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a b s t r a c t

We derive verified error bounds for approximate solutions of dense linear systems.
There are verification methods using an approximate inverse of a coefficient matrix
as a preconditioner, where the preconditioned coefficient matrix is likely to be an
H-matrix (also known as a generalized diagonally dominant matrix). We focus on two
inclusion methods of matrix multiplication for the preconditioning and propose verified
error bounds adapted to the inclusion methods. These proposed error bounds are tighter
than conventional ones, especially in critically ill-conditioned cases. Numerical results
are presented showing the effectiveness of the proposed error bounds.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

We consider a linear system

Ax = b, A ∈ Rn×n, b ∈ Rn. (1)

We aim to compute an error bound of an approximate solution x̃ of (1). There exist some verification methods (e.g. [1–3])
using an approximate inverse R of A as a preconditioner, i.e., the linear system (1) is transformed into RAx = Rb. If A is
not extremely ill-conditioned, then RA ≈ I . In other words, it is likely that RA is an H-matrix, because a subclass of an
H-matrices is the class of strictly diagonally dominant matrices.

Several verification methods [3–5] have been proposed using the property of an H-matrix. Such verification methods
consist of the following steps:

(i) Computing an approximate inverse R of A
(ii) Calculating an inclusion of RA
(iii) Verifying that A is nonsingular
(iv) Computing an error bound of an approximate solution x̃
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Although the verification method in [4] often provides a tight error bound of x̃, it requires O(n3) operations in (iv). On the
other hand, the methods in [3,5] require only O(n2) operations in (iv). In [3,5], the following inequality is used:

|A−1b − x̃|≤ |(RA)−1
||R(b − Ax̃)| (2)

Here, the absolute values and the inequality for vectors and matrices are understood componentwise. If RA ≈ I , the
methods in [3,5] provide tight error bounds. However, if A is large and ill-conditioned, RA ≈ I does not hold, which
causes overestimation in (2). To overcome this, we aim to improve the error bound and reduce the overestimation.

In floating-point arithmetic, the computation of RA suffers from rounding errors. Instead of calculating RA exactly, as
in (ii), we can obtain an inclusion C of RA such that RA ∈ C = [C, C] with C, C ∈ Rn×n, which means C ij ≤ (RA)ij ≤ C ij for
all (i, j). Let F be a set of floating-point numbers with some fixed precision with u being the unit roundoff. For A, R ∈ Fn×n,
we focus on the following two inclusion methods:

(a) C = [▽(RA), △(RA)] (See [2,6].)
(b) C = [▽(RA), ▽(RA) + 2nu|R||A|] (See [7,8].)

Here, ▽(RA) and △(RA) denote the computed results of the matrix product RA in floating-point arithmetic with rounding
downwards and upwards, respectively. Thus, (▽(RA))ij ≤ (RA)ij ≤ (△(RA))ij hold for all (i, j). These inclusion methods
allow to use BLAS routines for matrix multiplication with standard algorithms. Note that we do not need to compute |R||A|

explicitly when using Method (b), because we compute |R|(|A|v) for some nonnegative vector v in (iii) and (iv). Although
the computational cost for Method (b) is almost half of that for Method (a), Method (b) provides weaker bounds than
Method (a) and is valid only for limited n(≤ 1/(2u)). Moreover, we can combine Methods (a) and (b); if Method (b) fails
to verify that A is nonsingular in (iii), then we evaluate △(RA) and use Method (a). This strategy is proposed by the third
author (S. M. Rump) and is used in INTLAB [9]. In this paper, on the basis of (2), we try to derive error bounds adapted
to Method (b).

The remainder of the paper is organized as follows. In Section 2, we collect notation and definitions used in this paper.
We also introduce some theorems on an H-matrix. In Section 3, we propose error bounds for approximate solutions of
linear systems using the property of an H-matrix. In Section 4, we present numerical results showing the effectiveness of
the proposed verification methods.

2. Notation and preliminaries

Let I denote the n × n identity matrix, O the n × n matrix of all zeros, and 0 the n-vector of all zeros. Inequalities for
matrices are understood componentwise, e.g. for real n × n matrices A = (aij) and B = (bij) the notation A ≤ B means
aij ≤ bij for all (i, j). In particular, the notation A ≥ O (or A > O) means that all the elements of A are nonnegative (or
positive). Moreover, the notation |A| means |A|= (|aij|) ∈ Rn×n, the nonnegative matrix consisting of componentwise
absolute values of A. Similar notation is applied to real vectors. The spectral radius of A, which is the largest magnitude
of the eigenvalues of A, is denoted by ρ(A).

Definition 2.1 (Interval Matrix). An interval matrix A is defined as

A := [A, A] = {A ∈ Rn×n
: A ≤ A ≤ A}

Definition 2.2 (Midpoint and Radius of an Interval Matrix). The midpoint and the radius of A are defined as

mid(A) :=
1
2
(A + A), rad(A) =

1
2
(A − A).

Definition 2.3 (Mignitude of an Interval Vector). The mignitude of interval vector x is defined as

mig(x) = min{|x| | x ∈ x}.

Definition 2.4 (Magnitude of an Interval Vector). The magnitude of interval vector x is defined as

mag(x) = max{|x| | x ∈ x}.

Definition 2.5 (Hull of a Set). The hull of a set of X ⊆ Rn is defined to be the smallest interval vector enclosing X.

Definition 2.6 (Comparison Matrix). The comparison matrix ⟨A⟩ = (̂aij) of A is defined as

âij =

{
|aij| (i = j)

−|aij| (i ̸= j) .
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Definition 2.7 (Comparison Matrix of an Interval Matrix). The comparison matrix ⟨A⟩ = (̂aij) of A is defined as

âij =

{
mig(aij) (i = j)

−mag(aij) (i ̸= j) .

Definition 2.8 (Monotone). A real n × n matrix A is called monotone if Ax ≥ 0 implies x ≥ 0 for x ∈ Rn.

Definition 2.9 (Z-matrix). Let A = (aij) be a real n × n matrix with aij ≤ 0 for i ̸= j. Then A is called a Z-matrix.

Definition 2.10 (M-matrix). If a Z-matrix A is monotone, then A is called an M-matrix.

Definition 2.11 (H-matrix). A real matrix A is called an H-matrix if ⟨A⟩ is an M-matrix.

Definition 2.12 ((interval) H-matrix). An interval matrix A is called an H-matrix if any A ∈ A is an H-matrix, i.e., ⟨A⟩ is an
M-matrix.

Definition 2.13 (Nonsingular). An interval matrix A is called nonsingular if any Â ∈ A is nonsingular.

Definition 2.14 (Strongly Nonsingular). An interval matrix A is called strongly nonsingular if mid(A)−1A is nonsingular.

Theorem 2.1 (Fiedler–Pták [10]). Let a Z-matrix A ∈ Rn×n be given. Then the following conditions are equivalent:

1. A is nonsingular, and A−1
≥ O, i.e. A is an M-matrix).

2. There exists v ∈ Rn with v > 0 satisfying Av > 0.

Remark 1. If there exists v with v > 0 satisfying ⟨A⟩v > 0, then A is an H-matrix.

Theorem 2.2 (Neumaier [11]). For an interval matrix A the following conditions are equivalent:

(i) A is an H-matrix.
(ii) ⟨A⟩ is nonsingular, and ⟨A⟩

−1e > 0, where e = (1, 1, . . . , 1)T .

Theorem 2.3 (Neumaier [11]). Let an interval matrix A be an H-matrix. Then, any Â ∈ A is nonsingular and satisfies

|Â−1
| ≤ ⟨A⟩

−1.

Remark 2. Let C be an interval matrix enclosing RA and c be an interval vector enclosing R(b − Ax̃). If C is an H-matrix,
then

|A−1b − x̃|≤ |(RA)−1
||R(b − Ax̃)| ≤ ⟨C⟩

−1mag(c).

3. Rigorous error bounds for linear systems using H-matrices

In this section, we introduce rigorous error bounds for linear systems using the property of an H-matrix. Let a linear
system Ax = b with A ∈ Rn×n and b ∈ Rn be given. Let R ∈ Rn×n be an approximate inverse of A. Let ⟨RA⟩ = D− E denote
the splitting of ⟨RA⟩ into the diagonal part D and the off-diagonal part −E. If A is not ill-conditioned, then RA is close
to the identity matrix. In such cases, RA is likely to be an H-matrix. If we find a positive vector v satisfying ⟨RA⟩v > 0,
then A and R are proved to be nonsingular. There are several choices to find such vector v. For example, we choose v as
a solution of ⟨RA⟩z = e, e = (1, . . . , 1)T or the Perron vector of ED−1. The function verifylss in INTLAB [9] adopts the
algorithm based on the Perron iteration of ED−1 in [3].

3.1. Conventional error bounds

We introduce some previous works.

Theorem 3.1 (Rump [3]). Let A ∈ Rn×n and b, x̃ ∈ Rn be given. Let R be an approximate inverse of A. Assume v ∈ Rn with
v > 0 satisfies u := ⟨RA⟩v > 0. Let ⟨RA⟩ = D − E denote the splitting of ⟨RA⟩ into the diagonal part D and the off-diagonal
part −E, and define w ∈ Rn by

wk := max
1≤i≤n

Gik

ui
for 1 ≤ k ≤ n,

where G := I − ⟨RA⟩D−1
= ED−1

≥ O. Then A is nonsingular,

|(RA)−1
|≤ D−1

+ vwT ,
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and

|A−1b − x̃|≤ (D−1
+ vwT )|R(b − Ax̃)|. (3)

Theorem 3.2 (Minamihata et al. [5]). Under the same assumption as in Theorem 3.1, define ∆ := uwT
− (I − ⟨RA⟩D−1). Then

it holds for any m ∈ N that

|(RA)−1
|≤ (D−1

+ vwT )(I −

m∑
k=1

(∆2k−1
− ∆2k)).

Moreover,

|A−1b − x̃|≤ (D−1
+ vwT )(I −

m∑
k=1

(∆2k−1
− ∆2k))|R(b − Ax̃)|. (4)

Both Theorems 3.1 and 3.2 give upper bounds of |(RA)−1
|. When n is small, Theorems 3.1 and 3.2 work very well even

if A is moderately ill-conditioned as long as RA is proved to be an H-matrix (see [3] and [5]). However, in the case of A
being large and ill-conditioned, both Theorems 3.1 and 3.2 cause overestimation; It is due to the rank-1 matrix vwT for
obtaining an upper bound of |(RA)−1

|.

3.2. Proposed error bound for Method (a)

In order to reduce the overestimation, we propose the following error bound for a linear system using the property of
an H-matrix.

Theorem 3.3. Under the same assumption as in Theorem 3.1, we have

|A−1b − x̃| ≤ D−1
|R(b − Ax̃)| + max

1≤i≤n

(ED−1
|R(b − Ax̃)|)i

ui
v. (5)

Moreover, it holds for any m ∈ N that

|A−1b − x̃| ≤ min
1≤k≤m

ϵ(k) , (6)

where

ϵ(k)
:= D−1(c(0) + c(1) + · · · + c(k−1)) + max

1≤i≤n

c(k)i

ui
v

with

c(0) := |R(b − Ax̃)|, c(k) := ED−1c(k−1)

for 1 ≤ k ≤ m.

Proof. From Theorem 2.1,

⟨RA⟩
−1

≥ O. (7)

For 1 ≤ k ≤ m,

c(k) ≤ max
1≤i≤n

c(k)i

ui
u. (8)

From (7) and (8), we obtain

⟨RA⟩
−1c(k) ≤ max

1≤i≤n

c(k)i

ui
⟨RA⟩

−1u = max
1≤i≤n

c(k)i

ui
v, 1 ≤ k ≤ m. (9)

Since ⟨RA⟩
−1

= D−1
+ ⟨RA⟩

−1ED−1, it holds for any m ∈ N that

⟨RA⟩
−1

|R(b − Ax̃)| = D−1c(0) + ⟨RA⟩
−1c(1)

= D−1(c(0) + c(1)) + ⟨RA⟩
−1c(2)

= D−1(c(0) + c(1) + · · · + c(m−1)) + ⟨RA⟩
−1c(m).

It can be seen from the inequality (9) that ϵ(0), ϵ(1), . . . , ϵ(m) are upper bounds of |A−1b − x̃|. Thus, (6) is proved. □

Corollary 3.1. Theorem 3.3 with m = 1 always gives a tighter error bound than Theorem 3.1.
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Proof. From the definition of ∆ in Theorem 3.2,

⟨RA⟩
−1

+ ⟨RA⟩
−1∆ = D−1

+ vwT .

Then,

⟨RA⟩
−1c(0) = (D−1

+ vwT )c(0) − ⟨RA⟩
−1∆c(0)

= (D−1
+ vwT )c(0) − ⟨RA⟩

−1((wT c(0)
)
u − ED−1c(0)

)
≤ (D−1

+ vwT )c(0) − ⟨RA⟩
−1

(
wT c(0) − max

1≤i≤n

(ED−1c(0))i
ui

)
u (10)

= D−1c(0) + max
1≤i≤n

(ED−1c(0))i
ui

v.

Here, ED−1
≤ uwT holds by the definition of w, and

ED−1c(0) ≤ uwT c(0) = (wT c(0))u. (11)

Hence,

max
1≤i≤n

(ED−1c(0))i
ui

≤ wT c(0).

From (11),

D−1c(0) + max
1≤i≤n

(ED−1c(0))i
ui

v ≤ (D−1
+ vwT )c(0),

which together with (10) completes the proof. □

Remark 3. If b is an n×p matrix with p ≫ 1, we may use Theorem 3.1 from the viewpoint of computational cost, because
(D−1

+ vwT )C for any C ∈ Rn×n can be computed in O(n2) operations.

The above theorems (Theorems 3.1, 3.2, and 3.3) are easy to apply to verification methods for linear systems. Let C be
an inclusion of RA. We replace ⟨RA⟩ by ⟨C⟩ and apply the above theorems with Theorem 2.3.

3.3. Proposed error bound for Method (b)

If we adopt Method (b) introduced in Section 1, C = [▽(RA), ▽(RA) + 2nu|R||A|], and

⟨C⟩ = ⟨▽(RA) + nu|R||A|⟩ − nu|R||A|.

Then, for obtaining ⟨C⟩, it is necessary to compute |R||A| explicitly, which requires O(n3) operations. To avoid computing
|R||A| explicitly, we construct an inclusion C′ of C such that ⟨C′

⟩v can be computed in O(n2) operations. For example,

[▽(RA), ▽(RA) + 2nu|R||A|] ⊆ [▽(RA), |▽(RA)| + 2nu|R||A|] =: C′.

If the diagonal part of ▽(RA) is positive, then the diagonal part of ⟨C′
⟩ is equal to that of ▽(RA), and the off-diagonal part

of ⟨C′
⟩ is equal to that of ⟨▽(RA)⟩ − 2nu|R||A|. For C′, mid(C′) ≈ I is not satisfied in some ill-conditioned cases.

Theorem 3.4 (Neumaier [11]). Let an interval matrix A be strongly nonsingular. Let AHb be the hull of a solution set of Âx = b̂
(Â ∈ A, b̂ ∈ b). Then, for any interval vector b and any C1, C2 ∈ Rn×n such that C1AC2 is an H-matrix, we have

mag(AHb) ≤ |C2|⟨C1AC2⟩
−1mag(C1b), (12)

i.e., the bounds (12) become minimal for the choice C1 = mid(A−1) and C2 = I .

From Theorem 3.4, we should choose C1 = mid(C′)−1 and C2 = I for C′ to minimize the error bounds. However, the
computational costs of ⟨mid(C′)−1C′

⟩v for any v > 0 are O(n3) operations because mid(C′)−1 is not a nonnegative matrix.
Hence, we construct an inclusion B of mid(C′)−1C′ such that ⟨B⟩v can be computed in O(n2) operations.

Theorem 3.5. Let A, R ∈ Rn×n and b, x̃ ∈ Rn be given. Let C′ be an inclusion of RA, i.e., (RA)ij ∈ C′

ij for all (i, j). Assume v ∈ Rn

with v > 0 satisfies u := ⟨C′
⟩v > 0. Then A is nonsingular, and

|A−1b − x̃| ≤ ⟨C′
⟩
−1

⟨mid(C′)⟩|mid(C′)−1R(b − Ax̃)|. (13)

Proof. From the assumption of v and Theorems 2.1 and 2.2, C′ is a nonsingular H-matrix. Therefore, A is nonsingular, and
mid(C′) is an H-matrix. From ⟨C′

⟩ ≤ ⟨mid(C′)⟩ and ⟨C′
⟩
−1

≥ O,

I = ⟨C′
⟩
−1

⟨C′
⟩ ≤ ⟨C′

⟩
−1

⟨mid(C′)⟩. (14)
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From ⟨C′
⟩ ≤ ⟨mid(C′)⟩ and ⟨mid(C′)⟩−1

≥ O,

⟨mid(C′)⟩−1
⟨C′

⟩ ≤ ⟨mid(C′)⟩−1mid(C′) = I. (15)

From (14) and (15), the inverse of ⟨mid(C′)⟩−1
⟨C′

⟩ is nonnegative, and ⟨mid(C′)⟩−1
⟨C′

⟩ is a Z-matrix. Therefore
⟨mid(C′)⟩−1

⟨C′
⟩ is an M-matrix from Theorem 2.1.

Next, we consider an inclusion of mid(C′)−1RA as follows.

mid(C′)−1RA ⊆ mid(C′)−1C′

⊆ [I − |mid(C′)−1
|rad(C′), I + |mid(C′)−1

|rad(C′)]

⊆ [I − ⟨mid(C′)⟩−1rad(C′), I + ⟨mid(C′)⟩−1rad(C′)] =: B.

Since ⟨C′
⟩ is an M-matrix, 0 ̸∈ C′

ii and

⟨C′
⟩ = ⟨mid(C′)⟩ − rad(C′).

Moreover, since ⟨mid(C′)⟩−1
⟨C′

⟩ = I − ⟨mid(C′)⟩−1rad(C′) is an M-matrix, 0 ̸∈ Bii and

⟨B⟩ = I − ⟨mid(C′)⟩−1rad(C′) = ⟨mid(C′)⟩−1
⟨C′

⟩.

Thus, B is an H-matrix, and

|A−1b − x̃| ≤ |(mid(C′)−1RA)−1
| |mid(C′)−1R(b − Ax̃)|

≤ ⟨B⟩
−1

|mid(C′)−1R(b − Ax̃)| (16)

= ⟨C′
⟩
−1

⟨mid(C′)⟩|mid(C′)−1R(b − Ax̃)|. □

Remark 4. The estimation of (16) is better than the estimation of (2) with applying |(RA)−1
| ≤ ⟨C′

⟩
−1. It is proved as

follows.

⟨B⟩
−1

|mid(C′)−1R(b − Ax̃)| ≤ ⟨B⟩
−1

|mid(C′)−1
||R(b − Ax̃)|

≤ ⟨B⟩
−1

⟨mid(C′)⟩−1
|R(b − Ax̃)|

= ⟨C′
⟩
−1

|R(b − Ax̃)|.

Corollary 3.2. Under the same assumption as in Theorem 3.5, we have

|A−1b − x̃| ≤ D−1r + αv, (17)

where r := ⟨mid(C′)⟩|ỹ| + |mid(C′)ỹ − R(b − Ax̃)| and α := max
1≤i≤n

{ED−1r}i
ui

.

Proof. Since mid(C′) is an H-matrix,

|mid(C′)−1R(b − Ax̃) − ỹ| ≤ ⟨mid(C′)⟩−1
|mid(C′)ỹ − R(b − Ax̃)|. (18)

From (16) and (18), we have

|A−1b − x̃| ≤ ⟨B⟩
−1

|mid(C′)−1R(b − Ax̃)|

≤ ⟨B⟩
−1

|ỹ| + ⟨B⟩
−1

⟨mid(C′)⟩−1
|mid(C′)ỹ − R(b − Ax̃)|

= ⟨C′
⟩
−1

⟨mid(C′)⟩|ỹ| + ⟨C′
⟩
−1

|mid(C′)ỹ − R(b − Ax̃)|

= ⟨C′
⟩
−1(⟨mid(C′)⟩|ỹ| + |mid(C′)ỹ − R(b − Ax̃)|)

= ⟨C′
⟩
−1r. (19)

From the definition of α,

ED−1r ≤ αu. (20)

The assumption of v implies that ⟨C′
⟩ is an M-matrix. Then, ⟨C′

⟩
−1

≥ O and

⟨C′
⟩
−1ED−1r ≤ α⟨C′

⟩
−1u = αv. (21)

Therefore, we have

⟨C′
⟩
−1r = D−1r + ⟨C′

⟩
−1ED−1r ≤ D−1r + αv. □

Remark 5. Corollary 3.2 can also be applicable to the verification method using Method (a). However, we expect that
Corollary 3.2 with Method (b) works more efficiently than that with Method (a), since mid(C′) is often far from the identity
matrix, especially for large n and ill-conditioned cases.
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Table 1
Error bounds with the inclusion C = [▽(RA), △(RA)].
I Error bound (3) in Theorem 3.1
II Error bound (4) in Theorem 3.2 (m = 1)
III Proposed error bound (5) in Theorem 3.3 (m = 1)
IV Error estimate by a precise approximation of ⟨C⟩

−1
|R(b − Ax̃)|

Fig. 1. Ratios of the error bounds I, II, and III to the error estimate IV (n = 10000, randmat).

4. Numerical results

We present some numerical results showing the performance of the proposed error bounds. To this end, we compare
the proposed error bound with the conventional error bounds. All computations are performed with MATLAB R2018a and
INTLAB Ver. 11 on a PC with Intel Core i7-7820X 3.6 GHz CPU and 64 GB of main memory.

We generate the following random matrices as test problems, where we can specify n as the matrix dimension and
cnd as the condition number κ2(A) := ∥A∥2∥A−1

∥2.

1. randmat: Rump’s test matrices using the INTLAB function randmat

• MATLAB command: A = randmat(n, cnd);

2. randsvd: Higham’s test matrices using the MATLAB function gallery with randsvd

• MATLAB command: A = gallery(‘randsvd’, n, cnd, mode, n, n, 1);

The right-hand side vector b is generated by randn(n, 1) in all cases. We fix n = 10000 and vary cnd up to the limit of
the applicability of the verification methods. We also vary mode between 1 and 5 for randsvd in order to show results
for various kinds of singular value distribution.

We first investigate the performance of the proposed verification method using Method (a), i.e., an inclusion of RA
as RA ∈ C = [▽(RA), △(RA)]. We compare the error bounds listed in Table 1. All the error bounds in Table 1 require
computing R, x̃, and v, where R is an approximate inverse of A obtained by the MATLAB function inv, x̃ is an approximate
solution computed by R∗b with iterative refinement to attain the maximum accuracy using the algorithm Dot2 [12], and v
is an approximate Perron vector of ED−1 obtained by the INTLAB function MVector [3]. Therefore, x̃ is maximally accurate
in double precision (binary64), i.e., all the elements of x̃ have almost maximum accuracy. The inclusion of R(b − Ax̃) is
computed by the algorithm Dot2Err [12]. In order to measure how obtained error bounds are overestimated, we also
compute a precise approximation of ⟨C⟩

−1
|R(b − Ax̃)| as the error estimate IV.

In Figs. 1–6, we display the medians of the componentwise ratios of the error bounds I, II, and III to the error estimate
IV. As can be seen, the proposed error bound III gives better results than the error bounds I and II except in the case
of randsvd with mode = 1 (Fig. 2) and is almost the same as the estimation IV in all the cases. Note that the error
bounds I and II overestimate the actual error for ill-conditioned cases due to the estimation using the rank-1 matrix vwT

in Theorem 3.1 and ∆ such that ρ(∆) > 1 in Theorem 3.2, respectively. From these results, we can see that the proposed
error bound III is more effective than the conventional error bounds I and II for a certain range of the condition number,
for example, κ2(A) ∈ [1014, 4.2×1014

] in the case of randmat (Fig. 1) and κ2(A) ∈ [1012, 6×1012
] in the case of randsvd

with mode = 3 (Fig. 4).
Next, we investigate the performance of the proposed verification method using Method (b), i.e., an inclusion of RA as

RA ∈ C′
= [▽(RA), |▽(RA)| + 2nu|R||A|]. In the same way as the previous example, the test matrix A is generated using
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Fig. 2. Ratios of the error bounds I, II, and III to the error estimate IV (n = 10000, randsvd with mode = 1).

Fig. 3. Ratios of the error bounds I, II, and III to the error estimate IV (n = 10000, randsvd with mode = 2).

Fig. 4. Ratios of the error bounds I, II, and III to the error estimate IV (n = 10000, randsvd with mode = 3).

randmat, and the right-hand side vector b is generated by randn(n, 1). We fix n = 10000 and vary cnd up to 7 × 1011.
The computations of R, x̃, v, R(b− Ax̃) are done as well. Let g be an inclusion of R(b− Ax̃) by the algorithm Dot2Err. We
put ỹ := mid(g)./diag(mid(C′)) for the proposed error bound V. The error bounds listed in Table 2 are compared.
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Fig. 5. Ratios of the error bounds I, II, and III to the error estimate IV (n = 10000, randsvd with mode = 4).

Fig. 6. Ratios of the error bounds I, II, and III to the error estimate IV (n = 10000, randsvd with mode = 5).

Table 2
Error bounds with the inclusion C′

= [▽(RA), |▽(RA)|+2nu|R||A|].
IV Error estimate by a precise approximation of ⟨C′

⟩
−1

|R(b − Ax̃)|
V Proposed error bound (17) in Corollary 3.2
VI Error estimate by a precise approximation of ⟨C′

⟩
−1

⟨mid(C′
⟩)|mid(C′)−1R(b − Ax̃)|

In Fig. 7, we display the medians of the componentwise ratios of the error estimate IV and the proposed error bound
V to the error estimate VI. It can be seen that the error bound V gives better results than the error estimate IV and is
almost the same as the error estimate VI. This also implies the error bound V gives better results than the error bounds
I, II, and III.

Finally, we show computing times of the proposed verification method using Methods (a) and (b). In the same way
as the previous example, the test matrix A is generated using randmat, and the right-hand side vector b is generated by
randn(n, 1). We fix n = 10000 and cnd = 7×1011. The CPU times are listed in Table 3. Note that Dot2 and Dot2Err are
implemented in C. As can be seen, main computational costs in these verification methods are to compute R and inclusion
of RA, and the verification method with Method (b) is faster than that with Method (a).

Appendix. Comparison between the Hansen–Bliek–Rohn–Ning–Kearfott–Neumaier (HBRNKN) method and the pro-
posed methods

In this appendix, we compare the proposed methods with the HBRNKN method [4]. We use the same variables as in the
numerical results in Section 4. Let Y be an inclusion of the solution of Cy = g using the HBRNKN method, i.e., A−1b ∈ x̃+Y.
In fairness, we adopt x̃ + mid(Y ) as an approximate solution in the proposed methods.

We compared the following error bounds:
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Fig. 7. Ratios of the error estimate IV and the error bound V to the error estimate VI (n = 10000, randmat).

Table 3
Computing times (sec.) of the proposed verification methods using Methods (a) and (b)

Verification method using (a) Verification method using (b)

Total time 22.73 17.54
Computing R 8.01 8.01
Inclusion of RA 11.56 5.77
Iterative refinement with Dot2 1.24 1.24
Inclusion of R(b − Ax̃) with Dot2Err 0.49 0.36
Computing v 0.08 0.82
Computing error bounds 0.02 0.48

Table 4
Results of comparison between the HBRNKN method and the proposed method for randsvd matrices (n = 10000)
mode cnd Ratio 1 Iter. Ratio 2 ρ(ED−1)

1 1.5 × 1013 1.019 2 0.0054 0.9948
2 5.0 × 1012 1.007 3 0.0088 0.9913
3 6.0 × 1012 1.006 2 0.0271 0.9730
4 1.0 × 1013 1.015 3 0.0041 0.9960
5 6.0 × 1012 1.033 2 0.0065 0.9936

• ϵP : Proposed error bound (5) in Theorem 3.3 (m = 1)
• ϵN : Error bound using HBRNKN method

On computational cost, the HBRNKN method needs to compute an approximate inverse XC of ⟨C⟩ and an interval matrix
multiplication XC ⟨C⟩ explicitly, while our proposed method does not. Thus, it is clear that the proposed method is faster
than the HBRNKN method.

In Table 4, we show the following results:

• Ratio 1: Median of ratios of error bounds (ϵP )i/(ϵN )i, i = 1, 2, . . . , n
• Iter.: Number of iterations in MVector function for obtaining v

• Ratio 2: Median of ratios of error terms (D−1c(0))i/(⟨C⟩
−1c(1))i, i = 1, 2, . . . , n

• ρ(ED−1): Spectral radius of ED−1

It can be seen from the results of ‘‘Ratio 1’’ that ϵN is almost the same as ϵP , and the proposed method requires at
most three iterations for obtaining v in these numerical results. As can be seen from the results of ‘‘Ratio 2’’, the main
error term is not D−1c(0) but ⟨C⟩

−1c(1). Thus, even if we increase m in Theorem 3.3, it does not converge efficiently. This
can also be explained from the results as ρ(ED−1) ≈ 1. Therefore, it is important to estimate ⟨C⟩

−1c(1) as tight as possible,
which is achieved by computing an appropriate v with negligible cost.
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