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Chapter 1

Introduction

1.1 General

In this document we collect the equations and derivations for methods implemented in the
ElemCo.jlpackage. The final goal is to have a document which can be used as a reference
for the equations and derivations. The final equations should also be contained in the
code as docstrings or copied to the corresponding Markdown files.

1.2 Notation

We use the following notation throughout the document.

The virtual orbitals are denoted by a, b, c, ..., the occupied orbitals by ¢, 7, k, ..., the
active (open-shell) orbitals by ¢,u,v,..., and the general orbital indices are denoted by
p,q,r,s. The Einstein summation convention is used for repeated indices (repeated lower
and upper indices are summed over). The o and  spin orbitals are denoted by p and p.

The integrals are not antisymmetrized and denoted by v7, where p, ¢, 7, s are indices
of orbitals, and the lower indices correspond to the creation and the upper indices to the
annihilation operators in the Hamiltonian,

H = Ey + hiala, + Lorsa atalagay, (1.1)

2pqpq

or for the normal-ordered Hamiltonian,
HN - fq {&TdQ}N+ 9 pq {CL asar}Na (12)
ie., ht = (plhlg), f& = (plfla) and v73 = (pq|rs).

Permutation operators: - -
P (ab) Xg = X

- iy 1.3
P (ab>ba) X = X! (13)
Symmetrization operators:
S (ab) Xz;{) = Xt;{) + XZ‘ZJ, (1 4)
S (ab, 1) X = Xop + Xi
Antisymmetrization operators:
Alab) X7 = X4 — x4

( ) ab ab ba (15)

Alabsif) X2 = X3 — X2, — X+ X{,
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Integrals

2.1 Density fitting and Cholesky decomposition

The electron-repulsion integrals in ElemCo.jlare obtained either from an external program
through an FCIDUMP [1] interface, or are calculated using the density-fitting approxi-
mation using an interface to the libcint[2] library.

In the density-fitting approximation, the electron-repulsion integrals are approximated
by

Vpa A U;P [U_I]PQ v;Q, (2.1)

where U;P and U;Q are density-fitted 3-index integrals with auxiliary basis functions P, ),

*(r1)@" (r1) o (v
orP = /drldr2¢p( )" (r1)e ( 2)’ (2.2)
vy — 1o
and v7¢ is the Coulomb metric matrix,
P Q
JPQ / ey dp, & TV (1) (2.3)
[T — 1o
The Coulomb metric matrix is decomposed using the Cholesky factorization,
WP =>"LTLY, (2.4)
L

where LI is a lower triangular matrix. Thereafter, a non-symmetric square root of the
inverse, C5, is calculated by solving the equations

with 6% being the Kronecker delta. If LY is low-rank, the equation is solved using the
QR decomposition, otherwise it can be solved by simple back-substitution.

The transformed density-fitted integrals which are used throughout ElemCo.jlare then
calculated by multiplying the density-fitted 3-index integrals with the non-symmetric
square root of the inverse,

ot =vrCE, (2.6)
and the density-fitted 4-index integrals can be calculated by

Vpa A Zv;ngL. (2.7)
L

4
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If all integrals are calculated using the density-fitting approximation using mp2fit
fitting basis in ElemCo.jl, the correction terms are added using the jkfit fitting basis
to the one-body and zero-body terms of the Hamiltonian in order to ensure that the
reference energy and the Fock matrix from DF-HF is not changed by the density-fitting

approximation,
=1 =30 (2ot = vaf)
- (2.8)
Eo = Ey+hi—hi+ fI,
where Lo I
fi= g+ 3 (2uholt — i), 29)
L

and I denotes the core orbitals (cf. Sec. 2.2), i denote all occupied orbitals (including core)
and other indices do not include the core orbitals. L corresponds to the jkfit density-fitting
basis functions, and L corresponds to the mpfit density-fitting basis functions.

2.2 Frozen-core approximation

The frozen-core approximation is used to reduce the number of orbitals in the correlated
calculation. The frozen-core approximation is implemented in ElemCo.jlby setting the
corresponding integrals to zero and adding their contribution to the one-particle and
zero-particle part of the Hamiltonian,

194 _ 14 ql | Iq
hp—hp+2vp1 )

pl
- 2.10
Ey = By + 2k} + 201 — vl 210

where I,J denote the core orbitals, and other indices do not include the core orbitals.
For the UHF Hamiltonian, the frozen-core approximation is implemented as

14— 1 al o | Iq
hp - hp+vp1 +Up[ Upr

hg = hg+ vl + 0l — vt (2.11)
~ -1 - _ -
By = Bo+ ki + b+ 5 (vf +vf + 20/ = of = of]) .

If the frozen-core approximation is used in combination with the density-fitting ap-
proximation, jkfit correction terms are added to the one-body and zero-body terms of
the Hamiltonian in order to ensure that the reference energy and the Fock matrix from
DF-HF is not changed by the frozen-core approximation, cf. Sec. 2.1.
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Hartree-Fock

3.1 Density-fitted Hartree-Fock

The density-fitted Hartree-Fock equations are given by
LCp = 5,C¢

1y =n 237 (viECh) Chur? — vkl (3.1)
L
v, = (."C) Cp.

Alternatively, the UZL integrals can be precomputed and the Fock matrix can be calculated
as

fr=nhl+ 22 <vfﬁC’J“l> UZL - vffvjz
L

(3.2)
iL _  vL /i
v, =v,C,.
Note that our orbitals are real, and therefore v;r = vaL, and CZ-T H= CZL.
The unrestricted Hartree-Fock equations are given (for « spin) by
10y =5,Crep
afy _ v iL i iL i L, vP iL, v
1 _hu+z <UM/CZ-M —i—vu,Cz“)CPv“ — U, V1 (3.3)
L
iL __ (,vP i\ AL
v, = (Uu C'l,) Cp,

and equations for 8 spin can be obtained by swapping the spins.
The residual of the Hartree-Fock equations, which can be used in DIIS, is given by

Afr =8V D0 fY — f/DlSY,  with DY =CiOl. (3.4)

3.2 (Bi-orthogonal) Hartree-Fock

The closed-shell Hartree-Fock on top of the FCIDUMP integrals (including the case of
similarity-transformed Hamiltonians) is given by

et - G
. ~ 7 i3 1 5q
=t (vE - 33, (35)
T=2) e

1€0cc
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where tilde indices correspond to the original orbitals. If the FCIDUMP is similarity-
transformed, CI™ # C?, and CI" are obtained as an inverse of C¥ such that CJ"CL = 47
The unrestricted Hartree-Fock equations are given (for a case) by

“fICT = (P,
°ff = hE+ (M + AL ViE — iV
“i=) ara (3.6)
i€occ
=Y afcl
i€occ
and equations for § spin can be obtained by swapping the spins. Note that if the
FCIDUMP is of UHF type, the original indices and integrals are spin-dependent, which
has to be taken into account in the equations.

The residual of the Hartree-Fock equations, which can be used in DIIS, is equivalent
to Eq. (3.4), with the overlap matrix S} removed.
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Density-Fitted Multiconfigurational

Self-Consistent Field

4.1 Orbital Rotation

The orbital transformed wavefunction can be expressed by
W) = exp(R)]0),
where ]
exp(l%)=1+l%+§]%2+--- :
R=RE"

r—s?

(4.1)

(4.2)

E; is the singlet excitation operator (a,Gsq + di6&35>. Mathemetically if R is anti-

A

symmetric, exp(R) is an unitary transformation.
R = —R.,
R=[RUE; — EY)]r>s,

4.2 MCSCF

The energy expectation value of the wavefunction is be given by

E(R) = (V|H|Y)
= (0] exp(—R)H exp(R)|0)

= (0]12]0) + (0|[H, R]]0) + %(0\[[13’, R, R]|0) + -

1
:E0+ng—|—§xThx—|—--~ .
In which Hamiltonian operator His expressed as

A e 1 e
H=E,+ hga;}aq + §vgiazaia5aq

pr-gs’

N
= By + WyE} + Sopel,

(4.3)

(4.4)

(4.5)
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with €7 as the 2-electron excitation operator ) aLUaITaSquJ. In the first expression,
p,q,r,s denote the spin orbitals, and in the second expression, p,q,r,s denote spatial
orbitals.

The orbital transformation parameters R is expressed as vector x, the linear coef-
ficients as gradient vector g, the quadratic coefficients as matrix h. When terms after
the quadratic terms truncated, to minimize the energy expectation value, the Lagrangian

equation as known as the Newton-Raphson equation is
0

1
8_(ng + ixThx) =g+hx=0. (4.6)
X

Since the internal rotation of each of doubly occupied orbitals and virtual orbitals don’t
change the wavefunction, vector x is consisted of 4 parts, can be expressed as [x, xJ, x', x2].
Here, g is calculated from

oF
gf = <8_x’;)R:°

= (0[H, £}, — £7]|0)

1
P RIS B+ Lagterio o

= [1 =P (rk))(O[RT B — WEEY 05 &b, — ok, o),

q's’ pr’ rs’

= [1 — P (rk)](h? 'DE — Bk, DY + uzj 2D, — ks, 2DP)

let

1
— (w5 2D, 4 om, 2D, (4.8)

1 ! !
k q 1Nk r 1np
Ar' - i(hr] Dq/ + hp/ Di ) 2 q's

then
gy = 2(A} — A}). (4.9)

In which 1-particle density matrix D and 2-particle density matrix 2D are defined as

1Dt = <O|Et|0> = C[CJ<(I)I|Et|CI)J>

. . (4.10)
Dl = (01€1,|0) = cres (@rléy,,|2y).
In order to simplify the expression, the 'D¥ is written as D%, and *D{" is written as D
in follow.
Fock matrix can be generalizingly defined as

1
FS_CFS+Dt[rt_§Urt] (411)

with ' ‘
B = bt + (20 — o) (4.12)

defined as the closed shell part of Fock matrix.
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AKX can be calculated as

i 1 ey r / 1 's" ~ir' rs’ /!
A,r, :5(}23 Dq/ + hp/'D’Lp ) + §<Ug1”/ Dq/S’ + Up/T/DfS/ ),
_ 2 2 T M) ) ) T] v Jt N T MJr
=5 (D + hiD;) + 5 (v Dij + v Dij + v D + vt Dy
+ 0,4 D + v, D' + 07y Dy + v Dif)
:E(thr + 2h]) + —(41}% + 41);? — 21}% — 21);5 + QUf,?DZ + QU?D? — U%Dt — UZD?)

2 U u
=S (ri) (h} + 208, = ol + vl DL = SuiD})

=S (ri) F,
(4.13)

" 1 / u r / 1 /! ur’ rs’ /!
AT :§(h/?. Dq/ + h/p/Dg ) + _(Ug,r/ Dq/s/ + /UP;STJDZS/ )

2
LD £ DY) £ LD 4 oD 4o D s gD DY 4 pity
2 r "t t~u 2 rjtg ty T uj rw-— tv tv uw rj— gt Jt —ug
=5 (WD} + 1y DY) + 5 (203 DY + 200 D, + o, Dyt + v Dy, — o7 Dy = 3l D))
1 . . 1 i i o D
=51k + 2035 — ) DYt + v, D] + S[(B] + 20 —vif) Dy, + vy DL
1 1
=5 (FrD} + v, D) + 5 (CF D, + v D),
(4.14)
A* = 0. (4.15)

Electronic energy F after orbital transformation is calculated with transformed orbitals
and active orbital 1- and 2-particle density matrices

1
with 4 '
E.= W + Fl, (4.17)

E. is the closed shell electronic energy.
The 4-index integral vy’ is calculated as the density fitted integrals, as mentioned in
previous chapter,

ww __ uwl, wlL
vtv *Ut Uv )

ul __ vL e yu
v =v, GO

Likewise, other four-index integrals in this chapter are calculated in the same way.

(4.18)

4.3 Augmented Hessian

In order to make the coefficients transforming step smaller and more robust, a level-shift
€ is introduced to control the step x [3]

g+ (h+ed)x=0, (4.19)
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in which
e=—-\xTg, (4.20)

(Aog Alg1T> (i) -7 (i) ' (4.21)

We search for the value of A with a combination method of linear search and logarith-
mic bisection search:

\ = (|Xsmany || — trust) + (trust — ||Xiarger||)

Y

(4.22)

HXsmall)\ || - Hxlarge)\ H
A =exp (In small\ + (Inbigh — In smallX) x bisecdamp).

If there are both tested smallest and biggest limits in one iteration search for A\, we
adopt the linear search with the norm of both limit x, otherwise, we use either the upper
and lower boundaries value(by default set to be 1000 and 1) and the tested A to do the
logarithmic bisection search.

4.4 Hessian Approximation

4.4.1 First Order Approximation
We adopt the Super-CI optimization approximation|!], in which

HY =" FIE, (4.23)
pq
E© = (0|H7)0), (4.24)
SO = 2(rk|HT — E©)s1). (4.25)
More specifically,
SCITS, —A(5IF! ~ L))
*“Hyy =—20,F' Dy,
SUHY, =6](4F} — 2F, D),
(4.26)

SC!Hiu —0
tb T

SUTHy (2D} — 46} F! + 26 [2F} — (DL}

tu uw

SOUHty =263(Dly, — DDy FY + 2DLF

uw ua”

t Mv w v U v U
- D’U,D’IU)FU - Dt Fu - Ft Du]?
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4.4.2 Second Order Approximation

In general, the second-order Hessian matrix elements are calculated as

oF
SOrrkl

I _
s (3@’?81:2)1{_0

1 o
=58 (rs, k) (O|[[H, E} — E}), E; — Ej]|0)

:%5 (rs. k1) A (rks s1) (O|[[E, £¥], £1))0)

1 A A~ 1AL 1 's! !yl
=58 (s, k1) A (rks st) (O [EL, [EF, W) By + Sofnén1|0)
1

=58 (rs, ki) A (rk; sl) (—h.D¥ — hED! + h? DL, 6% + hk, D¥' 5!

k,q's nylr 1, ks mHp'r’ Is" mkr’ ks’ nylr’
+ (SS Uyt Dq’s’ + 5TUP’T,DSS’ — ,U’r‘T/Dss’ — Ugpr DT‘S’
! ol /ol / / / /

q's’ Mkl Kkl pp'r’ 4l ke’ ks’ nyp'l

+ 08 Dy + vy, DY — ol D — vy DY)

_ . I Nk ki s’ Mkr’ ks’ Hylr! q's' Mkl kl p'r! q'l kr' ks’ 'l
=A(rk; sl) (=h,D§ — hiD, — v, Do —vg Dy + vl Doy + vy DY — vl Dore — v DY)

1 k ey r o q's" Hir' rs’ o'’
+ 58 (7'5, kl) ./4 (Tk, Sl) 68 (hg Dq/ + hp/Dl -+ UT’T" Dq’s’ —+ UP/T/DlS’ )
=A (rk; sl) (hf,le + thé + Ui;; Dl]‘f;?/ + 1’:;: DZ:;, + /UE;S,D’;/ZS/ + 11;;97,/D£;T, + ’z,vf;‘?DSf{ + v;f; Dﬁ;l,)
+ A (rk; sl) (0% AL 4 5L AF)
=A(rk;sl) 2G™ + (AL + A))]

— A(rk; sI) [2GE. — 5F(A3 + A1),
(4.27)
matrices G are defined as

GM = ;(fzin +RIDL 4 0 DI ol DI 0T DM s DY o DR o DEL
(4.28)
G =G§/(FI + F))+ LY + L7, (4.29)
GY, = §(DLL + DILS) = G, (4.30)
Gy = ;(CFSD? + Fy Dy, + vy Dy + 05 D) + 07 Dy, + vy, DY (4.31)
where

LP8 = 208 4 285 — % — 2, (4.32)
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4.4.3 Combined Second-Order and Super-CI Hessian Approxi-
mation

By default, the SO-SCI Hessian matrix [] is approximated as below:

SO—-SClIryrig _ SClryig
Hab - Hab’
SO—SClrriu __ SClryiu
Hab - Hab’
SO—-SClrrij __ SClryij
Hau - Hau7 (4 33)
SO—SCIHiu _ SOHiu :
tb T tb o
SO—-SCIrrij _ SOgyij
Htu - Htu?

SO-SCIfytu _ SOptu,

If the SO_SCI origin option is set to be false,

SO—SCIHtu _ SC’IHtu
ab —

ab»

(4.34)

and the rest blocks of Hessian matrix remain the same.
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CCSD and DCSD amplitude and A
equations

5.1 Closed-shell CCSD/DCSD Lagrangian

The singles-dressed factorization of the closed-shell CCSD and DCSD amplitude equa-
tions roughly follows the factorization from Ref. [(]. The closed-shell CCSD and DCSD
Lagrangian is given by

L= vTH 4 ( fo+ f,j) TF 4+ ASP0% + AL (0 +0i ) Tok + NS0T

ij “ab
+ASOR T T
R 1 . ) " 1 - .
+ APS (ab,ij) { ( fe—2x §Ug§T§;> Ty — (f;i +2x §v§i‘fTéé) T (5.1)

. 1 ~. s . . . ) ) . .

~id cdrik lj ~ic kj ~icrpkj  cdrpki lj lj

+ (Ual + §Ukl Tac Tdb - Ukach - Ukaac — Uk I[a ]lzb o Tbc
a fi a pbrij a~be ki anic kg
+ Az fa + A’L fj Tab + A'L Uachb - Az Ujcha .

The DCSD Lagrangian is obtained by removing terms in red.
T are the contravariant amplitudes,

T =21 — T (5.2)

Integrals with hats are dressed integrals, i.e. they are obtained by dressing the integrals
with the singles amplitudes, and the Fock matrix is internally dressed, too, e.g.,

cid id | edri
Uy = v + v 1

~cd __ cd cdrpk
Ugp = Vg — Vg 15 (5.3)

al

fi = hi+ 200 — o = fi + (2vi — o) Th.

Note that only the lower virtual and upper occupied indices are dressed.

The amplitude equations can be obtained by taking the derivative of the Lagrangian
with respect to the Lagrange multipliers A and setting the result to zero.

The most efficient version of CCSD/DCSD in ElemCo.jlcombines the dressed factor-

14
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ization from above with the cckext type of factorization from Ref. [7] and is given by

L= olTH 4 (f,s + f,s) TE + A (0740 T2) Tht + A& K13 6857

pea
ab, cdrpkj il
+AG v T To

) 1 . . A 1 s j
08 Gabi) { (Js = 2ot ) 74 (f+ 20 gt Te ) 74

ol N e o )
~id cdrpik lj ~ic kg ~icrpkj  cdrpki lj lj
+ (%z + 5 Ukl Toe | Tap — UpaT ey — Ui Tad =i Tag (1 — 1,

ij 1 a 171
— K (55552 - §5Z5?Té> Tf} + ALK (26087 — §750)
— ML) (20787 — 0761) + Aghi, + AL fi Tl — Ao T
where

a-r-s

Ky = v (T + TiT)) 6760 + 6,178, + 1,667 + 6,07)

and h is the one-particle part of the Hamiltonian.

(5.4)

(5.5)

5.2 Closed-shell CCSD/DSCD Lagrangian multipli-

ers equations

The A equations are obtained by taking the derivative of the Lagrangian Eq. (5.1) with

respect to the amplitudes and setting the result to zero, i.e.,

oL
arm

=2 (2%, — 0D ) TY + 25 — AP0, — Ao + A6 + AP ol

jm ij “mb ij Yam mj“ab im " ab

+ Ao Ty + Aoy o T — AP oeh o) — Afsoet T

J im i “mb ij Yam™ cd

eb pd mij ae pd mij ab perkj ab pferpik
_Aij deb _Aij T _Am kTab _Azm kTab

m* ad J
+ AI2S (ab, i) { (208, — 068) Tl — (2005, — 06%,) 0 }
— Ao T — NSyl Ta + Nowydei T + Nop o T
+ Ao, T — N ofe T + Ageios Tk — A g Tin

aepic kg ab psecrpkj ebnjc ik ab nec ik
+ Aij Ukaac - Amjvkaac + Aij Ukacb - Aimvkach

= N+ AL+ AT (2005, — 0
+ A (208, — vD) Tl — ASobe, Thi — AL ST,

i “mk m"”jk

(5.6)
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oc
oT"

mn= cd

1 ~ ~1j cc i ab e : ~
= 58 (efymn) [6], + A (83,000, 1) +A20, 0 Th + Azt o]

+Acb, cf j_‘(Lll) + A(Lf U](;iT(fé

in “ml mj
. 1 - 1 g
031, (af ) (= 2 oid T ) = LS (e i) 2 5L
N 1 1 .
- Al (efim) (o 2 Ut T ) — A% a2 AT
. 1 .. . 1 ~.
+20S (af i) (a8, + ok ) = AUS (fim) (864 o TE)  G)
1 s 1 -
+ 2Arerl:]8 (6()7 m]) évﬁiTcll{) - Ale;S (6b7 TZ]) §UfniTcll{7
— AYS (af,in) 0, — ALS (eb,in) 0,
—AZJ;S (fb,nj) v, <TZZ — Tég) — A;{S (af,in) 7)ZC&T$’

ae . fd ki
+ASCS (ae, in) vy, Ty

+ Tmm) {85, £ + Agols, — Ao, .

with a “contravariation” operator,

T(mn)XriLfn = 2X:;Lfn - X'rigw (58)
and
@z{n = 2UT€r{n - vretj:n‘ (59)

Now we can introduce useful intermediate quantities, related to the density matrices.
The one-body reduced density matrices can be written as

D! = ~aNgTE,
Db = 2ANTH,
D _ A@kl (5.10)
D! = ASTH*,

Note that we have excluded here terms coming from the singles amplitudes. Thus, if
this density matrix is used to calculate properties, the corresponding integrals should be
dressed. Alternatively, one can define “dressed” density matrices which include the singles
contributions, ‘ .

Ab b bk

Da = Da + Dsza ’

D¢ = D¢,

D! = D! 4+ 2T" — DST" + DLT*.

Some parts of the two-body reduced density matrices can be written as

(5.11)

kl _ A cdrkl
Dij' = Aij Tcd‘
D% = NseT™ (5.12)

maj A ack] carpkj
Dy = ATy + AR T,
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Finally, we define the following quantities which correspond to the cckext factorization
and a doubles-dressing of the Fock matrix,

Kp, = Avore

mn “pq
AP — N2 6RST — Aaw Taol g — Nop 08T 67 + Age, ToTY 6761 (5.13)
T, = T w = Towvg;

With these definitions, the A equations can be written as

oL

o = (2082 — v2)) DI+ 28, — 20267, + 2K1%,6¢ (87 + 62T}

ij “m mjYr
+ 2Dk’l /aej . 2Aeb (@cd Tl]) . De]?d + Dk f-e . 2Del@id i 2Dal f}ed (5]_4)
mj "kl ij \“mb*cd dJm mdk id“ml mdVal

+2Dk0ie, — 2D or¢ — ASfi 4+ AL fe — Afal, — A% at.

ic “km mc“ka a

oc
oT"

mn mn-r-s

- ’(NJ:;{” + Alejf (6;zbn+v7cr(tl7zzl(;) +DM l‘:[f + K’ 565f
af ( fe 1 e ef [ fi L ;

1 1 , -
+ 7 (mn) {QX Zv,jﬁD,’; —2x va,{an + Ay (@;; + v;;fnT;’;) (5.15)

1 n A
vy (aadf + Azl - afe,)|

_Aqf@ie . Agb,&if _Dfl

m “ma wn “mb nc

ce ek fd
Ui + Dndvk:m} .

5.3 Perturbative triples for closed-shell CCSD
The perturbative triples equations for CCSD are given by
Egp= Y pli,j, k) KX e
1<j<k
2 i#£j#k (5.16)
p(i,j k)= |1 i=j®j=k
0 i=j=k

X;{)’Z and K Zl}f are calculated for the triangular set of indices i < j < k (with k =1 : nye.),

abc __ igk | dkroij dkrig dj ik dj ik dirpjk dirpjk
K; =K = Upc Tad + Uge Tdb + Uchad + Uadec + Ucade + UbaTdc

ijk abc
T — T — T — T T — T s
ik _ Mg, — 2000 — 2K — 20 + Koy + K,
abe €+ € +ep— € — € — €
The (T) correction contains additionally the following terms,
o - S o
Eqy=Eg+ Y p(i,j,k) [vﬁiXiich“ + U XTI v XGET]e
i<j<k (5.18)

_‘_jva]?cXijkfia + TifkacXijkf]z? 4 TiBainjkflg] .

abc abc abc
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In case of ACCSD(T) K is different from K, ¥ and is calculated using the Lagrange
multipliers,

abc __ _ bc A ad ac A db chb A ad ab A dc ca A bd ba A dc
K5 = vapNiy + vgi\g) + vgi Ay + vgy Ajg + vai Ay + vgi Ajy

_ - _ _ - - 5.19
- A A - AT - N A -
where A;’f are the covariant Lagrange multipliers,
Aab _ 2 ab 1 ba

3 3

Additionally, the conjugate-transposed amplitudes in Eq. (5.18) are replaced by the co-
variant Lagrange multipliers A?}’ and A} = %Af

5.4 Open-shell CCSD/DSCD Lagrangian

The factorization of the open-shell CCSD/DCSD amplitude equations roughly follows
the factorization of the closed-shell equations, Sec. 5.1. The open-shell CCSD and DCSD
Lagrangian — i.e., spin dependent — is given by

L=L,+ Eg + Ea[g, (5.21)

1 " 1 nid i 1 u i 1 i
Lo=3 [vfé?lT "+ ( [+ f,j) Tf] +7 A (0 — 571 + 7 A (szz +2'“;;7Tc§z> T

1 ;o1 -
T ASGATE + ALS (abyig) {a0TH — 34T }

ij “ab

al

L. - N adi | i lj ~id id il (5'22)
MDA ab i) { (08 — o+ 79 T + (0 + o) T
+ AJOSTI + AT — AT — AJOS T
a i a £brij a pbrij
+Aifa +Aiijab +A1f§Ta5’

or using the cckext factorization,

1 : o (i L s
Lo [ontmht + (i + ) 72] + gt (e ot ) 72
1 /j 1 N [ sempii ik
+ TASIG, (38 = OTE) (08 — O7T) + JAUS (ab i) {acry - a1 }
Ly ab . nid  adi | =id) i id id il (5-23)
+ ZLAz] A ((lb, 7’]) {(Ual — Uy + xal) Td{) + (Ual_ + ‘ral_) TbJJ}
a i ij ¢q k apic mjk anic gk
+ A (Kpﬂqag + Kpfq(sg> (67 — S1TE) — AT — Ao T!
+ AZRL + A FOTE + AL T
L3 is obtained from L, by flipping the spins;
Lop = T + Aiig + A (8000 T5) T + AT
+ A {asTy + T - BT - AT )
) (5.24)

ab [ (nid _ ~di id | =id\ qlj ~jd _ ~dj Jd\ il
+ A {(Ual B + wop + Top) Tt + (UI;[ Uy T 2%{) Toq

~id cdrik \ plj | sdimril  aci ik ~id  cdril \ ki
+ (U +Uleac> Ty + 0 Toq — 0318 — (Op—v ) Togr s

al
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or using the cckext factorization,
cdrkl ab [ #i7 |  .cdrid kl ab 1717 k q gl
Lap = ViITH + N (55050 T3 ) Th + NS K (30 - 97TE) (o - 97T

ab [ semrij | sdmpii _ sirki  sjepil
+ A5 {xaTd; + 5L — 3y x[Tab}

e e R (5.25)
+ Az { (034 — o + aid + 5i9) T + (o] — o + 2030 T,
~id cdrpik \ mli | ~djrpil ~cj ik ~id _ edril \ okj
+ (Ua,[ + kaTac> Ta% + UIBJTad - a%TcB - (Ukli)ivk;lij—‘(fﬁ> Tag%} :
The intermediate quantities are defined as follows,
Ki =Dl K= D]
DY, = (T + T, T) — TyT]) 6765 + Al(ij; rs) 6,1y 67 + 6,8] — 646}
DY = (T + TiT] ) 026% + 01T]0% + Tio26] + 0103
% 1 % ¢ c
xacll - ETQIZ (Uk;livlil;ll)
i = ol + T 520
id 1

_ ik (ed , de
‘xal_ - 2Taé (Ukl Ukl)

5.4.1 Spin-restricted open-shell CCSD/DSCD

The spin-restricted versions rccsd and rdcsd are obtained through spin-projection of the
residuals and amplitudes from the spin-dependent equations in each iteration. [3, 9]
In this section we use the following notation:

aorqij _ i
Tab - Tab’

T =T, (5.27)
P =T,

and the spin-projected amplitudes are denoted by a bar, e.g., aﬁTéi. Moreover, the
indices i, 7, . .. run in the following part of the section over the closed-shell part of occupied
orbitals, a,b,... over the (doubly) virtual orbitals, and ¢, u,... over the singly occupied
(or singly-virtual) orbitals.

The “closed-shell” part of spin-projected a3 amplitudes is given by

P y wBeii B wBeii B
OCB,T’a{) = 6( Ta{) + BﬁTa{) +2 6Ta€) + ﬂTchL +2 ﬂTlfa + 6Tib) (528>
The “open-shell” part of spin-projected a8 amplitudes is given by

apij L ij aBrrii | aBji

/BTai = §< IBBTai +2 ﬁTai + ﬁT(it)

aBty 1 aamt] « j « j
T =5( Ty +2 T+ T, (5.29)

St

afpti _ afpty 4 u (BTJ' _ api _ aﬁij)
au au 2m5+2 a a av
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The projection corrections for the remaining amplitudes are defined in terms of the new
spin-projected a8 amplitudes as follows. For singles amplitudes,

. 1 . . _ .
aqi (o Bt ofrgwi

Ta - 2 ( Ta + Ta Tav) )
Ti= 2 (Ti+ OTid T (5.30)

Tt = °T! and AT = AT
For the aa and B8 amplitudes,

ooij _  afmqtj Brij

Tab = Tab - Tba’
T = T = T T
ﬁﬁTij _ ﬁﬂj"ﬁ _ OL/D’TU a,BTji (5'31)
at — ta at ~ at»

Ty = Ty and YT = PT
5.5 Open-shell CCSD/DSCD Lagrangian multipliers

equations

The Lagrange multipliers equations for the open-shell CCSD/DSCD Lagrangian can be
obtained by taking the derivatives with respect to the amplitudes and setting them to
Zero.

0L, 1 . g 1 ,
o ce ec k ec k e eb~1g ab ~ej ab ~ejrmkl
— (Vkm — Vi) T2 + SUmi s + [ — Aij Uy Amjvab + _Amjvkl Ty
T 2 1
+ lAab piekl lAebAcd T _ lAaeACd TY _ lAeb re TY _ lAab feTkj
imVklL ab ij UmbL cd ij Vam2 cd ijJm~ chb mjJ k= ab
4 4 4 2 2
1 y . . .
ab ~ce ~ec ij ~ie ~ie kj
+ §Azg {(Uam - Uam) ch - (Ukm - Umk) Tab } (5 32)
eb~id rplj ab pedlj ebrdi il '
- Aij O Ly, + Amjval Ty + Aij U L,
_pab paderrli  pebsid il ab sedril
Aoy Oar Ty — Nij 0Ty + Ay oai T
e, cd rpil e, .cd il a secmjk a ~ecrpik
- Az Umchd - Az United — AmvjkTac - Amvj]_gTaE
e fi a fe a (~ie ~ei a (. be eb i a. .eb ij
- Az fm + Amfa + Az (vam - Uam) + A'L (Ujm - Ujm) Tab + Az Uija(_,
o N B
O58 _ ek 4~ pab {@EC,T@ _ @EZ,T@}
oTyr  27mee gy Lmane s Tminab (5.33)
ar~ei a. .eb g a eb be ji
+ AZ Unma + AZ UijaB + AZ (Umj - vmj) Tbav
OLas _ _pebyid At T 4 A ITH _ Ahged ]
orm 2 “mb mj "~ ab mj“kl " ab ©j "mb~ cd
e
_Aebferij  pab ferpki
A’ij de; Amjf kTal;
ab | (nce _ nec ij | psed i (nie aie kj _ ~ej il (534)
+ Aij {(Uam Uam) TCB + UmbTaJ (Uk;m Umk) TaB m[Tab}
eb ~id lj ab_ned lj eb~di lj o ab_~de 15
= NGO Ty + Ay a T + A0 T — Aya T
_ Aebsid ilj ab_pedrlj ebncj ik A ab ~edkj
NGO T + N0 T + AZ0 - T — AV 0T,
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The corresponding equations for the derivatives with respect to the § amplitudes are
obtained by flipping the spins.
Derivatives with respect to doubles amplitudes are given by
oL,
4 mn
oryy

1 e 1 e ~ij 1 c ij 1 a efpk

=A (efv mn) |:§U7r{n + ZLAZJf (UTqun—i_QUnlenjjuf’) +§A7rlz)nvk:{ thbl

1 1 1
+_Aab @ef_'__Aaf e —

4mnab 9 mnva §znm

, 1 y 1 ;
ATl — 25— ALue] T — 25— A2 0/ T
T X 479 Umnd cb X 4 m]vkn ab (535)

§ o 1 ( .
+ A (ol — 0, + aie,) + 5 (v —ol) T

+A% e — A 4 AC

m-an T mn mfn} ?

OLs _
arm

(5.36)

4 OLas

Lyeb cf mij 1. :
aTgan = A(ef;mn) {—QX—Aevaf TY _ 2><§A:’£jvszkg

2 zj mn= cp n= ab

(5.37)

nl mj - nb

it (o) T+ ki + et
0L,
T’y

n= ab

1 eb CfT 19 1 ab ef kj

Y 7 7 1 FT TR\ AT (5.38)
e d l ae A1 7 e d d l
+ An?jvmedi + A (va]; + an;> + §A,nlzj (véi —Uﬁ}f> Tb]&
+ A% 05] — Asoil, + A, 1
0Ls 1

— = —2X— =
aTer}ln 4 i mn cb

— 1 - 7 3=
AJ Ty — 2% S Ao L T

nj “mk™ ab

(5.39)

ng mi ml

fb_ ed rlj af ( ~ei ie 1N e e j
+ ALt + N (o7 + ok, ) + SALE (v —oie) T

anfe _ AT i
+ AROam — Ay o, + An S

Vam

aLa ef ef [ ~ij 1 ij b efrrkl b ~ef
ZZob el g NS (6 ped ) Nab el kL g pab gef
aTT}n mn ij mn mnt o b

n= e mn-kl ~a mn Y qb
+ A g — 2x1Ae§ cf qij | peb 4l _ QxlAaf ed rpij
mnLq 9 ij Umad maLy o4 Umnd oq
— A@fi.l _ 2X—AabﬁUZka—J o A:rj:ji_% o 2><_Aabvef_Tl£ (540)

inm 9 mj n" ab 2 N ml” ab
r i ~ . . . l_) d r l_< l_) A_< r N ol =7
A (00, — 0k, + ale, + 3l5,) + N T + A (0] — of7 + 277
f nej b [ sif cf il af  edkj
— A — A% (8o mh) +ac o,
and the derivatives with respect to the 55 amplitudes are obtained by flipping the spins.
The one-body reduced density matrix (without singles contributions) is given by

, 1 coiit adomif
Dj = _§AichJd - AingJ
1 L
b _ L aberpkl g berk
D, = §Aleac + N Toe (5.41)
Df = A
D} = AT+ AT
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and the g 1RDM is obtained by flipping the spins.
The full (dressed) one-body reduced density matrix is given by

Db = D)+ DyTY,
D¢ = D¢,

D! = D! +T! — D°T! + DiT*.

(5.42)

Additionally, we define intermediates related to the two-body reduced density matrix,

1
kl L Acdrkl
Dy = §Aij Teq
Kl _ Acdrkl
D = AT i (5.43)
aj acrijk acrjk
Dz‘bj = Az’kTgc + AiETgE
Dy = TG + NG
and doubles-dressed Fock matrix,

i edril cdril
Ty, = Vg Leg + 05T

c __ ,cdkl edrpkl (5'44)
Ty = Uy Tad + % Tad'
The intermediates for the cckext factorization are given by
rs __ Apq , TS
[A(mn - Azmqu \ ' , ) \ o (545)
At = N 0ady — Ay Ta07 05 — NG 60T 67 + A T0T5 0767

K’ and K2 are obtained by flipping the spins.

Finally, we define useful intermediates which can be precalculated and reused in the

equations,

~je ~ie ~et —ie ie
yam - Uam Uam + xam + xam

" _am T Tam (5.46
i = vfirg o+ 2c] |

With these intermediates the equations for the a Lagrange multipliers are given by

o = Wi — Vo) D+ 00 Df + fr = Ao, — Aoy,
Kb (07 + 0UT]) + K507 (61 + 0T ) + DELofd + Do)
1 eb (~ed itj eb [ red qig e fc re
— 5A (054, T5) — A (055T5) — Defe + Dhf (5.47)

el (~di ~di al ~ed ~de Ael ~id Aal ~ed
+ Did (Uml - Ulm) + Dmd (Ual - Ual) - Dicfumf + Dmuivaf
ebncj ik A ab nedkj
+ A0 Ty — A0 g

= ALf AL FE = Af, — AL

mTa
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[V B L.
i = Unin — Ui + A <Uf¥m+v‘d T, ) +Dl v+ K, 606]
ef

2 mn~ cd
+ S (ef,mm) { N s - Al }

1 1 | o (5.48)
+ A(ef;mn) {2>< §Dfnvz£ —2x §D§va{n + AZ{ Jam + A%?)gq{:

m-an 7 -mn

FAC o — Ao 4 Ae f }

The equations for the § Lagrange multipliers are obtained by flipping the spins. The
equations for the af Lagrange multipliers are given by

oL f f i 7 -d rid .l ef 3 f
777 = i+ A (et st T) + D il + K026
+ Nohag + AL e — Afal, — A
Lok ef o pkoef _ pencf f, e
+ 2X§ <Dmvkﬁ + Dﬁvmk — Dgvgs — Dé”mﬁ) (5_49)

r ~ . I; /\7' r ~ R — 7 /\T
+ AW g+ Nl A2 g+ A e

T (56T ed kT _ b (gif el ol
Amj <Uaﬁ Ukﬁ]ﬂa,{]) Aiﬁ (Uml; UrrLfTCb

+ A O — AfOln + AL S+ Ain, — Ao, + AL

m m

5.6 Perturbative triples for unrestricted CCSD

The perturbative triples equations for unrestricted CCSD are given by
g 1 I T | -
_ aberpigk aberpigk abc yrijk abc ik
Bry=g > KiiTie +5 D0 KEiTar+5 2 KiiXae + 5 > KGEXa (5.50)
i<j<k i<j<k i<jik i<jk

Kl‘f}f and T;if (and the all-S-counterparts) are calculated for a triangular set of indices

i <j <k (withk=3:n,),

abe __ 1-ijk dkrij dj ik dirpik 1 —kj il —kirplj —1j ikl
=K A ((IbC) {ch Tad + Uchad + UbaTdc - 5 Vel Tab + Vel Tab + Uachb )

ijk abc —
S i
Val = Vg Val»

ijk
ijk __ Kabc
abc T

€ T € T € — € — € — €

_ (5.51)
Kl‘;l}—f and T;{,]g (and the spin-flipped counterparts) are calculated for a triangular set of
first two indices i < j (with j =2 : n,),
KA — K = A(ab) {uf8T5) + ol + T8 + o338 1 TS — i
ik il ikl ik il ikrlj
_Uzl‘ T — U;ZTgE} - vlja Ty — vge Ta{ﬂ (5.52)
T
ik _ K
b e bt — €a— € — €2
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The (T) correction contains additionally the following terms,

E(T) = E[T] + Z [U?ETZ]]CTTQ 4 U;lkCTUkTTb + U%bTijkT]IC

abc "1 abc © j abc
1<j<k

1 g 5 g
vy (Tt 4 e T )

be rrijkrta acrijkath abrrijkte
i<j;k
1

I+ TR + ]

+ spin-flipped terms.

In case of AUCCSD(T), K¢ and TJ* etc are different from K¢t and T9* and
can be calculated by replacing amplitudes with Lagrange multipliers (and integrals with

transpose integrals) in the above equations,

1
abc __ be A ad ch A ad ba A dc —cl A ab —cl A ab —al A cb
K55 = Alabc) {UdkAij + vg Ajy + v Aji — B (Uijil + oAl + UijAkl) )

abc __ bc A ad ba A dc ab A dc ac A bd bc Aad _ ~al A bC 5.54
Kijk = A(ab) {UdkAij + Vg Ajk + vg Aig + vig Ajk + vjdAz'k BAY ( )
bl A ac al A be Ic A ab lc A ab

S UiEAjZ} — Ay — v AL

and the conjugate-transpose of the amplitudes in Eq. (5.53) are replaced with the Lagrange
multipliers.



Chapter 6

Two determinant coupled cluster

Amplitudes are normal ordered with respect to the formal reference with two active or-
bitals ¢ and w. The occupied (i,7,...) and virtual (a,b,...) spaces do not contain the
active orbitals. The equations follow the equations presented in Ref.[10]. Differences be-
cause of fixed typos or other reasons are coloured blue. Terms we have added to ensure
energy invariance with respect to the reference choice and which are not explicitly listed
in Ref.[10] are coloured magenta. Terms we have added to ensure proper antisymmetry
and which are not explicitly listed in Ref.[10] are coloured green. IAS terms, which are
terms including the all internal singles, are coloured browmn.

Ry, = (A0} Hye™ | D) — (04" Po)( 0| Aye™ | %))
= (4% | Hye™ | D)o + MIW =0, (6.1)

RY, = (A8 Hye™ | 40)c — ((“0fle™| ") (Po| Hxe™| %))
— Alijsab) [(A0i]e™| @) ({“0]le"?| Fo)( Pl e | D))
— Riia){ "0} "] Po) ((“0|e™| %) (ol Hye™ | “0)) |
= ("% |Hye™| D) + MIW =0, (6.2)

The operator R(ia) excludes the active orbitals from the corresponding orbital spaces.
The following intermediates are used:

=T T (6.3)
=TI T

ij __ g i
T = 1 + 1,15

a

25
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The singles M tensor is built as follows,

M

ME —
MP =

M,
M
M
MY

ot

ut?
=TT},
— Tt
= -T!T!

U a?

= IO + TiTE

w t - ua’

_ T/ Tﬁl

u=at

= 77T

(¥ a

=TT+ ToT

a”ut at

it
=171

au’

— 7}17 TTT/'

Tauw?

_ U
=T"

26
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The all alpha part of the doubles part is built as follows,

M, =A(i5) T + A(if) T T3,

M =T'TY,

M, =—A(ij) 74T — A(ij) T{T33,

MY =—T'TY,

MY =A(ab) TiT + A (ab) Tl—?TZZ,

MY, =TUTE,

M =—A(ab) 775 — A(ab) T3 T2,

M =TI,

M = — A(ijsab) 7 (T35 + /Tl ) — A (ij;ab) (T TS)
— A T = Alab) TET = A (i]:ab) TIT{ T,

MY =—A(ij;ab) 7. (1,1*; + 1‘;1;%7)
—A(ij) T,T] Ty — A(ab) T,T;'T;,

M}, =— T,

MY, =T},

M, =Ti,

M, =—Ti,

Mt =—7IT!,

M =+7iT,

MY =47t

A [1‘/’ :7777—4‘

uQ

a-u*

27

The all beta part of the doubles M tensor is obtained from the all alpha part analogously
to the presented singles M tensor.
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The alpha beta part is calculated as follows,

M}, = — 7Tl — TITl — Tirl; — TiT4, (6.40)
M =TiT%, (6.41)
M2 =—7] T — TITiE — Ti7ls — TUTS, (6.42)
M =TT, (6.43)
MY, =T + Ty Ton + Tirgy + T2 T, (6.44)
Mg =—T,T;3, (6.45)
My =n T + T T + Tirly + TATY, (6.46)
My ==T¢'Ty;, (6.47)

M = — 7 (T8 + TiTE) (T T + T )
+TTITY + TITITE — TITETS — TiTI T
— TS+ T+ THT + T T

t

+ TS —TTE — TRT)T — T, (6.48)
MY == Ty T3 — 7 TE T, + Ty T + T T T

+HIFTLT) + TETITR, (6.49)
M =T7, (6.50)
M =T, (6.51)
M =7t (6.52)
Mi® =7t (6.53)
Ml =7t (6.54)
Mg =Ta, (6.55)
M =Tt (6.56)
M =—T" (6.57)
M =—1i, (6.58)
M= s (6.59)

The effective Hamiltonian W is just the all active part of the residuum,
W = R'™. (6.60)

The all internal doubles T coupled cluster amplitude is set to zero at the beginning of
every iteration. At the end of every iteration the all internal doubles residuum R'% is set
to zero.
IAS contribution to the energy,

AFEns = —WHTITE, (6.61)

ut



Chapter 7

Full Configuration Interaction and
Selected CI Methods

7.1 Introduction

Full Configuration Interaction (FCI) provides the exact solution to the time-independent
Schrodinger equation within a given orbital basis set. While FCI is the ultimate bench-
mark for quantum chemistry calculations, its exponential scaling with system size limits
its applicability to small systems. This chapter describes the implementation of FCI and
selected CI methods in ElemCo.jl, including Heat-bath CI (HCI), multi-state calculations,
P-space enhanced Davidson solver, and reduced density matrix calculations.

7.2 Full Configuration Interaction

7.2.1 Determinantal Representation

A Slater determinant |®;) is specified by occupation numbers for each spin-orbital. In
the Knowles-Handy algorithm[! 1], determinants are represented separately for o and
spins:

%) = |of) @ |B7) (7.1)

where |af) and |S7) are strings of occupied spin-orbitals.
The FCI wave function is expanded as:

U = c7|®T) (7.2)
where ¢y are the CI coefficients to be determined.

7.2.2 Slater-Condon Rules

Matrix elements (®;|H|®”) can be evaluated using Slater-Condon rules:
Identical determinants (|®!) = |®7)):

(@118 = STk 5 S [ = of] (7.3)

el i,5€1

29
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Single excitation (|®7) = ala;|®!)):

(@1]H|®7) = sgny,

ey [vzz-—vz;}] 7.4

jel

where sgn,, is the fermionic phase factor from orbital reordering.
Double excitation (|®7) = afala;a;|®!)):

<@I’[:[’q)]> = S804 [Ufzjb - Utﬂ (7.5)

Higher excitations: Matrix elements vanish for determinants differing by more than
two orbitals.

7.2.3 String-Based Algorithm

The Knowles-Handy algorithm|[11] evaluates the matrix-vector product ve,;, = H ci, effi-
ciently using string-based techniques and resolution of identity:

vy = H}]CJ = <O./[,6[|F[|O./JBJ>CJ (76)
For the two-electron part of the Hamiltonian, we have:
1 rs [ L1 n 1 rs n 7
(1o (BB = B262) 1) e, = SvpaIBYKNK| B yey =, (T7)

The Hamiltonian is decomposed into one-electron and two-electron parts:
H=0"+8" + 85+ 1 + g? (7.8)

The one-electron part is absorbed into the two-electron integrals. For remaining com-
ponents, string substitutions are performed:

e Same-spin two-electron: Substitution in one string, sum over other string

e Opposite-spin two-electron: Substitution in both strings simultaneously

7.3 Davidson Iterative Diagonalization

7.3.1 Davidson Algorithm

The Davidson method finds the lowest eigenvalues of large matrices without explicit ma-
trix construction. Given initial guess vectors {ul, ..., u*}, the algorithm iteratively builds
a subspace and solves:

H..c = Ec, (7.9)
where [Hyp]! = (u;|H|u).
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7.3.2 Subspace Expansion

The residual vector for eigenstate n is:
r" = Hx" — E"x", (7.10)

where x" = cfu’ is the approximate eigenvector.
A correction vector u® — u**! is computed and added to the subspace. In ElemCo.jl,
we use either the diagonal preconditioner,

n
Tr

" B —HI

ur

(7.11)

or the P-space enhanced preconditioner (see Sec. 7.3.3 and Sec. 7.3.5).

7.3.3 Jacobi-Davidson Preconditioner

For improved convergence, especially for excited states, we implement the Jacobi-Davidson
correction. The correction vector u" solves:

(I—x"x)(H - E"(I—x"x)u" = —r**, (7.12)

where x" is the normalized Ritz vector and r™* is the residual orthogonalized to x™.

In our implementation, we use a P-() space decomposition where P is a selected sub-
space of important determinants and Q) is its complement. For the Q) space we use the
simple diagonal preconditioner, Eq. (7.11), while for the P space we solve the Jacobi-
Davidson equation exactly, including the coupling to Q space. The correction equation
becomes:

(Lepy — X?P}le{P}XH{P} — E")(Ipy — X?P}XE{P}) + aX?P}Xi{P}} u?P} = —r?zl:'} +S{p},

(7.13)
with coupling terms:
o = x! 0, (Higy — E")x}g, (7.14)
Stpy = (Igpy = Xipyxl ) (Hpy — B") Xipy (Kl gy ) + 8xGp,  (7.15)
8 =t (Higy — ") (Ligy — X{gy X))oy (7.16)

Since Hy is diagonal, o and 8 are computed efficiently using only diagonal elements.
The equation is solved using a direct linear solver (LU or QR decomposition) since
the P space is small.

7.3.4 Multi-State Davidson

For computing multiple states simultaneously, the algorithm is extended to maintain
orthogonality between states. The subspace is expanded for all states:

H..,C = CE, (7.17)

where E = diag(E*, E?, ..., E") and columns of C contain eigenvector coefficients.

Dual convergence criteria: Both energy convergence (|JAE"| < eg) and residual
convergence (||r"|| < egr) must be satisfied for all states to ensure correct excited state
energies.
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7.3.5 P-Space Selection

The P-space is a subset of important determinants used to generate high-quality initial
guess vectors and preconditioners. Determinants are selected by:

Excitation level: Include all determinants up to n-fold excitations from the Hartree-
Fock reference.

Energy criterion: Select determinants with diagonal elements satisfying:

Hi — Eur < AFhreshold (7.18)

Hybrid selection: Combine excitation level and energy criteria.
HCI-based selection: Use Heat-bath CI (see Sec. 7.4) to select the most important
determinants.

7.4 Heat-bath Configuration Interaction (HCI)/CIPSI

7.4.1 Algorithm Overview

Heat-bath CI (HCI)[12] is a selected CI method that efficiently selects important deter-
minants using selection inspired by heat-bath sampling. An extension towards CIPSI[13]
is also implemented.

The algorithm consists of three phases plus an extension towards CIPSI:

Phase I (Setup): Pre-compute sorted lists of double excitation matrix elements:

For each (p,q) :  {(r,s, Hysepg)} sorted by |H,scpg| (decreasing) (7.19)
Phase II: Variational calculation in the current selected space:
Hselc = Evarc (720)

Phase III (Heat-Bath Selection): Generate candidate determinants connected to the
variational space by |Hlc;| > e
For each determinant |®;) in the variational space:

e Generate single excitations with |ffcr| > €5
e Use pre-sorted lists to generate only double excitations with ]vfjbcﬂ > €y,
e Adaptive threshold: €aqaptive = €n/|cr|

Phase IV (Perturbative selection a la CIPSI): Select determinants corresponding to
highest perturbative amplitudes:

2
I
ZIE{|H§C]|>6)L} HJC[ 2 (721)

pertc2 ~ > €

T (B — HY)? '

The sum runs only over determinants that have a large contribution to the J determinant
according to the heat-bath criterion, and therefore can be calculated during the Phase
III, essentially at no extra cost.

Note that in Phase III, the candidates are generated only for the new determinants,
however, the Hlc; values are accumulated for all determinants in the variational space.
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7.4.2 Efficient Excitation Generation

The key to HCI performance is the setup phase, which pre-computes and sorts excitation
lists. For restricted Hartree-Fock (RHF), store:

double_excitations[(p, )] = {(, s, Hrscpq) }sorteds (7.22)

N rs ST
where Hyge g = Vpa — Vpg

p, q of opposite spin.
For unrestricted Hartree-Fock (UHF), store separately:

is the antisymmetrized matrix element, and H,s p, = v,; for

. rs sr
® (-(x € : —
- excltations: ’qu qu

: : . TS __ 8T
e (-0 excitations: vy, — vy,

e a-( mixed excitations: vj;

7.4.3 Multi-State HCI/CIPSI

For multi-state calculations, use state-maximum selection:

’ZIEvareh HjC?f
(En, — ]

var

pert,ma:z:c?] — max
n=1,.... Nstates

(7.23)

This ensures determinants important for any state are included, preventing bias toward
the ground state.
The initial guess is generated by diagonalizing a small-space Hamiltonian:

Nsmall = Imax (1007 V Ntargeta 5Nstates> (724)

with determinants selected using hybrid method (energy + excitation level), and diago-
nalized to get initial eigenvectors for all states. This prevents missing excited states due
to poor initialization.

7.4.4 Hamiltonian Matrix Construction

The Hamiltonian matrix in the selected space is constructed using the Slater-Condon rules
(see Sec. 7.2) and stored in a sparse format (for each row, store only non-zero elements
and their column indices).

The connections between determinants are identified using three helper lists (similar

to Ref. [11]):

e Same alpha list: For each alpha string, store all indices of determinants shar-
ing that alpha string. This list is used to find beta single and double excitations
efficiently.

e Same beta list: For each beta string, store all indices of determinants sharing that
beta string. This list is used to find alpha single and double excitations efficiently.

e Single alpha excitation list: For each alpha string, store all alpha strings reach-
able by a single excitation. This list is used to find mixed alpha-beta double exci-
tations efficiently.

Using these lists, a list of connected determinants i for each determinant j is generated
(for ¢ < j) and used to compute and store the Hamiltonian matrix elements.



CHAPTER 7. FULL CONFIGURATION INTERACTION AND SELECTED CI METHODS34

7.4.5 Second-Order Energy Correction

The PT2 correction recovers dynamical correlation from determinants outside the varia-
tional space[l2]:

Hlep)?
AEPT2: Z (Z[Evar KCI> 7 (725)

Eoaw — HE
K¢var var K

where K runs over all determinants connected to the variational space but not included
in it.
To compute PT2 efficiently, adaptive thresholding is employed. For each variational

determinant |®7),
Ept2

Jer]”

(7.26)

€adaptive =

and only excitations are generated with |H%| > €adaptive Using pre-sorted lists from setup.

In order to reduce memory usage, an additional layer of thresholding is applied during
PT2 calculation. This involves discarding excitations with small contributions before they
are fully generated. For this purpose, the instantaneous PT2 amplitudes are calculated as
Hjccr/(Eya — HE ), and excitations with amplitudes below a second threshold €, are not
added to the list of candidates for PT2 correction. If the K determinant is already present
in the list, its amplitude is updated accordingly, otherwise an energy contribution of this
instantaneous excitation is added to the PT2 energy directly and also to the uncertainty
estimate of the PT2 energy.

In practice, the calculation corresponds to the Phase III + Phase IV of the HCI
selection with a different (tight) threshold €,p.

7.5 Reduced Density Matrices

7.5.1 One-Particle Density Matrix
The one-particle reduced spin-resolved density matrix (1-RDM) is:
V= (Wlala,| V) = ey (Pylafa, D7) (7.27)

For separate spin components (p,q and p, g correspond to a and 8 orbitals, respec-
tively):
7§ = c"eslarBilajagla’87) (7.28)
VP = c*cplarBrlabagla’ 87)
Properties:
o Trace: tr(y®) = N,, tr(7?) = N

e Hermitian: 7,4 = 7,

e Eigenvalues: Natural orbital occupations 0 < n; < 2
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7.5.2 Transition Density Matrix
For different states |Vy,) and |U,):

wr = (Unlafa,|T") (7.29)

Used for computing transition properties (e.g., oscillator strengths, transition dipole
moments).

7.5.3 Two-Particle Density Matrix
The two-particle reduced (spin-resolved) density matrix (2-RDM) is:

I = (Ulalalaa, | ) (7.30)
Energy verification:
1
E = Ry + év;;Ff,g + Fouc (7.31)

7.5.4 Natural Orbitals

Diagonalize the 1-RDM:
Vi = nidi (7.32)

Natural orbital occupations n; indicate importance of orbitals. Used for:
e Active space selection

e Identifying multireference character



Chapter 8

Automatically generated UCCSDT
and UDC-CCSDT

Unrestricted implementations of CCSDT and DC-CCSDTY15, 16, 17] were generated with
version 1.0.1 of the Quantwo program|[1&]. The Quantwo inputs are listed below.

UCCSDT Quantwo input file:

prog,spinintegr=0,nobrafac=1,explspin=1,algo=2
output,level=1,maxlenline=70

\beq

<\Phi~{a}_{i}| \op H (1 + \op T_2 + \op T_3) [0>_C

\eeq
\beq

<\Phi~{ab}_{ij}| \op H (1 + \op T_2 + \half \op T_2 \op T_2 + \op T_3) [0>_C

\eeq
\beq

<\Phi~{abc}_{ijk}| \op H (\op T_2 + \op T_3 + \half \op T_2 \op T_2 + \op T_2 \op T_3) |0>_C

\eeq

UDC-CCSDT Quantwo input file:

Z%singles and doubles amplitude equations from UCCSDT
Zwe only modify the triples amplitude equation

prog,spinintegr=0,nobrafac=1,explspin=1,algo=2
output,level=1,maxlenline=70

\beq

<\Phi~{abc}_{ijk}| \op H (\op T_2 + \op T_3 + \frac{1}{2} \op T_2 \op T_2
+ \op T_2 \op T_3) 10>_C
+ (1 - \Perm{IJ}{JI} - \Perm{IK}{KI}) (1 - \Perm{AB}{BA} - \Perm{AC}{CA})
(\sum_{LMDE} \tnsr \intg{LE}{MD} \tnsr T"{IL}_{AD} \tnsr T~{MJK}_{EBC})

- \frac{1}{2}(1 -
\sum_{LMDE} \tnsr
- \frac{1}{2}(1 -
\sum_{LMDE} \tnsr
+ \frac{1}{2}(1 -
\sum_{LMDE} \tnsr
+ \frac{1}{2}(1 -
\sum_{LMDE} \tnsr
+ \frac{1}{2}(1 -
\sum_{LMDE} \tnsr
+ \frac{1}{2}(1 -
\sum_{LMDE} \tnsr
\eeq

\Perm{KI}{IK}
\intg{LD}{ME}
\Perm{CA}{AC}
\intg{LD}{ME}
\Perm{IJ}{JI}
\intg{LD}{ME}
\Perm{AB}{BA}
\intg{LD}{ME}
\Perm{KI}{IK}
\intg{LD}{ME}
\Perm{IJ}{JI}
\intg{LD}{ME}

- \Perm{KJ}{JK})

\tnsr T"{IJ}_{DE} \tnsr T"{LMK}_{ABC}

- \Perm{CB}{BC})

\tnsr T"{LM}_{AB} \tnsr T"{IJK}_{DEC}

- \Perm{IK}KI})

\tnsr T"{LI}_{DE} \tnsr T"{MJK}_{ABC}

- \Perm{AC}{CA})

\tnsr T~{LM}_{DA} \tnsr T~{IJK}_{EBC}

- \Perm{KJ}{JK}) (1 - \Perm{AB}{BA} - \Perm{AC}{CA})
\tnsr T"{IJ}_{AD} \tnsr T"{LMK}_{BEC}

- \Perm{IK}{KI}) (1 - \Perm{CA}{AC} - \Perm{CB}{BC})
\tnsr T"{IL}_{AB} \tnsr T~{JMK}_{DEC}

The program generates TensorOperations code. The generated code used by ElemCo.jlis
located in the src/algo directory.
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