Weak form of the Navier equation (Laplace 4+ grad—div
form)

Consider the strong form of linear elasticity written as
pAu+ A+ p)V(V-u)+b=0  in . (1)
Let the boundary be decomposed as
0N =T,uly,

and choose test functions
v=0 onl,.

Multiplying the strong form by v and integrating over €2 yields
[ pdu) v+ [+ @)YV ) -vdo+ [beovdr =0 (2)
Q Q Q
Applying integration by parts to the Laplacian term,

ou
/Q(Au)-de——/QVu.Vde+/m%-vdF. (3)

For the grad—div term, let = V - u. Then

/QV<b~de:—/ngﬁ(V-v)dQ—i—/mqﬁ(v~n)dF. (4)

Substituting these into the weighted equation and rearranging gives the
weak form:

u./QVu:VdeqL()\Jru)/Q(V-u)(V-v)dQ:/Szb-vd§2+/rtt-vdF (5)

with the natural traction

ou

+ A+ p)(V-u)n. (6)



Weak form with Laplace, grad—div and curl—curl oper-
ators

Consider the equivalent strong form
2uAu+AV(V-u) —puVx (Vxu)+b=0 inQ. (7)
Let v be a test function such that
v=0 onl,.
Multiplying by v and integrating over (2,
/Q(zumwww-u)—wx(vXu)+b).de:o. 8)

For the Laplacian term,

/Q(Au).de:—/Qvu:de(H/(9 9 ar. 9)

0 On

For the grad—div term,
/QV(V-u) v dQ = —/Q(V-u)(v-v)dfﬂ— [ (V-w(v-m)r. (10)
For the curl-curl term, using Stokes’ identity,

/QVX (V xu)-vdQ = /Q(qu)-(VXV)dQ—l— [ (nx(Vxw)-vr. (1)
Collecting the volume terms yields the weak form

QM/QVu ; Vde+)\/Q(V-u)(V-V) dQ—u/Q(qu)-(VXV) d) = /Qb~de+ [ tyvar

(12)
with the natural traction
ou
t3:2u%+)\(v-u)n—unx (V xu). (13)



