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1 Model

N-flavor Gross-Neveu-Wilson model is defined by the following action,
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Choosing the Dirac-Pauli representation, say 71 = 04, 72 = 02, 75 = 0y, and r = 1, we
have
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with the Hadamard gate H. On the other hand, choosing the chiral representation, say
Y = Oy, V2 = Oy, V5 = —iV17Y2 = 0., we have
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2.1.1 Dirac-Pauli representation
Decompose hopping factors via
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one obtains
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To carry out the integration is ¢, it is useful to note that
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Now, we can easily see
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we finally obtain the Grassmann tensor as
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Notice that reordering factor P(*%)’s are defined as follows,
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2.1.2 Remark

Let us consider the effect of the Hadamard gate applied for the I-directional hopping
terms. Without the Hadamard gate, one naively decompose these hopping terms via
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Let us separately consider Eq. (2Z41) by each term. Firstly,
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Totally, we obtain
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2.2 Impurity tensor
2.2.1 Dirac-Pauli representation

Here, we consider the tensor network representations for (1/¢) and (¥iys). For k,1 = 1,2,
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2.2.2 Chiral representation

With this representation, both (¢1)) and (iiys¢)) are diagonal in the Dirac space. It is
sufficient to consider
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= 0, ’+Jl+12+z1,15z’2+11+32+31,
= (M + 2)0j1 41 +in+i1,008+4 +j2+51.,0- (2.60)
Setting

(k-) o Pilj1i2.72i/ 3ttt 7,’1+7/2 :LL (k)
Shvrizisitiyigiy, — (1) W (1) TR exp | S (ia = J2 0 — )| iy pigay

(2.61)

we finally obtain the impurity Grassmann tensor as

S(k Z Z Z Z 113112]211]1 23’77? C{ln Cl T]l ;27732 (262)

11,41 2,52 47,41 15,54
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3 N;=2

Since the hopping term is diagonal in the flavor space, there is no difficulty to derive the
tensor network representation for N # 1. All we have to consider is a kind of combina-

torics!

3.1 Pure tensor

N
§= =333 3 [ ei Ol =)D +9) + e+ 5)(r1 + 7)) )]

f=1neAr v=1,2

£330y + 2Dy D )

f=1 n
Z(Zw (n)e( >) Z(ZW (n)insyP (n >>
tha Y Y WD (n)ins(ra) g (n). (3.1)
L n

We assume the chiral representation for the v-matrices. For all f, we set r/) = 1. By
repeating the decomposition introduced in the case of N =1,

oAl / / A7 (n)dn" (n) e~ " @ mn” ) g=es” a3 9)
¢(f> nt+1)el (n //d<1 dC ( ) e ~&P )¢ () ¢(f)(n+1) £ (n )e¢§f)(n)<£f)(n)7 (3.3)

0~ [ [ a0 yann) oo e )
(3.4)

I

o :/ / A2 ()dc (n) o8 0 ) e 12D D o1 s )

(3.5)
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one obtains

- (H / / / / Ay agPdpsdagl’) e(Mf+2)1Z§f)¢£f)(Mf+2)1z;f>¢;f)>
!
-g2_92 (), () i 92_92 ~(f) (f) ?
com B2 (S ) B2 (s
! 7 7
[ 2 2
gcr + g7r n — !’ !
X exp B (Z wgf)¢§f)> (Z/ w;f)wéf)>]

oo [T (007
L I
" He 350D () =70 (n=1) (OGP (n—1) o7 ¢ )

eﬂj/2 (£) (f)( ) Hf/2 (f) (f>(n 2)6 —wf/2c (f>C f)(n 2)e V«f/Qng)Cgf)(n)

(0 ot

X exp _Z¢1 { Mf+2)5ff/+lh Ta ff/}l/)f,
L £F
X exp —Z@Zy){(Mf+2)5ff’_ ff’}wf
L ff
" 2
g — g2 () () 2
X exp T Z% Uy t 22— In Z v
f f
ga‘ + g7r T(f
X exp (Zw ><Zw§“w )
f/
% He (f) (f) ¢gf)n§f)(n_l)e¢gf)’§f)(n_i)e¢gf Cif)(n)

eeuf/2x(2f)n§f)(n)e_euf/?ng)ﬁéf)(n_Q)ee—Mf/Q)—(gf)ééf) (n-2) g/ ()
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Then

T= 2 > 2D

with

i1,91,k1,01 42,J2,k2,02 4,51 k1 ih,55 Kk b
« (_1)i’1+i’2+k’l+k§
H1

2
I Ao =K1 Kb Ky ke 7Y Al od1 pie =81 05 i1 is 201 375
X tz‘ljlkllu‘zjzkglzz"lj{k’ll’li’zjgkglgC1 Gy M e G Go* By By it g et vy By By

=2 2 2 )

; y y Y A gl ol sl ! oq/
1,51,k1,01 92,02, k2,02 4,51, K1 45,55, k5,0,

xexp[ <i2_j2+il2_j£)+%(k2_12+k;_llg)]

> (_1)i’1+i’2+k’1+kz§
xexp (B (i — o+ iy = 5) + 22 by — b+ By — 1)

< 1 )i1+j1+i2+j2+i/1+j{+i'2+jé( 1 )k1+11+k2+l2+ki+l’l+k’2+l’2
X —— R

V2 V2

P, . . o g
X (_1) 11]1kll112]2k2l221]iklll’11'2]2k2l/2

i1 i, k1 Ay i adz, ke flo P SR 2d1 it 7l kG A7) iy
X iy gy lyingakalad, j K4 il k41 O Bt G oy’ By’ GF Gl By ant G By iy (3.7)

Piyjukavinjakatait ji ki tisiskyty = 11(l + lo + Ky + Ky + ki + ke + 1 + Iy + ji + Jo + 1) +145)
(

+(lh+ 4k +k+ k4 ke + 1 +1)

+ki(ly + o + K + K)

+ig(ly + Ky + Ky + ko + 1+ 15+ Jo + 1) +15)

+ Jolly + Ky + Ky + ko + 11 + 1)

+ ko(ly + K} + Kk5)

+ 13 (k) + k)

+ g1 (kg + Iy + 1) +i3)

+ iy (K + 1)

+ Uk

+ Jals. (3.8)
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and

biyjuka lyingakaloil i k4 i kyly = (H / / / / dyi gD dy” w(”)

L AF

xexp |~ 3 g {(Mf+2)5ff/+iha(7a)ff’}¢§f’>

X exp —ng { My +2)8; 5 — tha(ra)! 7 L )"
5f! i

2 9 9 2
g - gﬂ' 7 go’ - gﬂ' n
x oxp | 20 <§ :w?%”) (D :wé”wéf’)
f

< () (O ()2 (050) ()2 (95)) 1 ()2 ()
0 HR)E (@) (D) (0K ()2 (1)

(11 foritats)

X exp —Z¢1 { M+ 2)0sp +1ih, (Ta)ff,}gbif/)
Nz ]
X exp —Z% {Mf+2 5ff’_iha(7—a)ff/}¢§f/)
Nz
r.2 _ .2 B _
x exp | 2225 (GPpDGPBE + gy

- 2 )
X exp 9 + 9 <w(1)wl wg (1) + wl wl wél)% >
)

2
95+ 92 (~(1) (1) 7©) o) ()
X exp (w wl 2/’2 +¢1 ¢1 wz ¢2
\ i7" —(D)\io s 7(1)\d 1)\d D\i, /o (1 1)\4
D)= (B0 (D) () (x e (0
(

W) ()R () (05 ()2 (o)1,
(3.9)
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where we have renormalized original Grassmann variables by a factor v/2. When a = 3,
setting hg = H and 73 = 0,

Uiy jrkalyingokalad) g1 K, Uil gh kil = (H////dlbgf)dwl dsz d1/12 )

xexp [ = (My + 2+ iH) $000 = (M +2 - i) ${0uL) |

X exp |- (Mg +2 - iH) PP — (My + 2 + 1H) 54

< exp [ S0 (FOU0OGO U 4 GO T0)

'ga + 92

(D00 + P w@))

X exp

-ga + g7T n ]
X exp (00 + )

x () (@57 (D)2 (0% >'1<xé>>%< YA ()2 ()7
x ()2 (@) (R (05 (2™ (052) M ()2 (7).
(3.10)
T As we will see, there is a structure such that
tz1J1k1l12232k21221yk/ Uibghkbly — Z t?ﬂlkl1”2]2k2122131k/1l1 i Gk (3.11)
a=0,2,4,6,8
Note that
dyy” gy dg i agy dy gl = derdey dgiad; de dplad dgy?
(3.12)
holds. Our strategy is to evaluate the Grassmann integrals like
dwﬁ”dwé”dz/?i”dﬁ”dwi”dwf)dz/?i”dl/?(”
X ()Y 05)" 07 308 0" (er)
< () (G5 ()R (@57) () (057) K ()2 (052", (3.13)
Ay dygVdg ) dygtdg P dyy? dgi? dyy”
x&“)z/;(”
< ()7 (@5 (572 (057) (65 (9575 ()2 ()
< () (O ()R (@57) ()R (05 ()2 (052", (3.14)

IThe choice of 7, just affects the bilinear terms. Since we have chosen flavor diagonal matrix o3 as 7,,
it is easy to obtain the tensor network representation with the choice of 7, = 1. This technique is useful
when we evaluate (iy51v). This is also the case with Ny = 3.
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dy iy dg ) dvgtdg? dy? dg? dyy”
MappPp?
><<>z§”>jé<<z‘s§”>ﬂ‘i<x§>> (@) ()2 (5 (x “>>J‘2<¢<”>ﬁ
< (X2 (A7) ()2 (057) 1 () (0 ()2 (61, (3.15)

dyy! gy eV dds” do i dyy” gy dgy?

RGN

x ()72 (@) (5) 2 (@57) (xs) 2 (957) (x 1V )2 (9 )1

X () (S ()2 (05 (D) (57) M ()2 (0121, (3.16)

di gy g gl dys dgp? gy
x PP PPl PP piD
< ()7 (@5 (572 (@57) ™ () (957)5 ()72 ()
< () (SRS (057)M ()2 (65 (1) (0)1 (3.17)
Eq. (B13) is evaluated as

dyi" gy e dds” dyi? dyy” gy dgy?
x (X)) (e1)7 (x “b%&“)ﬁ( M (g5 (V)2 (D)7
><<>z<2>>lé< N2 (952 () (8 ) M (P2 (1)

= dp Ay () (B V() (5) AV s () (95 ) (V)2 (o) )
x AP g (VP2 (D) (152 (68 AP deps? ()5 (6814 (P2 (¢P)1, (3.18)

which can be described as a product of the following tensors,

A= [ [adPas @@ (3.19)
A= [ [aslP a6 o) (3.20
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? Eq. (B13) is evaluated as

o' d¢§1>d¢1 w§< )2 @s W) (e )“W)@Dil)(xél))’( N (D)2 (g )
) Y
(Wi

x A o (1) (617 (X5 <¢<2>>‘ﬂdw1 dus? ()2 (658 (1) (1)

= dy d¢21>< N2 (o) (5 (@5) 1Py VPl (D) () () ()
X Az’ ! koks Ai(j)kgzzzl

= E2i1illj2]JQZQZQJQAZ’Ql/leklAEj)k/ laly

Xd¢ dw (w )j2+j1+22+“w d¢1 dwél)wl (¢ )Z2+11+j2+31

(2)
- Pzzmljz J21212325 ’+31+12+11,151’ +i} +j2+71, 1Al' I k2k1Ak§k/112;1- (3-21)
where we set

Pabcd — (_1)a+b+c+d’ (322)

[abcd — (+i)a+b+6+d‘ (323)

The point is that when the integrand contains one extra fermion bilinear term,
the sign flip occurs.

When the integrand contains two extra fermion bilinear terms, we need to care two
patterns. When these two terms are coming from different flavors, as shown in Eq. (813),
we acquire two extra minus signs as we explained previously. So no sign flip occurs. When
these two terms are from the same flavor sector, however, we get minus sign because

R R N T M R

These considerations make it clear that when we consider the integrals like in Eq. (B18),
we obtain no minus sign because we always encounter two negative signs which cancel
each other. Eq. (BI1) also results in no extra negative sign by the same reason.

Let us explicitly obtain ¢[*’s. Firstly, we have

[0] _ am (1) 1(2) (2)
v yiagakalail 3R it = gtz A jai Al i Ak oty (3.25)
Secondly, we consider t?, which is constructed by
CE i + O e + CPO e + Oy (3.26)
with
CP = — (M, +2+iH), (3.27)

2The labels f in AY) and AY) may not be necessary because we can identify them by their subscripts.
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CP = — (M, +2—iH), (3.28)
cl = (My+2—-iH), (3.29)

Cl = — (My+2+iH). (3.30)
As explained previously, when we integrate out Grassmann numbers we obtain extra

minus sign.

[2] —
i1j1k1l1i2g2kalad) 31 K1 iG55 kAT,

2l p (2] 1 (2)
( Ch 121111JZIJ§1212]2 57 ) 9; Jo+i1Hiz+in, 1522+i’1+j2+j1,1Al'21'1k2k1 kbkjlaly

2 2 1 1
+(_C£]Pk2k1k’llgll’2kgk’2l2 CH) ALY Agég’lijl5l'2+l,1+k2+]€1,16k/2+k/1+l2+l171‘ (3.31)

Jajit2t1

Next, we consider /¥ whose integrands contain

OGO + OGO UPT 4 GG G

TP T + DDA+ CHFED, (a3
with
4 95 — g
¥ = (My +2+iH) (Mo +2 — iH) + ==, (3.33)
[4) g2+ g2
Oy = (M +2+iH) (My + 2 +iH) + =2, (3.34)
4 95 + g2
c¥ = (M, +2—iH) (M +2 — iH) + ==, (3.35)
s 95 — 9z
C = (M, + 2+ iH) (My +2 — iH) + =%, (3.36)
4 95+ 92
CH¥ = (My +2+1H) (M, +2 —iH) + = (3.37)
a 92 + g2
Co = (M +2 —iH) (M +2 +iH) + ==, (3.38)
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The last two lines are just constructed by the same flavor degree of freedom, we get minus
signs. Consequently,

(4]

ingikliiogokalaiy j kil i5 5 kol

- {01[4]Pizi1i'1j2[j§i2i/2j2Pkgklkllbjl'g’@kéb + O3 Piivit o Lgiaiyio + O3 ProtasgtoTigangs, + Cﬂ[f]}
X 5jé+ji+i2+i1,15i’2+i’1+j2+j17151'2“/1+k2+k1716kl2+k,1+l2+11’1
—05[4]5jé+ji+z‘2+i1,Oéi’2+i’1+j2+jl70/_1l(’221)’1kzk1 l(cz)k’llgll

4 701 1
- Cé ]Aﬁégimlz‘lﬁéfiml 51/2+l’1+k2+k1,05k’2+k/1+lg+h,0- (3-39)
Next task is to consider
6] 7(1) (1) 7(1) (1) 7(2) /(2 6] 7(1) (1) 7(1) (1) 7(2) /(2
CP o e o + Oy e s g e
FCBIPUPTR DO + CORPUPT PRI, )
with

Ol = — (My +2+iH) (M, +2 —iH) (My + 2 — iH)

2 2 2 2 2 2
_gaj;_g”(M1+2+iH)—g"29”(M1+2—1H)—%(M2+2—1H)a
(3.41)
O = — (M +2 +iH) (M, +2 — iH) (M + 2 + iH)
2 2 2 2 2 2
— ) + ) + .
_ga2g7r(M1+2+1H)_ga gW(M1+2—1H)_%(M2+2+IH)7
(3.42)
O = — (My +2 +1H) (Mz +2 — iH) (M + 2 + iH)
2 2 2 2 2 2
. + . - -
_ga_ggﬂ (M1+2_|_1H)_M(M2+2—1H)—%(M2+2+1H),
(3.43)
Cl — — (My +2 —iH) (My+2 —iH) (M, + 2 + iH)
2 2 2 2 2 2
_ga;—gw (M1+2_1H)_90297T (M2+2—1H)—%<M2+2+1H)
(3.44)

As a result, we obtain
0 _
i1j1k1l1i2j2k212i’1j1k:'lllliéjék‘élé

[6] [6]
[01 Preoter gt Tikorty + Co ™ | Ottt vinia 00if4i +jo+1 00+ ko er 1Ok, +1o-+11,1

(6] (6]
+ [03 Piivit o Liginitgs + C1 | Ojyiytintin 10814 4 jotin 10+ +hy-thr 00Ky 18 +1a+1,0- (3.45)
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The last task is to pick up all the integrand proportional to
R S R e DS (3.46)

that is the resulting form is

8] _ 8]
b juntingabatai, gt ki iyt = C Oghbdtia+i 00 4+ +a-t1 000+ +ko-+kr 00k 44, +1a+11,0, - (3.47)

where

OB = (My 4+ 24+ iH) (M, +2 —iH) (My + 2 +iH) (My +2 — iH)

2 2\ 2 2 2\ 2
95 — 9% ga+gﬁ
do Jmw o Ze I

92— g2
oI5 (M + 2= iH) (Ma + 2+ i)

95 — 9z
+%(M1+2+1H)(M2+2—1H)

_|_

2 2
+%(M2+2—1H)(M2+2+1H)

2 2
+ . .
+%(M1+2+1H)(M1+2—1H)

2 2
+ . .
+%(M1+2—1H)(M2+2—1H)

92 + g2
+%(M1+2+1H) (My +2+iH). (3.48)
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3.2 Impurity tensors for (1)), (Yiyse), and (Yivsmse))

These impurities introduce additional two Grassmann numbers. We set séf ) tensor for
(@f)wéf)>. Note that
s = > st (3.49)
a=2,4,68
Impurity for (1) is given by
s = sgl) + sgl) + sg )+ 5(2). (3.50)
Impurity for (iys1) is given by
s = 13%1) isgl) + isg ) 13&2). (3.51)
Impurity for (ivsm3v) is given by
s =isi! ) isgl) 155 ) + 15(2). (3.52)
Let us explicitly obtain sy Nebg, séf by are immediately obtained as
gz)l[?]mlllmgzkglzzlglkgl’l gLkl = Pigivit o it o Oyt +iatin, 108 44, +atin, 1Al’2l’1k2k1Al(cZ)k’ll2l1’
(3.53)
ng')l[i]lklzlimi@zggjgk/ll'lwgk' [/ _5j§+ji+i2+i1716i§+i/1+j2+j171Al’21’1k2k1Al(j)k/l I’ (3.54)
g?’?l[?]lklllinZkﬂQi/ljik'llllﬂ/gjgkll, = _Pkgk;lk’llg[lékgkélgA§-Bii2ilA§§3/1j2jl5l’2+l’1+k2+k1,15k’2+k’1+l2+l1,17
(3.55)
Sfi)l[iklllz‘zjzkzlzi’lj{k’ll’lwzk’ p = _AgllziuuAgg/ljzjl5l’2+l/1+k2+k1715k§+k’1+l2+l1,1- (3.56)
ng Mg acquire coefficients. For 551’[4}, we have
GO G D+ KOOI + PUOUOHO. (a0
with
oM = — (M, + 2 —iH), (3.58)
b — (M, + 2+ 1H), (3.59)
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= (M +2—iH), (3.60)

and as a result,

(4]
Liin g1k lyiogakaladh 3} K15 i kA1,

1[4 1[4
= <@§ ! }Pizi1i’1j2[jéizi’zjzszklk’llzjlgkzkélz + bg Mp, L,

12111} jo lezi’gj2>

X Ot 451 +ia+it, 10y, +jo-+1, 10Uy 1 +o-+hor 1Ok k] a1

(1)[4] 1(2) (2)
—a 5j§+ji+i2+i1»06i§+i'1+j2+j170Al’2l’1k2k1 kK] l2l1 (3.61)
For sgl)w, we have
AP DGO L I DU L SIGOGO, (362)
with
a" = — (My +2 —iH), (3.63)
b = — (M + 2+ iH), (3.64)
S = — (M 4+ 2+ iH), (3.65)

and as a result,

(1)[4]

25i1j1k1liagakalail 5 Ky 1, i b k51,

_ (D] (1)H4]
= (az Prokuritaligkoryts + 037 ) Ojtitpiarin 100+ +jatin, 10U+ 4ok 10K k] +ia 1

(1)[4] 1(2) 2)

G 5j§+ji+i2+il:05i§+i/1+j2+j170Al’2l’1k2k1 Kk, Loty (3.66)

For s§2)[4], we have
PHFOUIGYD ¢ BPIFOUIGIYD ¢ PIFDUOFON (e

with

P = — (M, +2+iH), (3.68)
b = — (M, +2—iH), (3.69)
M = (My + 2+ 1H), (3.70)
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and as a result,

(2)[4]

Livjikilvizjokalod) j1K, 1555 k50
_ 2)[4] (2)[4]
= ( Piyivit o Litinityjo Proka k1o Lt kakty T 017 Phookr it 1o L1y kaky 1

X 0 '+]1+22+11,1522+z +32+;1,15l’ + +k2+k1,15k’2+k’+12+11,

)[4 1
! ]Ajljimn A’E/27?l1j2jl 5ll2+l/1+k2+k1,05k§+k/1+12+l170‘ (371)
For s§2)[4], we have
a§2)[4]@5§1)¢§1)1/;§2)¢§2) i ng)[4} *él)djél)&éz) 52) +C§2)[4]@E§2)¢§2)?/;§2)¢§2)7 (3_72)
with
AW (g, 424 i), (3.73)
bOH _ (0p v i), (3.74)
PW (02— iH), (3.75)

and as a result,

(2)[4]

2si11k1liiogakalod! 51k 1 055kl
= (1(2)[4}P Lo o —|'b (S/ Oy O 41/ Okt k!
- i2i14) j2 L jhiaihjo Lj1 +io+i1, 10 +i) +jo 441,100+ +hko+k1 1Ok, +K] +12+11,1
(2)[4] 1) 1
At inin At a2 Oty 41 ez ey 00K +a-+13.,0- (3.76)

(el

) 6
Then we move on to consider s, s. Let us consider s( )16l

, whose integrand contains

oG YOG GO + BIPGOGOGDGDUD 4 OGO YO

(3.77)
with
(1)[6] g2+ g2
aq :(M1+2—1H)(M2+2—1H)+%, (378)
()6 95 + 9z
BV = (M + 2 —iH) (Mo +2 +iH) + =0 =, (3.79)
1 g2 — g2
VO — (M, 42— iH) (My + 2 +1H) + o (3.80)
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and

(1)[6]

Liingik lingakalail ji Ky U ibghkhly —
(1)6] (1)e]
(a Preakitoipkakgis + 017 ) 04 1 tvigti 00i 441 4o 451,008+ +ka+kr LOKS 4] +lo+1,1
SRR Y SR VNPT ¥ S S (3.81)
1 i9i11) jo L jhioil g2 Ol 451 +ia+i1,104+i] +jo+41,101,+1] +ko+k1 00k, +k] +12+11,0- :

(1)[6]

We next consider s, """, whose integrand contains

1)[6] 7.(1 1) 7(1 1) 7(2) ,(2 1)[6] 7.(1 1) 7.(1 1) 7(2 2 1)[6] 7.(1 1) 7(2 2) 7(2 2
O

(3.82)
with
16 95 — g
al"" = (M, + 2+ iH) (M +2 —iH) + =22, (3.83)
(sl 95 + 9z
05" = (M + 2+ iH) (M + 2+ 1H) + ==, (3.84)
(1)[6] 92 + 92
ey’ = (My+2—iH) (M2+2+1H)+%, (3.85)
and
(1)l6] _

25i1j1kliiagakalail §i Ky 1L ih5kATL

(1)[6] (16
(G Pregki o Lipkakyts + 027 ) 04t tritrin 00i 441 +ja-+1, 008+, +heakr LOkS + k) +lo+11,1
SO 1G4 a1 100y e 00K 41,0 (3.86)

We consider 552)[6]

2)[6] 7 2)[6] 7.(1 7(2), ,(2) 7.(2 2 2)[6] 7. 1) 7.(2 2) 7(2) ,(2
a0 e e + oY+ P s e 0

, whose integrand contains

(3.87)
with
@ 9 + 9z
a”’" = (M, +2+1H) (M1+2—1H)+%, (3.88)
(2)[6] g2+ g2
07 = (My + 2 +iH) (M + 2+ iH) + ==, (3.89)
gz . 92
O = (M 42— iH) (My + 2 + iH) + =, (3.90)
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and

2)(6 _
Liiyjikiliiogokalad] 51 k114555 k51

(2)[6]
a3 Pk 1o D1 ko ky 1,05 /+j1+12+11,051/ g1, 00, 4kt kr 1 ORS 1K) oty 1

(2)[6] 2)[6]
+ (b 13122111J21J§2212j2 + Cl dj ’+Jl+zz+11,162’2+z +]2+]1,15l’ +1] +k2+k1,05k’ +k]+1l2+11,0
(3.91)

3&2)[6] contains

T

(3.92)
with
(2)[6] g2 + g2
as :(M1+2+1H)(M1+2—1H)+%, (3.93)
g — g
b — (M + 2+ iH) (My + 2 — iH) + 2 (3.94)
(2)[6] g2+ g2
Cy :(M1+2—1H)(M2+2—1H)+%, (3.95)
and
(2)[6]
2ii1j1k1liiagokalat] g1k, 1 ih 5k, —
6
)[ ]5J§+J1+12+11 051’ +Zl+j2+j1705l’ + +/€2+k1,15k' +k]Hla+11,1
b(2)[6]P I (2)[6] y 5 5 S
i2i14) j2 £ jhizihja + Gy jh+i1+io+in, 19444 +jo 441,101, +1) +ko+k1 , 00k, +E] +12+11,0-
(3.96)
Finally, we consider ng JBls. Since we have
R R D R S A S Dk (3.97)
with
" = — (M +2—iH) (My+2 —iH) (Mo + 2 + iH)
2 2 2
. o + e o m : g + ™
— (M, +2—iH)de T Ix 29 (M2+2—1H)g 5 — 9 — (My+2+iH) 2 29 ,
(3.98)
18 )8
5(1 B — a1 B, 471 i +i1,008 14 +ja+-j1 008+ +ko+k1,00k, 1K, +la+11,0 (3.99)
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follows. Similarly,

R R R R R R U (3.100)

o™ = — (My + 2 +iH) (My + 2 — iH) (M + 2 + iH)

, + N o 95— 9a
—(My 42+ iH) S x 9o+ 9 X s (M2+2—1H)%—(M2+2—|—1H) 9o > In.
(3.101)
Sgl)[s] [8]5 gt intin 002 1t 4ot 0014 ko -k 00Ky k) + 41,05 (3.102)
and
R R R T T e (3.103)
with
o™ = — (M, +2+1H) (M, +2 —iH) (M, + 2 + iH)
2 2
My 424 i) I . 95 (M, 42— iH) gf’;g” (My+2 +iH) g”;g",
(3.104)
2)[8 )[8
Sg ) ] 2 ]5 jh+51+i2+it, 0522+i’1+j2+j170(5l'2+l'1+k2+k1,05k§+kl1+l2+l170’ (3105)
and
as P PO P P Oy, (3.106)
with
o = — (My 4+ 24 iH) (M, + 2 — iH) (My + 2 — iH)
2 2 2 2
— (M + 2 I gy o iy o - 4 — (M +2 i) 20
(3.107)
39)[8] [8]5 gt in-tin 00 a1, 000+ ko kr 00K k] 4+ +1 0 (3.108)
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3.3 Impurity tensors for (|ivs¢|?) and (|iys73i0]?)

These impurities introduce additional four Grassmann numbers. We set sg ’{2/) tensor for

(W ). Note that

sl =N s (3.109)

a=4,6,8
Impurity for (|1iys¢|?) is given by
5 = —25%1) + 25%12) — 25852) — 255 i R 25(1 2 258’2). (3.110)

Impurity for (|1iys731h|%) is given by

_ _og (11) _ 9 (12) + 2 (12) + 28 (12) _ 9 (12) _ 96 (22)' (3.111)
sﬁfg,f M5 do not have extra coefficient, so they are immediately obtained as
1,1)] 2
Sg ,2 ) 5 ,+]1+Z2+21705Z,2+Z +]2+]170Al’2l/1k2k1 i)’z)klllQh’ (3112)

(1,2)[4] _
S1.1 - P121111J2IJ§12%2]2Pk2k1k'112[l'2k2k” l26 ’+Jl+12+217161’ +11+12+J1,15l’ +U] +k’2+k1715k”2+k” +lo+11,15

)

(3.113)
1,2)[4
Sg 1 = Pk2k1k'1l2[l'2k2k'l26 '+]1+l2+117151’2+21+]2+]1,15l'2+l’ +k2+k1715k’ +k 241,15 (3'114)
1,2)[4
gg T ‘Pig’ili/ljg j22212j25 '+J1+12+z1,16z’2+1 +j2+jl,151/ +1h +k2+k1716k/2+k/1+12+11»1’ (3'115)
1,2)[4]
S5 = Gt i b 10y iyt 1 100y 0y -y 1Ok kg s 11 1 (3.116)
2,2)[4 701 1
85,2 M= _AEQ;iiQilAgéz’ljgjl5l'2+l’1+k2+k1,05k/2+k’1+l2+l1,0- (3.117)
Next, we consider sg,fe,f 6. For s%ﬁlm, we need to think
L)6] 7(1) (1) 7(1 2 116 1) (1) (1) 7(2) (2
aity "ot O e+ by g g o, (3.118)
where
iy = — (My+2-iH), (3.119)
b = — (M, +2 4+ iH) (3.120)
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and

1,1
S0l

(1,1)[6] a 1)[6]
( Proorakt 1o D1 kakyty + b O o441 +intin 0084 +ja-t+51,000 41 +ha-thr 10Ky 4 +lo-+,1+

(3.121)
For 3%2)[6}, we need to think
1,2)[6] (1) /(1) 7(1) (1) 7(2) (2 1,2)[6] 7(1) (1) 7(2) (2) 7(2) (2
PBGOOIOA O PGP, ()
where
a0 = — (M +2—iH), (3.123)
b = — (M, + 2+ iH) (3.124)
and
1,2)[6
s
=q"?9p I 5 5 5 5
1,1 kok1 koLl kakll2© gl 471 +ia+i1,09+i) +52+41,000,+1) +ka+k1, 1Ok, + k] +12+11,1
(1 2 6
+ b $ }Pizili’ljg Lisinir 2 0yt gt vintin 10+ 4 gt 1O, 4 4kt k00K k) o +11,0- (3.125)
For sgf)[ﬁ}, we need to think
1,2)[6] 7(1) (1) 7(1) (1) 7(2) /(2 1,2)[6] 7(1) (1) 7(2) ,.(2) 7(2) /(2
SPOGOSOTOUOFOUD + PP, 1)
where
o = — (M, + 2 +iH), (3.127)
b = — (M, +2 4 iH) (3.128)
and
1,2)[6
35,1 )16]
= a2 p I 5 5 5 5
— Y21 kokikila Ll kakhla O jh+71 +ia+i1,09+i) +j2+751,000+1] +ko+k1, 1Ok, +k| +12+11,1
)6
058 i i 100 a1 10U ey 00K ] a1 0- (3.129)
For 3852)[6}, we need to think
ayly PP gl g o R P PP (3.130)
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where

1 1)[6
+ b PZ21121J2 ]27/212]26 ’+Jl+22+l1,15Z’2+11+J2+J1,15l’ +1h +k2+k1,06k" +k]+12+11,0-

= Qg9 j2+j1+z’2+1'1,05z"2+i’ +j2+j1,051’ + +k2+k1,15k’ +k]Hl2+11,1

1,2)[6
agg )[6]
6
bﬁ,z el _
and
1,2)[6
s§72 )[6]
(1 2)(6]5,
For sgl 2)( , we need to think
1,2)[6] (1) (1
ag i Pg i g
where
1,2)[6
aég 6] _
1,2)[6
bé,z el _
and
1,2)[6
sé ; )[6]
(1,2)6] 5
" b 1 ,1)[6]
For s? 2)( , we need to think
2,2)[6] 7(1) ,.(1
P P PP P o
where
2,2)[6
CLS,Q )[6]
2,2)[6
b§,2 )[6]
and
2,2)[6
sg ; )[6]

44} i in 0014 +at1,008 +1 +ka -k, 10Ky +k, +1a+1y 1

b5 p DD P,

= — (M, +2+iH),

— (My+2—iH)

5 '+J1+12+21,152'2+% +32+31715l/ +14 +k2+k1,05k’ +k)+l2+11,0-

B UG

— (M, +2+iH),

— (M, +2 —iH)

(3.131)

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

(3.138)

(3.139)

(3.140)

_ [ ,(2.2)6] (2,1)[6]
- ( ) P121111]2I]§121/2]2 b1,2 Y ’+J1+12+z1,15z’2+z +]2+]1,151’ +1 +k2+k1,06k’ +k|+l2+11,0-
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Finally, we have

Syé”f)[g] = aéft;’f)[8]5Jé+ﬁ+iz+i1705i’2+i’1+j2+j1,051’2+l’1+k2+k1,05k§+k§+12+11,0, (3.142)
where
sty = (My +2 —iH) (M + 2 +iH) + =, (3.143)
g2 _ g2
s = (M + 2 —iH) (My + 2 +1H) + R (3.144)
95+ g2
sgim[sl = (M, +2+iH) (My+2+iH) + % (3.145)
1,2)[8 g2+ g2
st = (M +2 —iH) (My +2 —iH) + 22, (3.146)
95— 9z
s = (My + 2 +iH) (My +2 — iH) + I (3.147)
2,2)[8 >+ g2
sO = (My + 2+ iH) (M) +2 — iH) + s (3.148)
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4 Np=3

4.1 Pure tensor

Our Grassmann tensor is defined via

T= 2 2. 2. 2.

ilaj17k17l17m17n1 i27j27k27l27m27n2 7//1 7j£7k/17l/17m/1 7nl1 lea]é7k/27l/27ml27nl2
% (_1)i’1+i’2+k’1+k’2+m’1+m’2

/J/]_ . . ./ ./ /~’L2 12 ! /‘1’3 /! /
X exp [7(@2—]2+z2—32)+7(1{22—l2+k’2—l2)—|—?(m2—ng+m2—n2)
X ti1j1k1llm1n1i2j2k212m2n2i/1]'ikﬂlﬁmllnﬁilzjéklzllzméné
% g™ g2 _m) _mbH my my =) *nl2<’ll lo =K1 ko k1 ko Elll E‘lé/@jl do =41 ~15 i1 iy 2J1 BJs
01709701 P27P1 P27 01 027G G Ty M7 1)1 To™ G 6™ P Po Oy Qg (X" Qy” D17 Do

= > 2. 2. 2

11,J1,k1,l1,m1,n1 12,52,k2,l2,m2,n2 le 7ji7k;_7ll1am,1 7”’1 l&,jé,ké,lé,mé,né
v (_1)1’1+i’2+k’1+ké+m’1+m’2
M1, . ./ -/ 2 / / M3 / /
X exp [?(zg—]2+22—32)+7(1@—12+k2—l2)+?(m2—n2+m2—n2)
1 i1+j1+i2+j2 4] 51 +i5+55 1 kv+l1 koo +ky +1) +ky 41 1 m1+ni+matng+m)+n]+mhH+n)
>< —_ —_ —_

V2 V2 V2

P, . . o
X (_1) 11]1k1l1m1n112]2k2l2m2n21/1]ik’llllm’lnllzé]ékéléméné

;o ;g AN NS i /AN ENE ! !
X t11]1k1l1m1n112]2k2l2m2n211j1k1l1m1n11232k2l2m2n2

i1 pit, k1 Al ma niie pie, ko fla mo _ng =ny —miy Y kY 21 i) _nb _mg 2l _ky 275 i)
Xy Byt G ey oy e Byt G py oyt py G By O py 2T Byt Ay (4.1)
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with

Piyjukatiminaiajakalomanait it K lmi i skl mint, =

i1(ny +na+my+mh+my+me+nl +ny+h+lo+ kR Rtk L+ 5+ Jo 4+ 1)
+ji(n+no+mi+my+my +mo+nt +ng+hHl+ R R R R+ )

+ ki(ng +ng +my +mh +my +mg +ny +n5 + I+l + By + k)

+11(n1 4+ ng + my + my +my + my + nj + ny)

+ ma(ny + ng + mi + mj)

+dg(ng +my 4+ my +my + 0| +ny +lo + kK kg + 1+ 15+ o 1) 415)

+ ja(ng +mi +my +mo +ni +ny + o + K+ kS + ke + 15 +15)

+ ka(ng +my + mb + ma +nl +nb + o + ki + k)

+ lo(ng + ml + my + mg + n + nj)

+ mo(ng +miy +mj)

+ny(mi +my)

+ 1 (mhy + noy + k) + k)

+ ky(mg +nj)

+ i (mly 4+ b+ K+ 1+ i+ 1)

+ iy (mhy + nh + Ky + 1)

+ ngymey

+ lyk

+ Jaiy (4.2)

33



and

tll]llﬁ11m1n112]2k2l2m2n211hk' Uiminfibghkhlimhnl,

- (1;[ /] de)dzﬁﬁf)dw;f)cl%”)

xexp |-y o) {(Mf +2)05p + ihzz(Ta)ff/} i)
I i
X exp —Zwé ) {(Mf—|—2)5ff/ iha(Ta)ff,}gbéfl)

LSS i

2
com |52 (i) + 252 (S )
f f
[ o 2
<oxp | B8 (z FOu ) (Zw )]
f
(

R CRRCOR Y
(2))k’( ) ( (2)) (¢ (2)>ll

2

> <
S
\_/
a
N
~
%
N
\_/
e
Z

< () (o) -§3>> <§’>> HE) e (68 () ()

34



Note that we renormalized original Grassmann numbers as in the case of Ny = 2. Choos-
ing a = 8, we set hg = H and 73 = A\g. Normalizing H = H/\/§7 we have

tzljlklllmlnlzgjgkzlgmgngzljlk’ll’lmln’ ih gLkl mhn),

- (1;[ ]/ dwiﬁd&%f)dwéf’d@éf))

xexp [ = (My +2+iH) 5000 — (M +2 - i) 50|
xexp [ = (My+2+iH) $P0 = (My +2 - iH) §007 |

x exp |— (Ms +2 — 2iH) o PP — (M + 2 + 21H) 9 ;3)}

M2

ga _ 0 7 ]
<o |75 = (OpDBOu + GO0 B + S5 u)
: 9 -

~— Ix
x exp | 2 (GO + DU + )
+ i . - :
x exp (D90 + PP + G e )

X exp gg + gw <¢(1 ¢1 2/’2 + ¢1 1/11 3)¢§3))

X exp Jo ¢(1)¢2 ¢1 (2)+w1 ¢1 3)1#53))

x oxp 9"“’ (#4090 + 5P 5Py
)3 (G0 (¢ 1)’2( i) () (D)2 (g )

< (X)E (6 ()2 (5 >’“<x2>’f’2<¢2> T ) ()"

< ()" (07 (252 (057 ()™ (957 () () (4.4)

With Ny = 3 the above tensor is decomposed into

= Y (45)

a=0,2,4,6,8,10,12
8 Since
3 3
H dy’ g = (=1 T[ et des" dyi ays” (4.6)
f=1 f=1

holds, there is an overall negative sign. For a while, we consider —¢ instead of ¢ to neglect
this overall sign.

3Numbers of terms in ¢[* are equal to NyxNCq/2 with N the number of elements in fermion fields.
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When there is no additional fermion bilinear term, the integral is described as a product
of AY) and AY). If we have one extra bilinear term, the sign flips. If we have two bilinear
terms which are from different flavor sectors, two negative signs cancel out. However,
when they are from the same flavor sector, we get a minus sign. If we have three bilinear
terms, there are two possibilities. One is like

T(1),,(1),7(2),,(2),73) (3
RO (4.7)
where we obtain the factor (—1)3 as a result of the integration. The other is like
O s e o, (48)

where we obtain the factor (—1)?, so no sign flip occurs. Eq. (E7) is a new possibility
arising with Ny = 3. With four bilinear terms, we have patterns. For instance,

) (D) 7)., (1) 7(2),(2).7(3) (3

O e PP o, (4.9)
and we get (—1)3. When we have

e R R (4.10)

the resulting factor is (—1)?. These are also new patterns in N; = 3. When we have five
bilinear factors, we encounter

T D Ul O (411)

for example, which gives us (—1)3, so the sign must flip. This is also the case with six
bilinear terms.
Let us explicitly determine —¢. For a« = 0, we have

Bl al l / ! / ! 1./ ! ! ! i .
11]1k1l1m1n12232k212m2n211]1klllm n112]2k212m2n2 75717211 1211]2]1 51 koky* TRS K 2017 "nynimamy® Tmym nany

(4.12)

Secondly, we evaluate —t?l, which is established by

CPpYY + PP + CPOPYP + CF Pl + PPy + oo,
(4.13)

where CPs are listed in Table M. As discussed above, there must be a minus sign.
Therefore,
_ 412 _

i1j1klllmlnlizjgkglgmgng’i/ljlk/llllm nyihjhkhlmhnl

2l p 1(3) (3)
( C 12111132 [‘751222]2 C 0; l+Jl+l2+117161l2+11+J2+J171Al’ U kaky Ak:’ k! lzllAn2n1m2m1 Am’zm’lngnl

®3)

[2] 2] 1
+ (_03 szklk/ l2‘[l/ k:gk’/ lo — C A] ]11211Ai/2 ‘/1j2j15l +1 +k‘2+k}1,16k/2+k‘/1+l2+l1,114n n’ QOlAm/meannl

2l p (2] (1) 1) (2) (2)
+ ( O m2m1m1n2]”2m2m2n2 o C Aj/]ilgll ini) j2J1 l’zl/lkgklAkék/llzll5n'z+n'1+m2+m1,15m'2+m’1+n2+n1,1‘
(4.14)
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Table 1: List of C2's,

Pl —(My+2+iH)
cP | —(M,+2-iH)
C’g} —(My+2+iH)
P —(My+2—-iH)
CP | —(M5 +2 — 2iH)
CP | —(Ms + 2+ 2iH)

For a = 4, we have a product of two bilinear terms such that

OGO + IO TR U + CHG U D + IV 5P
+ CHGPUOTOUD + CIOFOUIE D+ G0 + I G0
4 7(2) ,(2) 7(3) (3 4 7(2) (2) 7(3) (3 3 4 7(2) ,(2) T(3) (3
+ O PP PPy + CigeP P s §)+ PP P + oo p P gy
4 7(1) (1) 7(1) (1 4 7(2) ,(2) T(2) (2 4 7(3) ,.(3) 7(3) (3
Cran v ey + Ciger e ey + g vl (4.15)
CM1s are listed in Table B. The last three terms are constructed from the same flavor

component, so we have additional minus sign. Therefore, the Grassmann integral gives
us

(4]
— Vigikilhimanaizgakalomanai) j K1 my nf i 5 kY l’2m’2n’2

[4 [4] [4]
(C Pryivit o Litinityjo oty k1o L kb1, + s Piyivit jo Liginityjo + O3 Proky it 1o Tt akyt, + €

(3)
X Otz in 10ty it 1 100 1k k10K kS 4411 A o A

(4] (4] [4] 4]
+ (C P121111J2IJ§121232Pm2m1m' n21n5m2m'2n2 + C16 Pizili'lhljélzlz]z + C? Pm2m1m'1n2]n'2m2m'2n2 + C’8
(2)
X 5j§+j{+iz+i1,151 +i) +j2+i1, 1Al’2£’1k2k1‘4k’2k’112l1 5n’2+n’1+m2+m1,lfsm’2+m’1+n2+n1,1
+ (CY Pk L i P I aCWp L+ P oL, 4ol
kgklkllg l2k2k212 M2MmM1M N2~ NyM2MyN2 10 k2k1k1l2 lzk‘nglg 11 m2m1myng < nyM2myong 12

(1)
x A, 3 iy Oy, a1, 1O K] +o-+11,100) 40 +ma-+ma,10ml+m) +ng-+ny 1

JoJit2ti” Tigi g2
_ (2) (2) 3) ®3)
013 5 i +.]1 +i2+i1 :0574/2+Z +j2+i1 70Al/2l/1 koky Ak/ k/ laly An2n mami Am’zm/lngnl

. Cl[i]A( ) A(l) A(3)

72 j1i2i1 2211]2]16l + +k2+k1,06k/ +k] ‘HQ‘HLOAn Lnimomy” Tmhminany

[4] 1) (2)
C(15 A] 45} i1 z"gi’ljglel’ 4 kalAk/ K, 12115n2+n’1+m2+m1,05m’ +mf+na+n1,0- (4'16)

37



Table 2: List of CHs.

C 1 (My 42+ iH)(My + 2 +iH) + %29
ng] (M1+2+1H)(M2+2_1H)+g§+gﬁ
C:[),4] (My +2—1iH)(M; +2+1H)+9§§gﬂ
S (M +2—iH)(My +2 — iH) + %%
0524] (My +2+iH) (M3 + 2 — 2iH) + %29
06[54] (M1+2+1H)(M3—|—2_|_21H)+Q?,Jggﬁ
CIT | (M, + 2 — iH)(My + 2 — 20H) + 2422
05[54] (M1+2—1H)(M3+2+21H)+93 e
05[34] (My +2+1iH) (M3 + 2 — 2iH) + %2
ClT (My + 2+ iH)(M; + 2 + 2iH) + B1%
| (Ma+2 = {H) (M + 2 = 2iH) + 55
O%] (M2+2—1H)(M3+2+21H)+ga gz
C%] (M1+2+1H)(M1+2_1H)+%
Cri (M2+2+1H)(M2+2_1H)+#
CHT (My + 2 — 2iH) (M, + 2+ 2iH) + 2%

For o = 6, there are 20 terms which contain three bilinear factors:

CPp e oy

+ O 0y VBP0 oY + P O o g

+ IO FPYO GO + PO PP g

® L Pl @ ¢§3)w1

(3)
2
(3)
1

O + OB
OO HO GO 4 OGO UG
ORI GOUD + O UG
e T e e L
+ ORI GOUD + OGP UG

3) 53)

6] 7(2 2) 7(3 3) 7.(3 3 6] 7(2 2) 7(3 3) 7.
+ Crot o o e o el + G e o

Cl%s are given as

o =

—(My + 2+ iH)(My + 2 +iH)(Ms + 2 — 2iH)

— (My +2+iH

95 — 9z
)T

— (My+2+iH) e —Ix 9o — 9x
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(3)
2

)g

— gz

(4.17)

, (4.18)



O = —(My +2 +iH)(My +2 — iH)(Ms + 2 — 2iH)

2
: +
— (My +2+iH)d2 T 9x 3 A (M2+2—1H)g“ 3 gz

C = —(My + 2+ iH)(My + 2+ iH)(M; + 2 + 2iH)
2 2 2
+ o+ gh
_(M1+2+1H)g"39”—(M2+2+1H)g 39
ol = (1, +2+1H><M2 +2—iH)(M; + 2 + 2iH)
2 2
. +
(M, +2+iH)Ie I — 6 (M2+2—1H)%
clf = —(m, +2—1H)(M2+2+1H)(M3+2—21H)
. o T : 0'+ s
VAT it (M2+2+1H)%
O = —(My +2 — iH)(My +2 — iH)(M;s + 2 — 2iH)
2 2 2
—(M1+2—1H)9"§g”—(M2+2—1H)g"§g”
a@:_m4+2_unm@+2+ﬁﬂw@+2+%H)
2 2
. O'+ ™ : Jo I
CP = —(My +2 —iH)(My + 2 — iH)(M; + 2 + 2iH)
2 2 2 _ 2
— (M +2—iH) T — (M +2 - iH) T
Cgﬁ}:_(Ml+2+1H)<M1+2—1H>(M2+2+1H)

2
1 U+ s o s
— (M +2+iH)Pe I 39 (M1+2—1H)g 39

Ol = —(My +2+ iH)(M1 2 iH)(My+2 — iH)

— 9z

— (M + 2+ 1) (M 2 — iH)

3

Cl% — (M +2 4+ 1H)(My + 2 — iH)(M; +2 — %H)

+
(M2 i) T 3 Ir (M, +2— iH) %2 == 5 x

39

— (M3 +2— 2iH)

9o + g2

2 2
— (My+2—2i)%e T 9x g I (4.19)

95— 92

— (Ms+2+42iH)22—7%  (4.20)

2 2
—(My 42+ 2iH)d T Im ‘g I (4.21)

2 2
9o+ 9. (4.22)

(Ms+2 — 21H)—_ x (4.23)

— (M3 + 2+ 2iH)

2 2
%, (4.24)

2

g2 —g
(M3 + 2+ 2iH)2e = ; T (4.25)

2 2
— (My +2+iH)%e "9 ;gﬂ, (4.26)

2 2
— (M3 +2—2iH) %2 "9 J?: Ir(4.28)



Cl = —(My + 2+ iH)(My, +2 — iH)(Ms + 2 + 2iH)

2 2 2 2
(M 424 i) (M1+2—1H)%—(M3+2+21H)%, (4.29)

3

O = (M, + 2+ 1H) (My + 2 + iH) (My + 2 — iH)

2 2

+ L gE
(M1+2+1H>90§9” (M2+2+1H)g"39” (M +2 - i) 2 (4.30)

Cl = —(My +2 —iH)(My+ 2+ iH) (M, +2 — iH)

2 2
—(M1+2—1H)g";:g” (M2+2+1H)g"39” (M2+2—1H)%, (4.31)

C'1[5 =—(My+2+iH)(My+2 —iH)(M; + 2 — 2iH)

(M2+2+1H)g";:g” (M + 2 —1H)gff 3 x — (M; + 2 — 2iH)

Cl — (M, + 2+ 1H)(My + 2 — iH)(M; + 2 + 2iH)

92+ g2

, (4.32)

2 2 2 2
— (My+2 +1H)9" . x — (My+2— iH)% — (M +2+ 21H)%, (4.33)

CY = (M + 2+ iH)(Ms +2 — 20H)(Ms + 2 + 2iH)

92+ g2 9o + g2
3 3

— (My+2+iH)Z2 9 (M +2—2iH)Z2 T

O = —(My +2 = iH)(My + 2 — 2LH)(M; + 2 + 2iH)

+g7r

(M1+2—1H)g" 3 (M3+2—21H)g" gn

3

O = _(My + 2+ 1H)(Ms +2 — 20H) (M + 2 + 2iH)

Myt 2+ 1H)% (Ms + 2 — 2iH)

O = —(My+2 — iH)(Ms +2 — 2iH)(Ms + 2 + ZiH)

g2+ g2 e

— (My+2—1iH)Zz I y

(M +2—2iH) % "I

40

9o + g2
3

— (M3 +2+ 21H)g . —0x.
(4.34)
2 2
— (Ms +2 + 2iH) %= 2; Ir.
(4.35)
— (M5 +2+ 21H) — 9”
(4.36)
2 2
(M + 2+ 2iH) e T Ix ?; In.
(4.37)



By integrating out the Grassmann fields, we obtain

[6]
- i1j1k1l1m1n1i2j2k‘2[2m2n2i’1jik'llllm/lnllzéjék Z’ngné

— < 0[6] PZ211/LIJ2]jé1212]2P]€2k1k/112]lék2k§l2Pm2m1m/1n2]n/2m2m/2n2 — C[G]P,L2lllljzljélzl2.]2 ngmlm’lnglngmzmgn2
-C 6]P12uz112]]§z212]2 Pk2k1k/112[l’2k‘2k§l2 - 0[6]P127»1'51]2I]27'212.72 05 Pk2k‘1kil2Il'zk2kél2pm2m1m/1”2[”/27”27“/2”2
—C([j(s] Pm2m1m’ TLQIn/szm/an - C@ Pk2k1k/ lQIl/ kakylz ™ CB[6]>

X 0; '+J1+12+z1,1512+1 +Jz+]1,15l’ + +k2+k1,15k’ +k +lz+11715n’ +n1+m2+m1:15m2+m1+”2+"1’

+ (C Pyt Ly eakto + C'10)

(3)
X 0; '+j1+12+21,0512+1 +Jz+]1,05l/ +1h +k2+k1,15k’ +k4 +12+1171An Lnimama* Tmhm! nany

6
(C[ ]szmlmlngln’zmzmzﬂw =+ Cl2>

(2) (2)
X 0 "+j{+i2+i1,05i/2+i’1+j2+j1 OAZ/ LU kaky Akékllbll5n’2+n/1+m2+m1,1(5m’ +mf+na+ng,1

6 6
(C[ ]Pzgzlzlpjjéml’gm C[ ]>

3)
X 0t 441 ig+in, 108+, +ja-+ 1,1 Ol + +hip-+1 00K, +K, +lz+ll,0An nlmzmlAmImelmm

(6]
+ (O szmlmlnzlnémgméng + C
(1)
XA i AN 1Ot ks s 00Ky b 41 13,00 o s 1o o 1
(6] (6]
+(O Pzzmmljémgjz C
L TR ¥ AD AP s St
ot Fiatin, 10 +iy +i2 51, LN 1 koky L KK LoDy Vgt Fm2tma ,09my+m) +nz+n1,0
[6] [6]
+ (Clg Prokakg i ikt + Coo

M
XA i AN iy Oty ks s 10Ky b 41 1310 o s 00m o 44 0 (4.38)

For @ = 8, we have

Pl D P i p Py PPy + C[%E”wi%”1/15%2%52)1/753%5@
+ PGPl PP PPy + PR e g Py
+ O pP PP PP u® + O P i P P g g
+ CP PP PP PP u + O P e P PP g gl
+ CPMy PP PP PPy + Ol us e PPy o S”’
PP PP el + O R e PP e i g
OO PN i Py @ P
O T R Rt SRR R G S
S P P PP PP e, (4.39)
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We obtain

CF = (My 42+ iH)(My +2 — iH)(My +2 + iH)(Ms + 2 — 2iH)

g2 — g2 92+ g2
3

3
(M, +2 — iH) (M, + 2+ iH) e . — 9

+ (M, +2+iH)(My +2 —iH) + (M, +2+1iH)(My+2 +iH)

(M1+2+1H)<M3+2—2H)

gcﬂr%r
3
— 9 . 9o + 9z
+ (M +2— 1H)(M3+2—21H) 3 (M2+2+1H)(J\43+2—21H)T
2
gg—'—gw 9o — Ux
3 4.40
(557) (557) (0

C¥l = (M, +2+iH)(M; +2 —iH)(My +2 — iH)(M; + 2 — 2iH)
9o+ 9z
)—

2 2
. -y
(M + 2+ iH)(My + 2 — iH) 22 9

+ (M +2+iH)(M; + 2 —iH 3

— gz — i
3

9o + ga
3

+(M1+2+1H)(M3+2—2H) +(M1+2—1H)(M2+2—1H)

2
(M, +2 — iH) (M +2 — 21H)9“;:9”

2 2\ 2
+
+9 (ga ; gﬂ') + (ga - gﬂ') ’ (441)

C¥ = (My +2+1H)(M, +2 — iH)(M2 + 2+ iH)(Ms+ 2+ 2iH)
+g7r

+(M2+2—1H)(M3+2—21H)

_g7r

+ (My+2+iH) (M, +2 — 1H) (M1+2+1H)(M2+2+1H)

+g7r

(M1+2+1H)(M3+2+21H)g"3 +

3

+ (M +2 = H)(My + 2+ 2iH) % 39” (Mz+2+iH)(M3+2+2iH>—gU;)LgW

2 2
+9 <ga_§g7r) + (ga ; gﬂ') 7 (442)

CH = (My + 2+ 1H)(M;, + 2 — iH)(My + 2 — iH)(M; + 2 + 2iH)

+ (M, +2—iH)(My + 2+ 1H)g"

(M, + 2+ 1H) (M +2 —1H)g" 3 Ir (M, + 2+ iH) (M, +2—1H) 3 — 9

2

+ (My +2+iH)(Ms + 2 + 2iH) %2 39” (M1+2—1H)(M2+2—1H)—g”—§g“
2 2

My 42— L) (My + 2+ 21 229 ;g” (M2+2—iH)(M3+2—|—21H)—g"?;g”

L3 (ga —g gﬂ) (ga ; gﬂ) ’ (4.43)
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CH = (My + 24 1H)(My + 2+ iH)(Ms + 2 — iH)(M; + 2 — 2iH)

. 95t gz . 95— Ga
+ (My+2+iH)(My + 2 +1H)T + (My+2+iH)(My+2 — 1H)T

. et g2 . e — g2
+ (My+2+iH)(Ms+2 — 2&[)% + (My+2+1iH)(My+2 — 1H)%

. N . 00— g2
+M@+2+ﬁﬂ@@+2—mH}i§JL+w@+2—JDw@+2—mHyL§l

2 4 g2 2 2

CH = (My+2—iH)(My+ 2 + 1H)(M2 +2—iH)(Ms +2 — 2iH)
+%
3

+ g2 . .
)u+(M2+2+1H)(M2+2—1H

— g2
3
)g(,-+93r
3
)g§+93r
3

+(M1+2—1H)(M2+2+1H) (M1+2—1H)(M2+2—1H)

+ (M +2—1iH)(Ms +2 — 2iH

(M2+2+1H)<M3+2—21H)
2 2 2 2
_|_ —
i (ga ’ gﬂ) N (gg . 9ﬂ> | (4.45)

CP = (My + 2 +iH)(My + 2+ iH)(My + 2 — iH)(Ms + 2 + 2iH)
9o — 9a
S

;9” (Mo +2 — iH)(M; +2 — 2iH

4 (My+2+iH)(My+2+iH

2 2
. 9o T 97
+(M1+2+1H)(M2+2—1H)%

2 2 2 2
9o + 9z N
) H)
3 3

+ (My + 2+ 1H)(Ms + 2 + 2iH + (My+2+iH)(My+2—1i

2 2
95 + 9z 95— 9a
) )=

3
2 2\ 2
+
Lo <gg ! gﬂ> N (gg . gﬂ) | (4.46)

OFf = (My+2 — iH)(My + 2 +iH)(My + 2 — iH)(M; + 2 + 2iH)

4+ (Mo + 24 1H)(Ms + 2 + 2iH 4 (My+2—iH)(M; + 2+ 2iH

2 2
My 2 )My 42 4 i) %2 . T 4 (My 42— iH)(My+ 2 —iﬂ)%
] : ga'+.97r g7T

+ (My +2—1iH)(M;3 + 2+ 2iH)=>—= 3 (M2+2+1H)(M2—|—2—1H) .

2
b (My+ 20 iH)(My + 2+ 2 255 - 95 (My 42— H)(My 42+ 2i[—[)—g";;g“

L3 <gg§gﬂ> (%;%)7 (4.47)
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CE = (My + 2+ 1H)(My + 2+ iH)(Ms + 2 — 2iH)(M; + 2 + 2iH)

2 2 2 2
+<M1+2+1H)(M2+2+1H)%_|_(M1+2+1H)(M3+2_21H)ga_§g7r

— 9 . 9o + 92
wﬂ+2+dnwﬁ+2+mﬂ) 3 M@+2+Jﬂ@@+2—mH}—§—

(Mo + 2+ iH)(M;y + 2 + 21H) 22 39” (M + 2 — 20H)(M; + 2 + 21H) %= 39”

L3 (ggg-gﬁ) (%;%)7 (4.48)

el = (v +2—iH)(Mg+2+1H)(M3+2—21H)(M3+2+21H)

+(M1+2—1H)(M2+2+1H) _::g” (M1+2—1H)(M3+2_21H)M
+ (My+2 — iH) (M + 2 + 2iH) 22— 9= =9, 4 (Mo + 2+ iH)(M;y +2 — 21H) 2 ;gﬂ
(M 42 4+ LH)(My + 2+ 2iH) S0 (M3+2—21H)(M3+2+21H)#
+2<@) +<@> ’ (4.49)
CB = (M} + 2+ 1H)(My + 2 — iH)(Ms + 2 — 2iH)(M; + 2 + 2iH)
+(M1+2+1H)(M2+2—1H)g";:g”+(M1+2+1H)(M3+2_21H)9 — g
+(M1+2+1H)(M3+2+21H)#+(M2+2_1H)(M3+2_21H)M
+(M2+2—1H)(M3+2+2H)9 g“+(M3+2—21H)(M3+2+21H)fﬁJ§—%%
+2(@) +<g”3g”) : (4.50)

OB — (M, +2 — iH)(Ms +2 — iH)(M; + 2 — 20H) (M + 2 + 2H)

2 9
My 42— iH)(My + 2 — 1H)9”§9ﬂ My 42— iH) (Mg + 2 — 2iH) 20

. 95 T 9z . 95— 9a
(M + 2 = H)(My + 2+ AH) 52 4 (Mo + 2 H) (My +2 = 2H)
. N . e — g2
=+ <M2 +2 —IH)<M3+2+21H>% -+ <M3—|—2— 21H)<M3 +2+21H)%
2 2 2 2
gcr+g7r 95 — 9x
3 4.51
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CH = (M, + 2+ 1H) (M, + 2 — iH) (M, + 2 + iH)(My + 2 — iH)

2
- (My+2 4+ H) (M, +2— IH)%;QW (My+2+1H) (M + 2 + iH) 2 39“

2 2
. . + . . +
+(M1+2+1H)(M2+2+1H)%+(M1+2—1H)(M2+2+1H)%
— gz 95 + g2
(M1+2—1H)(M2+2—1H) 3 T (M2+2+1H)<M2+2—1H)%
2 2 2 2
95+ 95— 9
2|22 I Jo J7T 4.52
2(55E) - (555) 4
C® = (M, + 2 +iH)(My + 2 — iH)(M; + 2 — 2iH)(M; + 2 + 2iH)
. + e s
My 2+ )M, £ 2 — Y9 95 (0 42 4 i) (M, + 2 — 2iH) %29
. G2+ g . o+ 9z
+(Ml+2+1H)(J\43+2+21H)u+(Ml+2—115l)(z\43+2—2u%r)u
— g2 . 9ot gn
+(M1+2—1H)(M3+2+2H) + (M +2 = 20H)(M; +2 + 2iH) ==
2 2
H(gg;gw) +(9039ﬂ) | (4.53)

CB = (My + 2+ 1H)(My + 2 — iH)(Ms + 2 — 2iH)(M; + 2 + 2iH)

+
(M2+2+1H)(M2+2—1H)g"39” (M + 2 +iH)(M; +2 — 21H) 22 39”

2
+ (My + 2+ iH) (My + 2 + 2iH) %2 J?:gﬂ +(My+2 — iH)(Ms+2 — 21H)—90;:9ﬂ

92+ g2
3

2 2
49 (—g" Jgg”) n (gf’ . g’f) . (4.54)

+ (Mo +2 —iH)(Ms + 2+ 21H) 3 — 0 (M +2 — 20H)(M; + 2 + 2iH)
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Integrating out the original Grassmann variables, one finds

(8]
- i1j1k1l1m1n1i2j2k‘2[2m2n2i’1jik'llllm/lnllzéjék Z’ngné -

(8] (8] (8] (8]
<_Cl Pkgklk/ lgll/ k‘gk/ IQszmﬂn/ n2‘[7’l/2m2m/2n2 - 02 ngmlm’ nglngmzméng - 03 Pk‘zklk‘/ ZQIlékaélz - C{4

X 0; ’+j1+12+21,0512+1 +]2+]1,06l’ +1h +k2+k1,15k’ +k] +l2+l1,15n’ +n’ +m2+m1,15m2+m +no+ni,l
+ ( 0[8 zguzljg[]21222]2Pm2m1m1n2[n2m2m2n2 0[8 mzmlmanIanngng C(78 121121]21J22212]2 - CS])
X 5"+j1+i2+i1,15i/2+i’ +j2+j1,15l§+l’1+k2+k1,05k’2+k3+lz+ll,05n’2+n’1+m2+m1 15m/2+m;+n2+n1,1
( C3 Pryisiyjo Liyiniyjo Pkt Tighaist, — C10 Protarita Iiorgts — CH Proiyit s Lo — C [8]>
X 5"+j1+i2+i1 16i'2+i +j2+j1715l’ +1] +k2+k1,15k' +k] o411, 1571' +n1+m2+m1,06m2+m1+n2+n1,
0[8]5 ’+31+zz+21,051’2+1 +]2+J1,05l’ +1h +k2+k1,05k’ +k] +l2+ll7oAn nlQOlAf’?Limlln2n1

(8] (2)
+ C140; ’+]1+12+21,052’2+z +J2+Jl70Alél’lk2k1Ak/ K} 12115n’2+ni+m2+m1705m'2+m’1+n2+n170

(8] (1)
+ AJ ]1121114,211]2]1@ a1 00k) + K]+l ,00m) ] +ma+mi 00m)+m! +na+ny 0- (4.55)

For a = 10, we have 6 terms such that

R ST ST SR R RV TRA RTA
+ OOy NGy Py @GPy @ gy ®
+ c“%i%i”zzé”wé”ﬂ”wf)z/?i‘”’)wi%é@wé@
+ CP ORI Py PP oy
+Oé“”w1 PP P P oD P g Py
+ OGPy @ o@D g p® g (4.56)
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where

C'PO] _

— (My +2+iH)(M; +2 —iH)(My + 2 +iH
— (My+2+4+iH)(My +2 —iH)(My + 2 — 1H)
— (My+2+4iH)(My+2+iH)(My+ 2 —iH)
— (My+2—1iH)(My+2+iH)(My + 2 — 1H)
— (My +2+iH)(M; +2 —iH)(M;3 + 2 — 2iH
— (My +2+iH)(My+ 2 +iH) (M3 + 2 — 21H)
— (My +2 —iH)(My + 2 +iH) (M3 + 2 — 2iH

— (M, + 2 +iH)(My + 2 — iH)(Ms +2 — 2iH

)gi + g2
3
— g2

ge + 9z

— gz
3

— ga
3

3

— (My+2 —iH)(My +2 — iH)(M; + 2 — 21H) — 9

— (My+2+iH)(My+ 2 — iH)(M;s +2 — 2iH)

2 2\ 2
— (M, +2+1iH) x [2 <—9”§g”> + <g" 3%)

3

2 2 2 9
_(M1+2—iH)><3(g"_§g’r> (9”39“>

2 2\ 2 2 2\ 2
— (My+ 2 +1iH) x [2 (—gagg”) + (—g" 39”> ]

2 2 2 2
_(M2+2—1H> X3(90+gw> <ga g?‘()

3 3

2 2\ 2 2\ 2
_(M3+2_21H)X[2<ga_§g7r) +<gaggﬂ>]’
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)gg+gi
3

)ga+gi

)g§+g§
3

—(My +2+iH) (M +2 — iH)(My + 2+ iH) (M, + 2 — il )(Ms + 2 — 2iH)

(4.57)



O = —(My 4+ 2+ iH)(My +2 — iH)(My + 2 + iH)(My + 2 — iH)(Ms + 2 + 2iH)
My 42+ (M, 42— ) (M + 2 + iH) %7 9% . gz

95+ 9z
3

95— 9a
3

95 + 9z

— (My +2+iH)(My +2 — iH)(My +2 — iH)

— (M + 2 +iH)(My + 2+ iH)(My + 2 — iH)

— (M +2 —iH)(My + 2 +iH)(My +2 — iH)

92+ g;
JE

— g2
3

+
— (M) + 2 — iH)(My + 2 + 1H) (M + 2 + 21H)g" 5 I

— (My +2+iH)(My +2 — iH)(Ms + 2+ 2iH)%e =

— (My 42+ iH)(My+2+iH)(Ms +2 + 21H)

9o+ 9z
3

95— 92
)3

)gcﬂrgfr
3

— (M +2+iH)(My + 2 — iH)(Ms + 2 + 2iH)
— (My +2 —iH)(My + 2 — iH)(M;s + 2 + 2iH

— (My + 24 iH)(My + 2 — iH) (M + 2 + 2iH

2 2\ 2
~ (M, +2 +iH) x 2(—9";9”) +(g“3g”)

[ 2 2\ 2
~ (M, +2 — iH) x 2(—9";:9”) +<g"3g”)

2 2 2 2
—(M2+2+1H)x3(g”;g”) (gf’ 39”)

— (My+2—iH) x [2 <gg+g§)2+ <g"39“> ]

3
2 9
(M3+2+21H)><3( §g><g"3gﬂ>, (4.58)
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ool

92+ g2

— (M + 2+ iH) (M + 2 — iH) (M + 2 +1H)%

92+ g2
3

— (My + 2+ iH)(My+ 2 +iH)(Ms + 2 — 21H) 3 — 9

. . R
— (My +2 —iH)(My + 2 +1H)(M; + 2 — 21H)T

— (M +2+iH) (M, + 2 — iH)(Ms + 2 — 3iH)

— (M + 2+ 1H)(M; +2 — iH)(M; + 2 + 2iH) 22— 9= 3 — 9

+9;
3

— (My +2 — iH)(My + 2+ iH)(Ms + 2 + 21H)Tg’r

— (My + 2+ iH)(My +2 +1H)(Ms + 2 + 21H)g"

— (My+ 2+ iH)(M; +2 — 28H) (M + 2+ 21H) =

95— 92
)3

3

— (My+2—1H)(M;+2 — 2iH)(M3 + 2 + 21H

— (Mo +2+1H)(Ms + 2 — 2iH)(M; + 2 + 2iH) 2 2=

— (M, + 2 +iH) ><3<gf’gg”) (9";9”)

2 2\ 2 2 2\ 2
— (M, +2 — iH) x 2(9";9”) +(g"3g”>

2 2
— (My +2+1iH) x 2<9°'+g”

—(M3+2—21H)><3(

2 2 2 2\ 2
— (M + 2+ 2iH) x [2(g“_§g> +(g"3 ”)]

g2 + g2

—(My 42+ iH)(My +2 — iH)(My + 2+ iH)(Ms + 2 — 2iH) (Ms + 2 + 2iH)

(4.59)



O = —(My + 2+ iH)(My +2 — iH)(My + 2 — iH)(Ms + 2 — 20H) (M + 2 + 2iH)

92+ g2
— (My 4 2 +iH)(M; +2 — iH)(Ms + 2 — iﬂ)%

— (M +2 +1H)(M; +2 — iH)(M; + 2 — 3iH)% 3%

— (My + 2+ iH)(My +2 — iH)(Ms + 2 — 21H) . — 9

— (My +2—iH)(My+2 — iH)(Ms +2 — 2 H)g";:g”

95+ gz
3
+g7'('
3

— (My +2 —iH)(My +2 — iH)(Ms + 2 + 21H)Tg’f

— (My + 2+ iH)(My +2 — iH)(Ms + 2+ 2iH) 22— =

— (M + 2+ iH)(My +2 — iH)(M; + 2 + 2i H)g”

92 — g2
)5
ge + 97
-
)9 + g2
3

— (My +2+4iH)(Ms+2 — 2iH)(Ms + 2 + 21H
— (M +2 —iH)(Ms +2 — 2H)(Ms + 2 + 2H

(M2+2—1H)(M3+2—21H)(M3+2+21H
2 2\ 2
~ (M, +2 +iH) x [2<—g“"§g”> +(g”3g”)]
2 2 2 2
_(M1+2—1H)X3 g0'+gﬂ' 95 (¢
3 3
2 2\ 2 2\ 2
_(M2+2—1H)X 9 gU+gﬂ + ga 9x
3 3
2 2\ 2 2\ 2
~(My +2— 2iH) % [2 <—g”§g“) + <g° 3g’f) ]

2 2 2 9
—(M3+2+21H)><3(9"+9”) (g“ g”), (4.60)

3 3
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Ol — —(My + 2+ iH)(My + 2 +1H)(My + 2 — iH)(M; + 2 — 20H)(M; + 2 + 2iH)

— (My + 24+ iH) (Mo + 2+ 1H)(My +2 — iH) =

2 2
— (M + 2+ 1H) (M + 2 + iH)(M; + 2 — 3iH) 92— 9=

3

— (My + 24+ iH) (Mo + 2 — iH) (M + 2 — 2H) =

— (My +2+iH)(My+ 2 — iH)(Ms +2 — 2iH

= (M +2 +iH)(My + 2+ 1H) (M + 2 + 20H)

2 9
— (M + 2+ 1H) (M + 2 — iH)(M; + 2 + 2iH) 22— 9=

3

2 9
— (My+ 2+ iH)(My +2 — iH)(Ms + 2 + 2iH)%

— (My +2+iH)(Ms + 2 — 2iH) (M + 2 + 2iH)
— (My+2+iH)(Ms + 2 — 2iH) (M + 2 + 2iH)

— (M +2 — iH)(M; + 2 — 21H)(M; + 2 + 2iH)

2 2 2 2
_(M1+2+1H) ><3<go'+gﬂ) (ga gﬂ')

3 3

2 2\ 2 2 2\ 2
— (My +2 +iH) x [2 (—g“;g”) + (—g" 3g’f> ]
2 2 2 2
_(M2+2_1H)X3<ga+g7r> (go' gﬂ')

3 3

2 2\ 2 2 2\ 2]
~(My +2 — 2iH) x 2(—g”+g”) +(—g" g”)

2 2\ 2 2 2\ 2
— (My + 2+ 2iH) x 2(g“+g”> +(—g" g“)

95 + 9x

92+ 92
)93+93r
3

gz + g2

g2 + g2
g2+ g2

gz — g2
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O = —(My +2 — iH)(My + 2+ 1H)(My + 2 — iH)(Ms + 2 — 20H)(M; + 2 + 2iH)

92+ g2
— (My 42— iH)(My+2 +iH) (M + 2 — iﬂ)%

— (My+2 —iH)(My + 2 +iH)(Ms + 2 — 3iH) 22— 9= . — 9

g2+ g2
3

— (My+ 2+ iH)(My+2 — iH)(Ms + 2 — 21H)Tg”

— (My +2 —iH)(My + 2 — iH)(Ms + 2 — 2iH)

92+ 92
3
— (My + 2 —iH)(My +2 — iH)(Ms + 2 + 21H) . — 9

+
— (My + 2+ iH)(My +2 — iH) (M + 2 + 21H)g" ; x

— (My +2 —iH)(My+ 2+ iH)(M;s + 2 + 2iH) 22— =

+9;
3

95— 92
)3

92 — 92
)3

— (My +2 —iH)(M;z + 2 — 2iH)(Ms + 2 + 21H)g°'
— (My+2+iH)(Ms+2 — 2iH)(Ms + 2+ 21H

— (My +2 —iH)(Ms + 2 — 2iH)(M; + 2 + 2iH

— (M +2 — iH) x [2 (#)Z(%g%) ]

2 2 2 2
—(M2+2+iH)><3<g"+g’T> (g" g,,>

3 3

2 2\ 2 2 2\ 2
C(My+2—iH) x |2 %9} 4 (9o x
3 3
2 2 2 9
— (My + 2 — 2iH) ><3<g<’§g“> (g" 39”)

— (Ms + 2+ 2iH) x [2 <9343rg§)2+ (g” . g’f) ] . (4.62)
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The integration gives us

(10] _
i1j1klllml’nlinglezanQi’ljik"ll/lmllnlliéjékélémlzné -

<_Ol[10] szmlm'lng -[n'ngm'Qng - 02[10]>

X 5j§+ji+iz+il,05i’2+i’1+j2+j1,051'2+l'1+k2+k1,05k'2+k'1+12+11,05n'2+n'1+m2+m1,15m'2+m'1+n2+m,1
<_C:£10]Pkgklk’llgllgkgk’zlg - 1[110])

X 5jé+ji+i2+il706i/2+i/1+j2+j17061/2+l'1+k2+k1,15k/2+k/1+12+l1,16n’2+n’1+m2+m1,05m’2+m’1+n2+n1,0
<—C£w} Pigivit o st s — C([slo]>

X 04 1 in+in,108 14 4o+ 10U+ +ha-+1 00KS + ] +a-+11,00m, +n +ma+ma,00md +mf +na+n1,0-
(4.63)

Finally, —t['? just contains the term that

OGOy F U TP T, (461
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with

C2
=(My+2+iH)(My+2—1H)(My +2 +iH)(My+ 2 —iH)(M;s + 2 — 2iH)(M3 + 2 + 2iH)
2 2
. . . et
(M, + 2+ 1iH) (M +2 — iH) (Mo + 2 + iH) (M + 2 — IH)%

(M + 2+ 1H) (M +2 — iH)(My + 2 + 1H)(M; + 2 — 2iH) % Sgﬂ

)go+93
3

o (My + 2+ iH)(My + 2+ iH) (Mo + 2 — iH) (M + 2 — QIH)TgW

+(My+2+iH)(My+2—iH)(My+2 —iH)(M3 + 2 — 2iH

. : : : + g2
+(Ml+2—1H)(M2+2+1H)(M2+2—1H)(M3+2—21H)%
95+ 92
3
(M + 2+ 1H) (M +2 — iH) (M + 2 — iH)(M; + 2 + 2iH) % 39”

+
+ (M, +2+1H)(M2+2+1H)(M2+2—IH)(M3+2+21H)90 3 &

+ (My +2+iH) (M +2 —iH)(My + 2+ iH)(M; + 2 4 2iH)Z2—x

+ (My +2 = iH) (M + 2+ iH)(My + 2 — iH)(M; + 2 + 21H) . — 9

(Ml +2+1H)(M1 —|—2—IH)(M3—|—2_QIH)(M3+2+21H)QU—§97T

b (My + 2+ 1H) (M + 2+ 1H)(Ms + 2 — 2H) (M + 2 + 21H)%
)go+g§
3
)g§+g§
3
92 — g2

S

4+ (My 42— iH)(My + 2+ iH)(M; + 2 — 21H) (M + 2 + 2iH
+ (My + 2+ iH)(My + 2 — iH) (Ms + 2 — 20H)(M; + 2 + 2iH

+ (My+2—1H)(My+2 —iH)(M3 + 2 — 2iH) (M3 + 2 + 21H

)gnggfr

+ (My + 2+ 1H)(My + 2 = UH) (M + 2 = 20H) (M + 2+ 21H) =

o4



9 2\ 2 2 2
. 1 + =
+ (M +2 4 1H) (M + 2+ 21H) x [2 : gﬂ) " (u) ]

N 2 _ 2\ 2
. . 0+7r g
+(M1+2—1H)(M2+2+1H)X[2(g 9) +(u)]

2 2 L

N 2 _ 2\ 2
+ (M +2 = iH)(Ms +2 — 21H) x [2 (gﬁgﬂ) +(u)]

+ (My +2 - iH)(Mz + 2+ 21H) x 3

(%5%)
My 2 (M 42 ) % [2 (1), (u)]
(

+ (My +2+1H)(Ms + 2 = 2iH) x 3

. . Go\" (99
+ (Mz +2 —1H)(Ms + 2+ 21H) x |2 = U

5 9\ 2 2 _ g2\ 2
+ (My+2 = 2iH)(My + 2+ 2iH) x [2 <gg+gﬂ) ! (u) ]

2 2\ 3 2 2 A
(59 (39) (55

We have

(12]
— . AL N o e L N R LR A
wjikiliminyiagakalomanaiy ji ki lyminyigjs ko lamong

(25, o S +iy+ka+
o 5]é Jtiatia ,05#2—}—%'1 ot 7051/2 U 4ko kl,()ék’z—l—k’l-i-lz-i-ll ,057-/2—‘,%’1 mo+mi ,Oém’2 m)+n2+n1,0-
v (4.66)
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4.2 Impurity tensors for (|ivs|?) and (|¢iysAse|?)

These 1mpur1t1es introduce additional four Grassmann numbers. We set 3§ " tensor for

<’¢Z wg ¢g/ wgl > Note that

sl = N0 s (4.67)

a=4,6,8,10,12

Impurity for (|iiysey|?) is given by

__zzs<ff+22(sgf1f (50— s 4 o) (4.68)
<

Impurity for ([1iysAs|?) is given by

Ny

2 :
6 — 32 )y £ ZFff’ <Slf1f) s$hf) — 5 )_i_s(ff))’ (4.69)
f= S i

with

FLQ — 1, F1’3 — F273 - —2 (470)

Let us begin with 3851). With a = 4, no extra bilinear term is allowed to be entered, that
is there is no extra coefficient. When o = 6, one extra bilinear term is allowed. Since
we are thinking of s%él), which is associated with ﬁl)%l@él)wgl) , there are four possible
terms whose coefficients correspond to C’?[,Q], C[Q], CE], and C(E.Q]. With a = 8, two extra
bilinear terms are allowed. However, they must come from the different flavor sectors (in
this case, f = 2,3). Hence, there are six possible terms, whose coefficients are equal to

054], C'%], C'E], C'%], Cﬁ], and C’ﬁ]. For o« = 10, the room is prepared for three bilinear
terms. Possible terms are four and coefficients are given by 0{65], 016, C’g], and C'[ﬁ] For
a = 12, the room is just for one term, whose coefficient is 6’15]. These considerations
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result in

1,1
_352):

A(3) A(3)

(2)
5 ,+j1+742+217051 +'L +j2+7J1, OAZ/ lllek‘lAk/ k/ l2ly n2n’1m2m1 m’zm/lngnl

+ (C?[?]Pkgklk/llg[lgkgkélz + 04[12])

3)
X 0141 in+in,008+4 +ja-+j1,008, +1 +ho-+1, 10k} +K, +lz+ll,1An ! mama “mlm! nany

2] (2]
(C szmlmlnglnémzméng + C’6
X 8 S WAZ A s St o
ot iz 41,0005+ +52 451,00, 1 ko ky “ kG K, 11y Onigtny Fmatma 10mb +my +natn,l

[4]
- (Cg Pkgklk’llgIlékgkélzPm2m1m’1n21n’2m2m2n2 + ClO Pk:gklk‘/ l2[l’ k‘gk' lo + 011 momim n2[n’2m2m2n2

X d; ’+J1+zz+11,051’2+z +]2+]1,05l’ + +k2+k1,15k’ +k +l2+ll,16n2+n’1+m2+m1,15m’2+m’1+n2+n1,1

13 3)
+ 014 dj 5434 +”L2+7«17052,2+Z +]2+]17061, +h +k2+k1,05k/ +k1 +l2+ll7oAn’2n’1m2m1 Am’zm’annl

(2) (2)
+ 015 Wy ’+]1+12+11,052/2+z +]2+]170Al/ i k2k1Akgk’llgll6n’2+n/1+m2+m1,Oém’2+m’1+n2+n1,0

(C[G] m2m1m1n2[n’2m2m2n2 C[G]>
X 01 41 trin-tis 00+ +jatj1,008 41, +h-+h1 00k 4k, +la+11,00m 1 4ot 1 0md 4! 4ra+ni,1
- (Cgpkgklk'lzgfl;kgkglz + C%)
X 01 41 in-tin 008+ +ja+1.,000 +1, +ho-+hr 10K+, +a+1,10m 1, +matma 00md +m! 4ns+n1,0

- 0155 /+J1+12+11,05’L/2+Z +32+J1,05l’ +14 +k2+k1,05k’ +K} +l2+ll,05n +nf+ma+mi 05m2+m +n2+n1,0-

(4.71)

Note that sg 5 and 31‘3 %) are obtained in the same way. Let us now consider flavor-mixing

terms. As an example, let us focus on sﬁf). With o = 4, no extra bilinear term is allowed

to be entered, that is there is no extra coefficient. When o = 6, one extra bilinear term is
allowed. Since we are thinking of sgf), which is associated with ¢§”¢§%§2)¢§”, there are

four possible terms whose coefficients correspond to C’%Q], CE], 05[2]7 and C'([iQ}. With a = 8§,
two extra bilinear terms are allowed. There are six possible terms, whose coefficients
are equal to 0[4 0[4], 0[4] Cﬁ], Cé], and 0[4] For a = 10, the room is prepared for
three blhnear terms. Possible terms are four and coefficients are given by Cg 16 C’ 6] C’IS,
and 020. For a = 12, the room is just for one term, whose coefficient is 012. These
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considerations result in

. 7(3) 3)
Pinivit o Liginityio Prakr k1o Liphoky 1O 451 4rizin 1 0iyt 441 10l ki ka1 Ok bk ot 1 A oy At gy

2]
+ O3 Progky k15 D1 ka1

A3 ®3)
X 0; ’+j1+12+z1,051 +zl+g2+gl,05l’ +1 +k2+k1,15k’ +k} +lg+ll,1An n m2m1Am/2m/1n2nl
(2]
+ Of Poyinit jo Liginiy o

3) 3)
X 6j§+ji+i2+il715i/2+il1+j2+j17161/2+l/1+k2+k1705k/2+k/1+l2+ll70An n’ 1m2mi1 m’Qm’annl
2] 2]
- PigililljgIjéiziéjzPkgklk/llgllékgklzlg <C5 ngmlm’lnglnémgméng + 06

X 5]" +ji+i2+i1,151' +11+]2+]1,15l' +1 +k2+/€1,15k' +kq +12+11715n’ +n1+m2+m1 15m2+m1+n2+n1,

(3)
+ C 5 ’+gl+zz+zl,05z’2+z +J2+J1,O5l’ +Ih +k2+k1,05k’ +k +12+1170An Lnymamy * mbm/nany

- (@ Pyt Tigakyto Pragimymt s Lntymamins + Cs. Pkgklkglzlz;kzkglz>

X 53"+j1+z’2+i1,05ig+i’1+j2+j1,05l§+l’1+k2+k1,15k’ +k] +lz+ll,15n’ +n/ +m2+m1,15m2+m1+n2+m,
<C[4] 122111321151212J2Pm2m1m’1n2[ngmzm ng O 122111]2[J§Z21212>

X 0; ’+J1+zz+z1,152’ +i +J2+]1,1(5l’ +l’+k2+k1,06k’ +k +l2+ll,05n’ +n1+m2+m1,15m2+m1+n2+n1,

- Cl Pl21111J21"i2i’2j2 szklk’ lzll' kakllo

X 0; ’+Jl+z2+11,152 +i) +]2+]1715l’ +1] +k2+k1,15k’ +k] +l2+ll,15n’ +n +ma+m; 06m2+m1+n2+n1,

- <Cf[56]Pm2m1m’ln2 ]n’gmzm’gnz + Cé6]>

X011 tintin 00+ 4 jat51,000+1 k-1 00k, K] +la-+11,00m5 1 +ma-+mr,10m 4mf +ng+n 1

- Cl[(;]szklk/ l2]l/ kaklla

X d; ’+Jl+12+21,051 +11+J2+]1,0(5l’ +l’+k2+k1,15k’+k’ +12+11,15n’ +n1+m2+m1,05m2+m1+n2+n1,

[G]Plglll L

1]2 ]212712.72
X 0; ’+Jl+z2+11,161 +i +]2+]1715l’ +1 +k2+k1,05k’ +k +l2+l1,05n +nj+ma+mi 05m2+m1+n2+n1,

012 ]§+Jl+22+11,051 +if +y2+yl,05l’ +h +kz+k1,05k’ +k] +lz+ll,05n +n +m2+m1,05m2+m1+n2+n1,0

(4.72)
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