=𝑏

=
⎛⎜⎜⎜⎜⎜⎜
⎝

𝛾″(𝑎1/𝑏1)
𝑏1

0 ⋯ 0
0 𝛾″(𝑎2/𝑏2)

𝑏2
0 ⋮

⋮ 0 ⋱ 0
0 ⋯ 0 𝛾″(𝑎𝑛/𝑏𝑛)

𝑏𝑛

⎞⎟⎟⎟⎟⎟⎟
⎠

respectively. Given the normalization 𝛾′(1) = 0, and 𝛾″(1) = 1, we have that

∇𝑎𝐷(𝑎, 𝑎) = 0, ∇2
𝑎𝐷(𝑎, 𝑎) = 1.
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The divergences implemented in the packges are given in the table below together with their
first and second order derivatives.

Divergence 𝛾(𝑢) Domain ∇𝛾(𝑢) 𝐻𝛾(𝑢)
Kullback-
Leibler

𝑢 log(𝑢) − 𝑢 + 1 (0, +∞) log(𝑢) 1/𝑢

Reverse
Kullback-
Leibler

log(𝑢) + 𝑢 − 1 (0, +∞) − 1
𝑢 + 1 1

𝑢2

Hellinger 2𝑢 + (2 − 4√𝑢) (0, +∞) 2 (1 − 1√𝑢) 1
𝑢3/2

Chi-
Squared

1
2(𝑢 − 1)2 (−∞, +∞) 𝑢 − 1 1

Cressie-
Read

𝑢1+𝛼+𝛼−𝑢(1+𝛼)
𝛼(1+𝛼) (0, +∞) 𝑢𝛼−1

𝛼 𝑢𝛼−1

The convex conjugate conjugate of 𝛾 is defined as

𝛾∗(𝑢) = sup
𝑢∈ℝ

{𝑢𝜐 − 𝛾(𝑢)} .

For continuously twice differentiable function, the convex conjugate is

𝛾∗(𝑧) = (𝛾′)−1(𝑧) ⋅ 𝑧 − 𝛾 ((𝛾′)−1(𝑧)) .

where (𝛾′)−1(𝑧) ∶= 𝑢 ∶ 𝛾′(𝑥) = 𝑧. The domain of 𝛾∗ is (−∞, 𝑑), where

𝑑 = lim
𝑢→+∞

𝛾(𝑢)/𝑢.

Divergences

The Cressie Read is a family of divergences. Members of this family are indexed a parameter
𝛼. This family contains the chi-squared divergence (𝛼 = 1), the Kullback Leibler divergence
(𝑎 → 0), the reverse Kullback Leibler divergence (𝑎 → −1), and the Hellinger distance (𝑎 =
−1/2).

Since if 𝛼 < 0, 𝛾 in the Cressie Read family is not convex on (−∞0) and thus we set 𝛾(𝑢) =
+∞.

Modified divergences
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Divergence 𝛾∗(𝜃, 𝑏) lim𝑢→∞
𝛾(𝑢)

𝑢 lim𝑢→∞
𝑢𝛾′(𝑢)
𝛾(𝑢)

Kullback-
Leibler

𝑏(𝑒𝜃 − 1) log 𝑏 − 1 1

Reverse
Kullback-
Leibler

𝑏 log(1 − 𝜃) + 𝑏, 𝜃 < 1 1 1

Hellinger 𝑏(1 − 2
√

1 − 𝜃), 𝜃 ≤ 1 2 0
Chi-
Squared

𝑏 (𝜃 + 𝜃2
2 ) ∞ 2

Cressie-
Read

Depends on 𝛼 Depends on 𝛼 Depends on 𝛼

Modified
Divergence

Derived from
𝛾0, 𝛾1, 𝛾2

Depends on
parameters

Depends on parameters

Fully
Modified
Divergence

Depends on
𝛾𝑈 , 𝛾𝐿, 𝜌, 𝜙

Depends on 𝜌, 𝜙 Depends on 𝜌, 𝜙

For many of the divergences defined above the effective domain of their conjugate, 𝛾∗, does
not span ℝ since 𝛾(𝑢)/𝑢 → 𝑙 < +∞ as 𝑢 → +∞.

For some 𝜗 > 0, let 𝑢𝜗 ≡ 1 + 𝜗. The modified divergence 𝛾𝜗 is defined as

𝛾𝜗(𝑢) =

⎧{{
⎨{{⎩

𝛾(𝑢𝜗) + 𝛾′(𝑢𝜗)(𝑢 − 𝑢𝜗) + 1
2𝛾″(𝑢𝜗)(𝑢 − 𝑢𝜗)2, 𝑢 ⩾ 𝑢𝜗

𝛾(𝑢), 𝑢 ∈ (0, 𝑢𝜗)
lim𝑢→0+ 𝛾(𝑢), 𝑢 = 0

+ ∞, 𝑢 < 0

.

It is immediate to verify that this divergence still satisfies all the requirements and normaliza-
tion of 𝛾. Furthermore, it holds that

lim
𝑢→∞

𝛾𝜗(𝑢)
𝑢 = +∞, and lim

𝑢→∞
𝑢𝛾′

𝜗(𝑢)
𝛾𝜗(𝑢) = 2.

The first limit implies that the image of 𝛾′
𝜗 is the real line and thus dom 𝛾∗

𝜗 = (−∞, +∞).
The expression for the conjugate is obtained by applying the Legendre-Fenchel transform to
obtain

𝛾∗
𝜗(𝑢) = {𝑎𝜗𝜐2 + 𝑏𝜗𝜐 + 𝑐𝜗, 𝜐 > 𝛾′(𝑢𝜗),

𝛾∗(𝜐), 𝑢 ⩽ 𝛾′(𝑢𝜗) ,

where 𝑎𝜗 = 1/(2𝛾″(𝑢𝜗)), 𝑏𝜗 = 𝑢𝜗 − 2𝑎𝜗𝛾′(𝑢𝜗), and 𝑐𝜗 = −𝛾(𝑢𝜗) + 𝑎𝜗𝛾′(𝑢𝜗) − 𝑢2
𝜗/𝑎𝜗. The

conjugate 𝛾∗
𝜗(𝑢) will have a closed form expression when so does the original divergence func-

tion.
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Fully modified divergences

For some 𝜗 > 0 and 0 < 𝜑 < 1 − 𝑎𝛾, let 𝑢𝜗 ≡ 1 + 𝜗 and 𝑢𝜑 = 𝑎𝛾 + 𝜑. The fully modified
divergence 𝛾𝜑,𝜗 is defined as

𝛾𝜗(𝑢) =
⎧{
⎨{⎩

𝛾(𝑢𝜗) + 𝛾′(𝑢𝜗)(𝑢 − 𝑢𝜗) + 1
2𝛾″(𝑢𝜗)(𝑢 − 𝑢𝜗)2, 𝑢 ⩾ 𝑢𝜗

𝛾(𝑢), 𝑢 ∈ (𝑢𝜑, 𝑢𝜗)
𝛾(𝑢𝜑) + 𝛾′(𝑢𝜑)(𝑢 − 𝑢𝜑) + 1

2𝛾″(𝑢𝜑)(𝑢 − 𝑢𝜑)2, 𝑢 ⩽ 𝑢𝜑

.

It is immediate to verify that this divergence still satisfies all the requirements and normaliza-
tion of 𝛾, while being defined on all ℝ.

Example of divergences

The following divergence types are defined by Divergences.

Kullback-Leibler divergence

𝐷𝐾𝐿(𝑎, 𝑏) =
𝑛

∑
𝑖=1

𝛾𝐾𝐿(𝑎𝑖/𝑏𝑖)𝑏𝑖

𝛾𝐾𝐿(𝑢) = 𝑢 log(𝑢) − 𝑢 + 1

The gradient and the hessian are given by

∇2
𝑎𝐷𝐾𝐿(𝑎, 𝑏) = (log(𝑎1/𝑏1), … , log(𝑎𝑛, 𝑏𝑛)) , ∇2

𝑎𝐷𝐾𝐿(𝑎, 𝑏) = diag(1/𝑎1, … , 1/𝑎𝑛)

Reverse Kullback-Leibler divergence

𝐷𝑟𝐾𝐿(𝑎, 𝑏) =
𝑛

∑
𝑖=1

𝛾𝑟𝐾𝐿(𝑎𝑖/𝑏𝑖)𝑏𝑖

𝛾𝑟𝐾𝐿(𝑢) = − log(𝑢) + 𝑢 − 1

The gradient and the hessian are given by

∇2
𝑎𝐷𝑟𝐾𝐿(𝑎, 𝑏) = (1 − 𝑏1/𝑎1, … , 1 − 𝑏𝑛/𝑎𝑛) , ∇2

𝑎𝐷𝑟𝐾𝐿(𝑎, 𝑏) = diag(𝑏1/𝑎2
1, … , 𝑏𝑛/𝑎2

𝑛)
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For reverse Kullback Leibler divergence, 𝛾(𝑢) = − log(𝑢) + 𝑢 − 1, we have that 𝛾(𝑢)/𝑢 → 0 as
𝑢 → ∞. The modified reverse Kullback Leibler divergence is given by

𝛾𝜗(𝑢) =
⎧{
⎨{⎩

− log(𝑢𝜗) + (1 − 1
𝑢𝜗

)𝑢 + 1
2𝑢2

𝜗
(𝑢 − 𝑢𝜗)2, 𝑢 > 𝑢𝜗

− log(𝑢) + 𝑢 − 1, 0 < 𝑢 ⩽ 𝑢𝜗
+ ∞, 𝑢 ⩽ 0.

.

The conjugate of 𝛾𝜃 is given by

𝛾𝜗(𝑢) = {𝑎𝜗𝜐2 + 𝑏𝜗𝜐 + 𝑐𝜗, 𝜐 > 1 − 1
𝑢𝜗

− log(1 − 𝜐), 𝜐 ⩽ 1 − 1
𝑢𝜗

,

where 𝑎𝜗 = 𝑢2
𝜗/2, 𝑏𝜗 = 𝑢𝜗(2 − 𝑢𝜗), and 𝑐𝜗 = log(𝑢𝜗) − 𝑢𝜗 − 1 + 𝑢𝜗(𝑢𝜗 − 1)/2.

Chi-squared divergence

𝐷𝜒(𝑎, 𝑏) =
𝑛

∑
𝑖=1

𝛾𝜒(𝑎𝑖/𝑏𝑖)𝑏𝑖

𝛾𝜒(𝑢) = 𝑢2/2 − 𝑢 + 0.5

The gradient and the hessian are given by

∇2
𝑎𝐷𝜒(𝑎, 𝑏) = ((𝑎1 − 𝑏1)/𝑏2

1, … , (𝑎𝑛 − 𝑏𝑛)/𝑏2
𝑛) , ∇2

𝑎𝐷𝜒(𝑎, 𝑏) = diag ( 1
𝑏2

1
, … , 1

𝑏2𝑛
)

Cressie-Read divergences

The type CressieRead is a family of divergences. Members of this family are indexed by a
function 𝛾 indexed by parameter 𝛼:

𝛾𝐶𝑅
𝛼 (𝑎, 𝑏) = (𝑎

𝑏 )1+𝛼 − 1
𝛼(𝛼 + 1) − (𝑎

𝑏 ) − 1
𝛼 .

The gradient and the hessian are given by

∇2
𝑎𝐷𝐶𝑅

𝛼 (𝑎, 𝑏) = ⎛⎜
⎝

(𝑎1
𝑏1

)𝛼 − 1
𝛼𝑏1

, … ,
(𝑎𝑛

𝑏𝑛
)𝛼 − 1
𝛼𝑏𝑛

⎞⎟
⎠

, ∇2
𝑎𝐷𝐶𝑅

𝛼 (𝑎, 𝑏) = diag ⎛⎜
⎝

(𝑎1
𝑏1

)𝛼

𝑎1𝑏1
, … ,

(𝑎𝑛
𝑏𝑛

)𝛼

𝑎𝑛𝑏𝑛
⎞⎟
⎠
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