Impurity tensor of the pseudoscalar condensate in the

GN model



Consider the single-flavor Gross-Neveu(GN) model on the two dimensional space-time

lattice, the action S looks like:
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¥ = (11,15) denotes the two-component Grassmann-valued field. The m is the mass
parameter, the r is the Wilson parameter which is set as 1, and g> = g2 = ¢* denote
the strength of the four-Fermi interaction. [ is the 2 x 2 identity matrix. In the chiral
representaion, the gamma matrices are set as v; = 6, 72 = 6, and y5 = .. The Grassmann

tensor of model (1) generally takes the form:
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Now we try to derive the concrete form of T ( ) based on the general pro-
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cedure. First, the hopping matrices X” and Y” are determined and decomposed as :
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Notice only the (1,1) component of all the singular matrices o is non-zero. We substi-

tude the decompositions above into (1), and introduce new fields {y, x} through performing

unitary transformations to the original fields {¢, 1}, we arrive at the following exponential

terms appeared in e™:
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We introduce a pair of auxiliary bond Grassmann numbers to each hopping term:
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We select terms containg original fields on the n-th site and neglect the n-th labels

hereafter. Expand the (9) and substitude the matrix elements of the matrices:
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Expand the (10):
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Expand the (11):
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Expand the (12):
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Expand the rest terms in (1):
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Minimalists
随意画
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Starting from (22) to (13), we move all the terms containing original fields vy, ¥, ¥y
and 1 to the left side. This process would generate a sign factor of (—1)72+71%%2+4  which
can be incorporated with that in (18) and (20), leading to (—1)*%. We then adjust the
order of the original and new Grassmann fields at the same time while maintaining the mirror

symmetry within them(thus no additional sign factor appears), and arrives at:
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Now we arrange the new Grassmann fields into the desired order(move from the under-

lined position to the blue-star position sequentially):
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The accumulated sign factors in the above process are:
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Now we would like to perform the Grassmann integral [ dipydipydapaday to integrate the

original Grassmann fields on the n-th site. (23) contain the following contributions:
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The minus sign in (28) comes from adjusting the Grassmann integral measure from
Ik dipr dipy dipodipy to i dpydipydipodipy. The Ail,iz,j;,jé is given by the following Grassmann

integral:
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Similarly, the Aj, ;, i » is given by the following Grassmann integral:
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The non-zero tensor elements of Ay, ;, jr j» and Ay, j, i are listed:
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Finally, we gather all the information below and obtain the coefficient tensor T,

T (1Y (i )i (i) () i i iy o o (a2 )

(i151) (i22) (3157 ) (inJ7)

%1+J1+22+]2+11+J1+12+32
2 2
( ) X [(297 + (M + 21)?) 63y tigr 143800714 5o+ 1,0

i1+io+i) 45 ig+ih+j2+55
_ ( 1 1102 TJ2 (+Z) 2T TI2T)2 (m+ 2r>62'1+i2+ji+j§,15j1+j2+i'1+i/2,1

M+ 2763, it 711301 O ot i1 — Ai i A st i)

(i11) (i252) (8157 ) (in)" :

—1



The expectation value of the pseudscalar condensate (iyz)):
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Therefore, we only need to add the term 2'(1[_111#1 — @Zmbg) to (23), and perform the
Grassmann integral [ dipdi)ydipodipy. The contributions are:

Wby = —i(m A+ 27)8i, it 1 432,007 42+l +5,0 (32)
irgpy — Q(i TR ()RR G, 16 e i (33)
—itathy = (1M 27) 84 iy 51 45,00)1 4 -if 5,0 (34)
—ithathy = =005, yintjt+ig 1 0jytga it +i 1 (35)

Therefore, the impurity tensor corresponds to the pseudoscalar condensate (¥ivys1) can

be obtained as:
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The pseudoscalar condensate (1iys1)) can be also computed through finite difference

methods by adding the following term in the action (1):
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Similarly, it would contribute a term e(“1¥1-¥2¢2) {6 (23), which would expand like:
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The additional contributions from (37) are:
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Therefore, the Grassmann tensor now looks like:
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WHRXMEHE S £F lattice anisotropy term:

S=—5 3 S0 e ain) (] — ) wln+ 9) + 2 G (4 5) (T 4 3,) $()]

nelo v=1,2
2

(m +20) 32 9(n) 23 [ @mwm) + (i)’ (50)

n

FEAH A pseudoscalar HAEEME w228 i«

Pivs T (_1)i1X(i’2+i’1+jz+j1)+iz><(i’2+i’1+j2)+jix(i’2+i’1)+j§><i’2+i’1+i’2 w 5 (i2+i—j2—j)
(iljl)(i2j2)(i1j1)(i2j2)

\/§ i1+j1+ig+ja+i) +51 +Hih 434
G il a4 sl
X \ﬁuﬂﬁ”ﬂr" X (—2 >

I L AR R R A R/ - VS
X [Z("H)Q 2 ( 1) ! 611+12+J{+J§,16]1+]2+z’1+z’2,1

Zfsh+z'2+j{+j§,15j1+j2+i’1+i’2,1}

12



