
Problem 1. Suppose that F,G ∈ K[x], show that gcd(F,G) /∈ K[x]× if and
only if Res(F,G) = 0

Proof. Sufficiency: According to gcd(F,G) /∈ K[X]×, we suppose that H =
gcd(F,G), then we have H | F and H | G. So we can represent F = AH
and G = BH. For A,B, deg(A) < deg(F ), deg(B) < deg(G). We can take
A,−B ∈ K[X] so that

BF −AG = ABH −ABH = 0 = res(F,G)

.
Necessity: According to res(F,G) = 0, so we know that ∃A,B ∈ K[X] so

that deg(A) < deg(G), deg(B) < deg(F ), A,B ̸= 0 and AF+BG = res(F,G) =
0. Then we have AF = −BG. We suppose that gcd(F,G) ∈ K[X]×, with
AF = −BG we know thatF | B. IfB ̸= 0, deg(B) ≥ deg(F ), contradiction,
gcd(F,G) /∈ K[x]× If B = 0, then A = 0, contradiction, so gcd(F,G) /∈ K[x]×
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